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1. Introduction

In Diewert (2026a), I provided an analysis of O’Donnell’s proper index concept and its application to
productivity measurement. Proper indexes were defined in O’Donnell (2012) (2016) (2018). O’Donnell
(2026a) provided an updated discussion of proper indexes and their application to productivity
measurement and O’Donnell (2026b) commented on Diewert (2026a). In the present paper, | will comment
on both O’Donnell papers.

In section 2, O’Donnell’s definition for productivity levels using proper indexes is revisited and we note
that his framework seems to imply that the underlying technologies of the production units in scope must
exhibit Hicks neutral technical change. In addition, his approach assumes homogeneous separability
between outputs and inputs.

Section 3 is devoted to O’Donnell’s criticisms of alternative definitions of productivity.

Section 4 discusses O’Donnell (2026a) while section 5 discusses O’Donnell (2026b). Section 6 concludes.

2. O’Donnell’s Definition of Proper Productivity Levels

O’Donnell (2026a) provided an updated discussion of his concept of a proper index and its application to
the measurement of (multifactor) productivity. O’Donnell’s new discussion of proper indexes does not
differ materially from his previous discussions in O’Donnell (2012) (2016) (2018). The abstract for the new
O’Donnell paper explains his approach to productivity measurement:

“This paper defines productivity as the ratio of an output quantity to an input quantity. Under this definition,
a productivity index is the ratio of an output quantity index to an input quantity index. Coherent productivity
comparisons across both time and space require quantity indexes that satisfy a small set of basic axioms.
Quantity indexes satisfying these axioms are referred to as proper indexes. Such indexes can be constructed
using a wide range of aggregator functions and weighting systems. There is no uniquely correct proper
index. Coherent productivity comparisons require only that empirical aggregation choices preserve the
axioms necessary for consistent quantity comparisons. Many index-number formulas widely used in
applied work are designed for pairwise or one-dimensional comparisons (over time or across space) and
generally fail to satisfy these axioms when comparisons extend across multiple periods or units. Because
multi-period and multi-unit comparisons are ubiquitous in applied economics, the framework developed in
this paper has implications well beyond productivity analysis. The paper clarifies the conceptual
foundations of productivity comparisons, reviews the principal classes of productivity measures used in
practice, and explains why statistical agencies and applied researchers continue to rely on measures that are
not proper.” O’Donnell (2026a; 1).

Using proper indexes, O’Donnell’s period t productivity level can be defined as A(t) = f(y")/g(x") for t =
1,...,T where y' and x' are the period t output and input quantity vectors,? f(y) is a linearly homogeneous,
nondecreasing output aggregator function and g(x) is a linearly homogeneous nondecreasing input quantity

2 For simplicity, we are taking a time series view of productivity measurement ; the T observations could refer to the
quantity data for different production units producing the same outputs and using the same inputs.



aggregator function for the production units under consideration. But how are the functions f(y) and g(x)
to be determined? In the above quotation, O’Donnell gives us the following advice: “Such indexes can be
constructed using a wide range of aggregator functions and weighting systems.” But there are an infinite
number of functions f(y) and g(x) that could be used as output and input aggregator functions that satisfy
the O’Donnell regularity conditions so O’Donnell gives us no practical advice on how to choose a particular
f(y) or g(x). Perhaps Proper Indexes should be called “Indeterminate Indexes” or “Idiosyncratic Indexes”
since they are not uniquely determined and depend on the tastes of the agency or person constructing the
index.

O’Donnell also criticizes Solow’s (1957) approach to productivity measurement:

“Under Solow’s additional assumptions of competitive factor markets and successful cost minimisation,
the aggregate input can be evaluated using observed cost shares, allowing productivity to be computed as
a residual—what has become known as the Solow residual. This interpretation of the residual as
productivity is conditional: it relies on restrictive assumptions that effectively rule out important sources of
productivity change, including technical efficiency and economies of scale and substitution.” O’Donnell
(2026a; 3).

O’Donnell’s criticisms of the Solow approach to productivity measurement are reasonable. However, they
seem to apply to his approach to productivity measurement as well. Recall that O’Donnell’s period t
productivity levels were defined as A(t) = f(y")/g(x") for t = 1,...,T. But this implies that f(y") = A(t)g(x") for
t=1,...,T. It seems that using O’Donnell’s theory of proper indexes leads to Hicks neutral technical change®
and (homogeneous) separability of outputs from inputs; i.e., O’Donnell’s assumptions seem to lead to
Solow’s measurement framework that he criticizes as being restrictive. There is no role for biased technical
progress or allocative inefficiency or nonconstant returns to scale in O’Donnell’s productivity measurement
framework.

3. O’Donnell’s Criticisms of Alternative Definitions of Productivity

Section 2 of O’Donnell (2026a) has some useful criticisms of alternative definitions of productivity levels
and rates of productivity growth. For example he has the following criticisms of the Jorgenson and Griliches
(1967) Total Factor Productivity Growth methodology that is currently used by many national and
international Statistical Agencies:

“A closely related definition is developed by Jorgenson and Griliches (1967), who begin by defining the
rate of growth of total factor productivity as the difference between the rate of growth of real product and
the rate of growth of real factor input (Jorgenson and Griliches, 1967, p. 250). Because rates of growth
correspond to logarithmic changes in index numbers, this definition is consistent with the productivity index
framework developed in this paper. Jorgenson and Griliches also provide an economic interpretation of
productivity growth; this interpretation is based on competitive equilibrium conditions and a production
function that exhibits constant returns to scale. Within this framework, shifts in the production function are
again interpreted as changes in productivity. As in the Solow framework, this interpretation relies on
assumptions that rule out technical inefficiency and economies of scale or substitution. Once these

% Hicks neutral technical change is empirically unlikely; see Binswanger (1974) and Diewert, Nomura and Shimizu
(2025) for examples of biased technical change.



assumptions are relaxed, shifts in the production function need not coincide with changes in a properly
defined output—input ratio.” O’Donnell (2026a; 4).

O’Donnell’s valid criticisms carry over to the closely related methodology developed by Diewert and
Morrison (1986) which related the Jorgenson and Griliches methodology to shifts in a translog GDP
function.

O’Donnell also criticized the use of deflated value added as a substitute for measures of aggregate output.

“Real value added is obtained by deflating nominal value added by a price index. Nominal value added is
defined as the value of total output minus the cost of intermediate inputs. The classification of inputs as
intermediate or primary depends on the level at which production is defined. Regardless of whether inputs
are classified as primary or intermediate, two practical issues arise. First, deflating a nominal value by a
price index does not, in general, produce a valid measure of quantity change; the resulting series will not
generally satisfy the axioms required for coherent quantity comparisons across time or space. Second, even
if real value added were to provide a coherent measure of quantity change, it is constructed by subtracting
the deflated value of intermediate inputs from the deflated value of outputs rather than by aggregating
outputs alone. Ratios based on real value added therefore do not coincide with ratios of output quantity to
input quantity and are better interpreted as measures of real value added per unit of input rather than as
quantity-based measures of productivity. More broadly, it is useful to distinguish clearly between ratios of
quantities and ratios involving values. Productivity, as defined in this paper, is a ratio of quantities.”
O’Donnell (2026a; 6).

Basically, O’Donnell chooses to dismiss alternative theories of productivity growth by noting that these
alternative theories are not consistent with his particular definition of productivity as a ratio of aggregate
quantities. But these alternative theories are in general based on attempts to measure the expansion of
production possibilities sets over time due to possible technical progress or increasing returns to scale.
These alternative theories also attempt to measure the technical and allocative efficiency of particular
observations.* It is not clear why statistical agencies should ignore this alternative literature on measuring
productivity growth and switch to the O’Donnell approach which leads to the Hicks neutral technical
change equations f(y") = A(t)g(x") for t = 1,...,T for some unspecified linearly homogeneous functions f(y)
and g(x).

4. Additional Comments on O’Donnell’s Original Paper

O’Donnell (2026a) presents his axiomatic approach to Proper Indexes along the lines of his previous
publications and this theory was already discussed in detail in Diewert (2026). There is some new material
in O’Donnell (2026a) that criticizes “nonproper” bilateral and multilateral index numbers. These criticisms
are not without merit. In particular, O’Donnell has the following criticisms of superlative indexes:

* These theories date back to Debreu (1951), Farrell (1957), Farrell and Fieldhouse (1962) and Salter (1960). For a
sample of the vast literature on this topic, see Diewert (1983; 1063), Banker (1984), Charnes and Cooper (1985),
Diewert and Morrison (1986; 662), Balk (1998; 58 and 99) (2001) (2003) (2010) and Diewert and Fox (2018) (2026).
The nonparametric approach of Diewert and Fox (2026) allows for inefficiency, nonconstant returns to scale, technical
progress and markups of revenues over costs. The multitemporal nonparametric approaches to production theory
proposed by Diewert and Fox (2018) (2026) provide a fifth approach to index number theory.



“First, exactness results for flexible functional forms are local approximation results. Flexibility is a
property defined at a point, and the fact that an index is exact for such a form does not imply that it provides
a coherent basis for general multiple comparisons.” O’Donnell (2026a; 30)

This is a valid criticism but if variations in prices and quantities are not too large, a local result can be
useful. It is also useful to combine the economic approach to bilateral index number theory with the test
approach. The Fisher (1922) index emerges as perhaps the “best” index number formula from the viewpoint
of the bilateral test approach to index number theory and the fact that it is also superlative helps to support
its use by statistical agencies. In contrast, the theory of proper indexes does not single out any particular
bilateral index number formula as being best.

O’Donnell also attempts to explain why statistical agencies stick to various nonproper indexes:

“Finally, non-proper indexes persist partly because of institutional and historical factors. Statistical agencies
and applied researchers face strong incentives to preserve continuity, minimise revisions, and conform to
established international standards. They also face incentives to maintain comparability across releases,
jurisdictions, and statistical systems. In such environments, index formulas that are familiar, easy to
implement, and widely embedded in existing systems can persist even when their limitations are well
understood. This helps explain why non-proper indexes remain common in productivity analysis, despite
the availability of proper alternatives that use the same underlying data and are often simpler to compute”.
O’Donnell (2026a; 31).

To see why statistical agencies are not replacing their “traditional” indexes with proper indexes, one could
look at the empirical example in Table 1 of O’Donnell (2026a; 26) where 8 proper indexes are calculated
using a constructed data set for 4 periods with prices and quantities for 2 outputs. The spread in the 8 proper
output indexes for period 3 ranges from 2 to 3. O’Donnell offers no advice on which proper index to choose.
One can see why statistical agencies are understandably reluctant to embrace proper indexes: the spread in
proper indexes can be huge.

In his earlier papers on proper indexes, O’Donnell endorsed Benefit-of-Doubt quantity indexes and he
renewed his endorsement in the new paper:

“Benefit-of-the-Doubt (BoD) quantity indexes provide a mechanical approach to aggregating
heterogeneous quantities that differs fundamentally from the approaches discussed above. Rather than
requiring a fixed vector of weights—be they prices, value shares, or marginal effects—BoD indexes allow
the weights to vary across observations in a tightly controlled way.” O’Donnell (2026a; 15).

Using our earlier notation, the BoD output aggregate for observation t is g'(y') = w'y' for t = 1,...,T where

the nonnegative period t weight vector w' is the solution to a linear programming problem that uses only
the quantity information, y',y?,...y".> There are multiple problems with O’Donnell’s endorsement of this
method for constructing a proper quantity index:

e The method is not suited to the construction of quantity indexes by national statistical agencies
since the method does not make use of price information. Statistical agencies need to decompose

® The weight vector w' is a solution to the following linear program: max ,, (w-y' : w-y'<1;t=1,..,T; w > Ox}.



value aggregates into the product of a price aggregate times a quantity aggregate. Using only
quantity information will not lead to a reliable decomposition.

e The BoD quantity aggregates can be quite volatile and even nonsensical. I invite Professor
O’Donnell to construct a BoD quantity aggregate using only the data for two periods when there
are N > 3 products in scope. The BoD linear programs will generate corner solutions for the
weights; i.e., some components of w! and w? will be zero. Even if the weights turn out to be
positive, the BoD quantity indexes will tend to be volatile. The BoD period 2 and 3 indexes in
Table 1 of O’Donnell (2026a; 26) are outliers among the listed 8 proper indexes.

e The BoD quantity aggregates are not consistent with O’Donnell’s overall theory of quantity levels.
The period t aggregator function g'(y) is different (in general) from the period r aggregator function

g

BoD aggregates were suggested historically to aggregate various quantity indicators that were somewhat
qualitative in nature; see Hasannasab, Margaritis and Rouse (2026) for the history and use of these indexes.
They are not suitable for constructing national price and quantity aggregates.

5. Discussion of O’Donnell’s Response paper

O’Donnell (2026b) is a response to Diewert (2026). In this section, I make some comments on his response
paper.

O’Donnell introduces some new terminology in his response paper:

“Throughout this paper, I use the term binary to refer to comparisons involving two observations, and [ use
the terms multilateral and multitemporal to refer to comparisons involving multiple spatial units and
multiple time periods, respectively.” O’Donnell (2026b; 1).

The term “multitemporal comparisons” is a useful addition to the index number literature.

The following quotation indicates that O’Donnell is definitely not willing to endorse any particular proper
index as being “best™:

“More generally, additive quantity indexes do not require using market prices as weights. Any non-negative,
observation-invariant weighting vector can be used, including weights generated mechanically or
statistically (for example, by principal components analysis). The key issue is not whether prices are used,
but whether the resulting index satisfies the axioms required for coherent quantity comparisons, including
weak monotonicity,” O’Donnell (2026b; 2-3).

Here is another quotation that indicates that O’Donnell is unwilling to consider other approaches to
multilateral index number theory and the measurement of productivity:

“Diewert’s multilateral tests are designed for multiple-comparison settings. His tests T1 (identity for
quantity levels) and T3 (linear homogeneity in quantities) correspond to the identity and linear homogeneity
axioms in O’Donnell (2012). By contrast, his tests T2 and T4 involve price changes and are not generally
relevant to the problem of making quantity comparisons.” O’Donnell (2026b; 3).



As I indicated in Diewert (2026a), a fundamental aggregation problem is to decompose a value aggregate
into the product of a quantity aggregate and a price aggregate. There is great interest in multilateral and
multitemporal comparisons of both price and quantity aggregates. O’Donnell’s focus is much narrower as
the above quotations indicate. Thus when I was asked to discuss the concept of a proper index, my focus
was much wider and so it was natural for me to consider axioms involving prices as well as quantities. To
some extent, O’Donnell and Diewert are talking about different purposes for price and quantity aggregates
and hence our choice of aggregation method differs.

In the following quotation, O’Donnell qualifies his earlier statements about the choice of a proper index
as being just a matter of taste:

“Importantly, the existence of many admissible proper indexes does not imply that no practical guidance is
available. O’Donnell (2018) explicitly links different proper indexes to the standard non-proper indexes
they are intended to replace. For example, the Lowe index is recommended for analysts who regard output
prices as appropriate measures of relative value and who might otherwise use Fisher, chained Fisher, or
EKS indexes; Geometric Young indexes are recommended for analysts who regard value shares as
appropriate measures of relative value and who might otherwise use Tornqvist, chained Térnqvist, or CCD
indexes; and primal indexes are recommended for analysts who regard marginal rates of transformation and
technical substitution as appropriate measures of relative value and who might otherwise use Malmquist
indexes. The practical question for an official statistical agency is therefore not whether any proper index
can be chosen, but which proper index is the appropriate replacement for the non-proper index they would
otherwise use.” O’Donnell (2026b; 7).

The above advice is an important qualification to the earlier general advice that the choice of proper index

is a matter of taste. O’Donnell suggests that statistical agencies that use Fisher, chained Fisher, or EKS
indexes use the quantity counterpart to a Lowe index (which I noted in Diewert (2026) should not be called
a Lowe index but instead should be called an O’Donnell quantity index) and agencies which use Tornqvist,
chained Tdrnqvist, or CCD indexes should use a Cobb-Douglas quantity index. The O’Donnell quantity
index to be used in the Fisher index context corresponds to a linear aggregator (with all elasticities of
substitution equal to plus infinity) and the Cobb-Douglas aggregator function to be used in the Tornqvist
index context corresponds to a geometric aggregator function with all elasticities of substitution between
outputs (or inputs) equal to unity. This is restrictive. Moreover, these two aggregator functions will generate
different aggregates and so the problem of choosing a “best” proper aggregator function is not resolved.
Moreover, the use of a Cobb-Douglas aggregator function to aggregate outputs is not consistent with
revenue maximizing behavior on the part of the production units in scope.®

O’Donnell also critiques Diewert’s (2023) SPQ method for forming multilateral price levels based on
similarity linking of prices and quantities. Here are his criticisms of the SPQ multitemporal method:

“The principal advantage of this measure is that it is based on observed expenditure shares and therefore
reflects the relative importance assigned to different commodities in observed market transactions.
However, it also has several limitations. First, it cannot be computed without price data since it depends on
observed expenditure shares. This is restrictive in applications where only quantities are available. Second,

® Using the economic approach to index number theory, the output aggregator function f(y) should be convex in y but
the Cobb-Douglas aggregator function is concave in y so competitive revenue maximizing behavior would lead to a
corner solution using the Cobb-Douglas function to aggregate outputs.



it is not a pure quantity-space distance measure. Even if two quantity vectors are identical, say qr = qt , it
does not generally follow that SQ(r, s) = SQ(t, s). Thus the measure does not provide a coherent ranking of
quantity dissimilarity independent of prices. Third, the raw values of SQ(r, t) are scale-free but unbounded
above and have no direct threshold interpretation. Additional normalization or thresholding is therefore
required before the measure can be used to determine whether non-proportionality is important for index
number construction.”

O’Donnell’s first objection reflects our different perspectives. The approach I took in Diewert (2026) was

as follows: how can we decompose a producer value aggregate, say p“q', into the product of price and
quantity aggregates, c(p")f(q"). O’Donnell’s perspective is mainly focussed on forming quantity aggregates
even when price information is not available. Thus I am indeed assuming that price and quantity information
is available.” It seems to me that O’Donnell’s second and third objections are not relevant to the SPQ
method.

O’Donnell proposed a new method for generating measures of relative quantity similarity:

“For the purpose of assessing the robustness of a binary comparison to the choice of proper index number
formula and weights, a simpler alternative is to work directly with the proportionality of the quantity vectors
themselves. Define the normalized composition vector am = qm/Zk-1" qi. The pairwise proportionality
distance between observations r and t is then Dx = Zn-1N (am — am)’. Since ar and a: are normalized
composition vectors, 0 < D < 2. Furthermore, Dt = 0 & qr « qt, so the measure also correctly identifies
exact proportionality of quantity vectors. Because it depends only on quantities, it is a pure quantity-space
measure of departures from proportionality.” O’Donnell (2026b; 8).

A problem with this new measure of relative quantity dissimilarity is that it depends on the units of
measurement. Since the unit of measurement for many products is arbitrary (gallons versus liters, pounds
versus kilograms), we would like our measure of relative quantity dissimilarity to be independent of the
units of measurement. The SPQ measure of relative price and quantity dissimilarity is independent of the
units of measurement; O’Donnell’s suggested measure is not.

O’Donnell (2026b) altered the last 3 observations of the Bureau of Economic Analysis data on US personal

consumption data for 15 categories which covered the 26 years 2000-2025. His Tables 1 and 2 estimate the
many indexes that were listed in Diewert (2026) using the altered data. He also estimated some new proper
indexes using this altered data set in his Table 3. O’Donnell’s new indexes do not change my earlier
conclusions; i.e., that different proper indexes give materially different results and since O ’Donnell does
not strongly favour any particular proper index, there is no incentive for national statistical agencies to
replace their existing indexes with proper indexes.

O’Donnell’s Table 3 compares four additional proper indexes to the SPQ indexes using his modified data.
He makes the following observations about the results:

“The Mew, Mg, Arca, and BoD indexes are useful because they demonstrate that proper quantity
comparisons do not require price information, value shares, or information about production technologies.
The SPQ index, by contrast, depends on price information in two ways.” O’Donnell (2026b; 12).

" Statistical agencies are, for the most part, not concerned with aggregating quantity data without price data. An
exception occurs when aggregating indicators of well being, happiness or health.



However, the results for the four new proper indexes differ substantially and three of the new proper indexes
differ substantially from the corresponding SPQ similarity linked indexes, which in turn are likely to be
very close to the corresponding chained Fisher indexes for the modified data set. It seems unlikely that the
US Bureau of Economic Analysis will replace their current use of chained Fisher indexes with one of the
proper indexes listed in O’Donnell’s Tables 1-3. There is simply too much variation in proper indexes for a
national statistical agency to switch to a proper index that does not use price information.

O’Donnell makes use of the results listed in his Table 3 to make another point:

“The SPQ index is also structurally different from the additive and multiplicative indexes in Tables 1 to 3.
Rather than relying on a fixed aggregator function or weight vector, it constructs quantity comparisons
using a minimum spanning tree linking observations that are most similar in proportional terms. The SPQ
procedure satisfies proportionality because proportional quantity vectors generate zero dissimilarity links
and the associated binary Fisher indexes reproduce the correct proportional comparisons. It satisfies
transitivity because the minimum spanning tree defines a connected system with a unique path linking every
pair of observations, so all quantity comparisons are generated within a single internally consistent chaining
structure. However, it does not satisfy the weak monotonicity axiom. Although observation 25 dominates
observation 4 by construction, the SPQ index assigns a lower index number to observation 25 than to
observation 4 (see the entries highlighted in red in Table 3). This occurs because the binary Fisher indexes
used in the construction of the SPQ index depend on prices as well as quantities. Consequently, the SPQ
index is not a proper quantity index in the sense that it does not satisfy all of the axioms in O’Donnell
(2016).” O’Donnell (2026b; 13).

I congratulate Professor O’Donnell on coming up with an example that shows that the SPQ quantity indexes
do not always satisfy a very reasonable monotonicity test and so he is able to say that SPQ indexes are not
proper. But this leads one into a discussion about what set of axioms should be used to define the concept
of a proper index. In Diewert (2026), I listed a set of (reasonable) tests that a “superb” multilateral set of
price and quantity levels should satisfy. In general, proper indexes do not satisfy these tests. Who gets to
determine the set of axioms that proper or superb indexes must satisfy?®

Section 6 of O’Donnell (2026b) discusses Diewert’s (2026) multilateral index tests as well as the extension
and lack of matching problems:

“One of the important issues raised by Diewert concerns what may be broadly described as the problem of
preserving quantity comparisons when the representation or scope of a dataset changes. Such changes can
arise in many ways, including changes in units of measurement (Diewert’s TS test), relabelling of
commodities, time periods, or locations (Diewert’s T6 and T7 tests), the addition or removal of observations
(the extension problem), and changes in the commodity space through the entry and exit of products (the
lack-of-matching problem). These issues differ fundamentally from the axioms defining a proper quantity
index. Axioms such as proportionality, transitivity, weak monotonicity, and time-space reversal govern the
quantity comparisons themselves, holding fixed the commodity space and the observations being compared.
By contrast, Diewert’s T5—T7 tests are consistency requirements concerning how an aggregation system is

8 Valentin Zelenyuk has asked this question on various occasions. There are many additional “reasonable” bilateral
index number axioms or tests that have been proposed over the years that are not included in O’Donnell’s axioms; see
Diewert (1992) and Balk (1995) (2008). These tests were proposed for bilateral price indexes but they become quantity
index tests if prices and quantities are interchanged.
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represented after changes in units of measurement and after reorderings or relabellings of commodities,
time periods, or locations. Similarly, the extension and lack-of-matching problems concern how an
aggregation system is modified when new observations or new commodities become available. The
common objective is to preserve the coherence of previously reported quantity comparisons while
accommodating changes in the representation or scope of the underlying data.” O’Donnell (2026b; 14-15).

Basically, O’Donnell argues that the Diewert tests are not really relevant to his more narrowly focussed
measurement framework. However, it is likely that statistical agencies are interested in broader
measurement frameworks. O’Donnell (2026b) discusses the extension and lack of matching problems but
his discussion provides little guidance on how proper indexes can deal with these problems.

O’Donnell does acknowledge that the SPQ multilateral indexes do have some useful features:

“Although the SPQ index is not a proper quantity index, it remains useful to consider its extension properties
because Diewert presents it as an alternative to proper indexes. If the original minimum spanning-tree
structure is held fixed when the dataset is extended, the resulting quantity comparisons remain transitive
because the augmented structure is still a connected tree with a unique path linking every pair of
observations. Proportionality relationships are also preserved because proportional quantity vectors
generate zero-dissimilarity links and the associated binary Fisher indexes reproduce the correct proportional
comparisons. Thus the SPQ procedure can also preserve historical quantity comparisons provided the
original spanning tree is held fixed, although the linking structure would no longer be globally optimized
for the expanded sample.” O’Donnell (2026b; 17).

6. Conclusion

The list of six problems with the theory of proper quantity indexes listed in the conclusion of Diewert
(2026a) still seem valid to me. A few more problem areas have come to light in this follow up paper:

e O’Donnell’s application of proper indexes to productivity measurement seems to imply Hicks
neutral technical change with linearly homogeneous separable output and input aggregates.

e The O’Donnell productivity indexes do not have a decomposition into inefficiency, returns to scale
and technical progress components.

e Benefit of the Doubt (BoD) quantity indexes can yield problematic weights (such as corner
solutions to the linear programming problems if the number of products exceeds the number of
observations). Moreover, the resulting output and input aggregator functions, f'(y) and g'(x), are
dependent on time and hence are inconsistent with O’Donnell’s basic productivity measurement
framework.

e If proper output and input quantity indexes are constructed without using price information, the
resulting indexes may not be invariant to changes in the units of measurement. It is essential that
national price and quantity indexes satisfy this important axiom.

In general, proper quantity indexes are indexes that satisfy a small set of axioms that were chosen by
O’Donnell. The set of axioms is so small that there are an infinite number of possible quantity indexes that
satisfy O’Donnell’s tests. A second major problem with proper indexes and their companion productivity
indexes is that proper productivity indexes are rather restrictive from the viewpoint of the economic
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approach to index number theory: proper productivity indexes rule out biased technical progress and non-
constant returns to scale and there is no role for measuring technical and allocative inefficiency.

Regardless of the criticism made here, this Symposium on proper indexes has been very useful. It has
focussed attention on multilateral and multitemporal index number theory for quantity levels and indexes
as opposed to price levels and indexes.
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