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disappearance of older models. The paper addresses the quality adjustment problem associated with the
construction of price indexes for these products. A main method for dealing with this problem is the use of
hedonic regression models. Hedonic regressions use either product characteristics as explanatory variables
(Time Dummy Characteristics regressions) or the product itself as the ultimate characteristic (Time Product
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functions was also used to generate various price indexes. Eighteen alternative approaches were
implemented using Japanese price and quantity data on laptop sales in Japan for the 24 months over the
years 2021-2022.
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1. Introduction.

An increasing number of business firms are willing to share their price and quantity data on their sales of
consumer goods and services to a national (or international) statistical office. These data are often referred
to as scanner data.

Some scanner data involves high technology products which are characterized by product churn; i.e., the
rapid introduction of new models and products and the short time that these new products are sold on the
marketplace. This study will look at possible methods that statistical offices could use for quality adjusting
this type of data. Our empirical example will use data on the sales of laptops in Japan.

A standard method for quality adjustment is the use of hedonic regressions. These hedonic regressions
regress the price of a product (or a transformation of the price) on a time dummy variable and on either a
dummy variable for the product or on the amounts of the price determining characteristics of the product.
The first type of model is called a Time Product Dummy (TPD) Hedonic regression while the second type
of model is called a Time Dummy Characteristics Hedonic regression. We will focus on the first type of
model because the most comprehensive characteristic of a product is the product itself; there is no “missing
characteristic problem” with the TPD model. The theory associated with the TPD model will be discussed
in section 2 below. In particular, we will relate the TPD hedonic regression model to an explicit functional
form for purchaser utility functions.

Section 3 draws on the theory explained in section 2; i.e., we consider weighted and unweighted Time
Product Dummy hedonic regressions in this section using data on laptops sold in Japan over a two year
period. The models in this section use only a single product characteristic: the Japanese product code for
each laptop sale. We consider a single panel regression versus a sequence of bilateral regressions that utilize
the price and quantity data for two consecutive periods. The latter type of model can be implemented in
real time and is called an Adjacent Period Time Product Dummy hedonic regression model.

Section 4 considers alternatives to hedonic regression models based on standard index number theory; i.e.,

maximum overlap chained Laspeyres, Paasche and Fisher indexes are computed in this section. We also
compute the Predicted Share Similarity linked price indexes and Rolling Window GEKS indexes. The
indexes calculated in this section are also “practical” indexes.

Unfortunately, the various real time indexes that are considered in sections 3 and 4 can suffer from a chain

drift problem; i.e., an index for period t which is calculated by chaining together the results of adjacent
period bilateral indexes may not be equal to the corresponding index that directly compares the prices of
period 1 to the prices of period t. In section 5, drawing on the work of Chessa (2016) (2021), an Expanding
Window variant of the Implicit Weighted Time Product Dummy index is implemented which (partially)
solves the chain drift problem (but may not be suitable if the products in scope are not close substitutes).

Section 6 adds three more indexes that could be used to address the chain drift and lack of matching
problem: the Geary Khamis index and the econometric estimation of a linear utility function and of a CES
function using share equations for a system of inverse demand equations. We point out that the traditional
approach to the estimation of a system of consumer demand functions that is based on estimating an
expenditure function cannot be implemented in situations where there is product churn but our approach
which involves the direct estimation of a utility function can work well.



Section 7 lists some tentative conclusions that we can draw from this study..
The possible contributions of the present paper to the quality change literature include the following:

e A number of possible methods for dealing with the problem of quality change in the context of
constructing price indexes are compared using the same data set. In particular, hedonic regression
methods are compared to the leading multilateral index number methods and to methods that
involve the econometric estimation of purchaser preferences.

e In section 3, we show that unweighted indexes can be very inaccurate in situations where there is
tremendous product churn.

¢ Insection 4, we show that some multilateral methods are also subject to substantial bias in situations
where there is rapid product turnover.

e Insection 5, we show that the expanding window methodology pioneered by Chessa (2016) (2021)
can lead to indexes which are largely free from chain drift.

e In section 6, we show how standard consumer demand theory can be adapted to deal with missing
products.

2. Hedonic Regressions and Utility Theory: The Time Product Dummy Hedonic Regression
Model.

The problem of adjusting the prices of similar products due to changes in the quality of the products should

be related to the usefulness or utility of the products to purchasers. Each product in scope has varying
amounts of various characteristics which will determine the utility of the product to purchasers. A hedonic
regression is typically based on regressing a product price (or a transformation of the product price) on the
amounts of the various price determining characteristics of the product. An alternative hedonic regression
model may be based on regressing the product prices on product dummy variables; i.e., each product has
its own unique bundle of price determining characteristics which can be represented by a product dummy
variable.! Each of these hedonic regression models can be related to specific functional forms for purchaser
utility functions. In this paper, we consider only the second class of hedonic regression models that regress
product prices (or transformations of product prices) on time and product dummy variables.

Assume that there are N products in scope and T time periods. Let p' = [pu,...,.pw] and q' = [qu,...,qn] denote
the (unit value) price and quantity vectors for the products in scope for time periods t = 1,...,T.2 Initially,
we assume that there are no missing prices or quantities so that all prices and quantities are positive. We

! This alternative class of models is more general than the first class so one could ask why should we consider
estimating the characteristics model in place of the time product dummy variable model? Product churn may be so
great that there are not enough degrees of freedom to accurately estimate the product dummy variables. Consider as a
limiting case where every product is a new product in each period. The Time Product Dummy (TPD) regression model
cannot be estimated in this case. Secondly, a new improved product loaded with useful characteristics may not cause
older products to exit the market immediately due to incomplete information on the part of purchasers; i.e., consumers
may not realize immediately how good the new product is until some time has passed. Krsinich (2016) following
Diewert (2004), explained how the TPD hedonic regression model cannot accurately estimate a quality adjustment
factor for a new product during the period of its introduction.

2 The analysis in this section, which relates linear preferences to a hedonic regression model, follows Diewert (2023)
and Chapter 7 in IMF, ILO, Eurostat, UNECE, OECD and World Bank (2025). Since this material is not well known,
it is repeated here.



assume that each purchaser of the N products maximizes the following linear function f(q) in each time
period:

(1) f@) = f(q1,q2,--,qN) = Zo=1™ 0taqn = 0:q

where the o, are positive parameters, which can be interpreted as quality adjustment factors. Under the
assumption of utility maximizing behavior on the part of each purchaser of the N commodities and assuming
that each purchaser in period t faces the same period t price vector p',? it can be shown that the aggregate
period t vector of purchases ' is a solution to the aggregate period t utility maximization problem, max
{a-q : pq =¢'; q = On} where €' is equal to aggregate period t expenditure on the N products. The first
order conditions for an interior solution, q', A to the period t aggregate utility maximization problem are
the following N+1 equations, where A is a Lagrange multiplier:

(2) o=MAp';
(3)p-q'=e¢.

Take the inner product of both sides of equations (2) with the observed period t aggregate quantity vector
q' and solve the resulting equation for A:. Using equation (3), we obtain the following expression for A

(4) A= a-q'/e' > 0.
Define mt; as follows:
(5) = 1/?\4

Divide both sides of equations (2) by A, and using definition (5), we obtain the basic time product dummy
estimating equations for period t:*

(6) pin = M0 ; t=1,...,T;n=1,...N.

The period t aggregate price and quantity levels for this model, P* and Q, are defined as follows:

(N Q'=aq;
(8) P'=eYQ*
-

where the second equation in (8) follows using (4) and (5). Thus equations (6) have the following
interpretation: the period t price of product n, pwm, is equal to the period t price level 7, times a quality
adjustment parameter for product n, a,.’

3 These are strong assumptions but strong assumptions are required in order to relate hedonic regression models to the
utility of the products in scope.

4 This model dates back to Court (1939; 109-111). He transformed these equations by taking logarithms of both sides
of equations (6) and adding error terms. Diewert (2003b) (2023) considered the index number implications of making
alternative transformations of the basic equations (6) and endorsed Court’s transformation in the end.

5 Note that an is the marginal utility to a purchaser of a unit of product n for n = 1,...,N. It can be shown that the period
t price index m is equal to c(p?) where c(p) is the unit cost function that is dual to the utility function f(qg); see Diewert



At this point, it is necessary to point out that our consumer theory derivation of equations (6) is not accepted

by all economists. Rosen (1974) and Triplett (1987) (2004) have argued for a more general approach to the
derivation of hedonic regression models that is based on supply conditions as well as on demand conditions.
The present approach is obviously based on only consumer (or purchaser) preferences. This consumer
oriented approach was endorsed by Griliches (1971; 14-15), Muellbauer (1974; 988) and Diewert (2003a)
(2003b). Of course, the functional form assumptions which justify the present consumer approach are quite
restrictive but, nevertheless, it is useful to imbed hedonic regression models in a traditional consumer
demand setting.

Empirically, equations (6) are unlikely to hold exactly. Following Court (1939), we assume that the exact
model defined by (6) holds only to some degree of approximation and so we add error terms e, to the right
hand sides of equations (6). The unknown parameters, 1 = [n,...,nr] and o = [a,...,0n], can be estimated
as solutions to the following (nonlinear) least squares minimization problem:

(9) min o,z Zo=1N Tt " [P —e0n ]

However, Diewert (2023) showed that the estimated price levels n," that solve the minimization problem
(9) had unsatisfactory axiomatic properties: for example, the estimated period t price levels m; are not
invariant to the units of measurement for the products. Thus we follow Court and take logarithms of both
sides of the exact equations (6) and add error terms to the resulting equations. This leads to the following
least squares minimization problem:®

(10) min p.p Zoet™ Ei” [Inpia — po— Bol?
where the new parameters p; and [, are defined as the logarithms of the n; and a.,; i.e., define :

(11) pi=Inmy 5 t=1,..T;
(12) B = Ino, ; n=1,....N.

However, the least squares minimization problem defined by (10) does not weight the log price terms [Inpm
— pt — Bu]? by their economic importance and so we consider the following weighted least squares
minimization problem:’

(13) min p,p ZoetN Zi=1” Sw[Inpw — pe— Pul?

where s is the expenditure share of product n in period t.

(1974) on duality theory. Let p = [p1,...,pn] be a vector of positive prices. The unit cost function that corresponds to
the linear utility function f(g) = Zn=1™ angn is c(p) = min n {pn/on : n = 1,...,N}. If utility maximizing purchasers buy
positive amounts of all N products, then if our model holds exactly, it must be the case that p1/as = p2/o2 = ... = pn/on
and purchasers get the same amount of utility from the purchase of one unit of each product.

6 This model is an adaptation of Summers’ (1973) country product dummy model to the time series context. See
Aizcorbe, Corrado and Doms (2000) for an early application of this model in the time series context.

" Rao (1995) (2004) (2005; 574) was the first to consider this model using expenditure share weights; see also Diewert
(2004). However, Balk (1980; 70) suggested this class of models much earlier using somewhat different weights. For
the case of 2 periods, see Diewert (2004) (2005a) (2005b) and de Haan (2004a).



At this point, we note that the linear regression model defined by (13) does not deal with the product churn

problem at the first stage of aggregation. New products enter the marketplace and older products become
obsolete and are no longer available. Thus we need to generalize the weighted least squares minimization
problem (13) to the case where there are missing prices and quantities. Assume that there are N products
and T time periods but not all products are purchased (or sold) in all time periods. For each period t, define
the set of products n that are purchased in period t as S(t) = {n: qm > 0} for t = 1,2,...,T. It is assumed that
these sets are not empty; i.e., at least one product is purchased in each period. For each product n, define
the set of periods t where product n is purchased as S*(n) = {t: qm > 0}. Again, assume that these sets are
not empty; i.e., each product is sold in at least one time period. The generalization of (13) to the case of
missing products is the following weighted least squares minimization problem:

(14) min p.p 2t=1T 2neS(t) Stn[lnptn —pPt— Bn]2 =min p.p Zn=1N z:teS*(n) Sm[ll'lpm —pPt— Bn]z-

Note that there are two equivalent ways of writing the least squares minimization problem; the first way
uses the definition for the set of products n present in period t, S(t), while the second way uses the definition
for the set of periods t where product n is present, S*(n). The first order necessary conditions for p;”,...,pr"
and B1",...,Bn" to solve (14) are the following equations:

(15) ZneS(t) Stn[pt* + Bn*] = ZneS(t) Stnlnptn 5 t =1,...T;
(16) 2teS*(n) Sm[Pt* + Bn*] = ZteS”‘(n) Stnlnpm s n= 1,---,N-

The solution to (15) and (16) is not unique: if p* = [pi,....,or'] and B* = [B1",....Bn"] solve (15) and (16),
then so do [p1™+A,...,pr +A] and [B1"—A,...,Bn"—A] for all . Thus we can set p;” = 0 in equations (16), drop
the first equation in (15) and use linear algebra to find a unique solution for the resulting equations.®

Define the estimated price levels " and quality adjustment factors o." by definitions (11) and (12).
Substitute these definitions into equations (15) and (16). After some rearrangement, equations (15) and (16)
become the following equations:

(17) " = exp[Znes Swln(pw/on’)] ; t=1,.,T;
(18) ot = exp[Ztes*mn) Suln(Pu/T )/ Zicsm) Sn] ; n=1,.,N.

Once the estimates for the m; and a, have been computed, we have two methods for constructing period by
period price and quantity levels, P' and Q' for t = 1,...,T. The first method uses the estimated 7" as our
estimates for the period t price levels P and the corresponding quantity levels, Q", are defined residually:

(19) P" = 11" = exp[Znes Smln(pw/on’)] ; t=1,..T;
(20) Q" = Znes puqu/P" ; t=1,..T.

Thus P* is a weighted geometric mean of the quality adjusted prices pw/aw’ that are present in period t where
the weight for pw/at” is the corresponding period t expenditure share for product n in period t, sw. The
second method uses the estimated o, to form the period t quantity aggregates Q™" directly using equations
(21) and the corresponding period t price levels P*"* are defined residually by equations (22):

8 The resulting system of T — 1 + N equations needs to be of full rank in order to obtain a unique solution. The solution
can also be obtained by running a linear regression.



(21) Q™" = Znes On Gun 5 t=1,..T
(22) P = Zes Puqu/Q” t=1,...,T;
= z:nGS(t) ptnqtn/zne S(t) an*qtn USing (20)

= ZneS(t) ptnqtn/ Zne S(t) Oﬂn*(ptn)ilptnqtn
= [ZneS(t) Stn(ptn/an*)71]71

< exp[Znes@ Smln(pm/on )]

=Pt

where the inequality follows from Schlémilch’s inequality®; i.e., a weighted harmonic mean of the quality
adjusted prices pm/ow” that are present in period t, P, will always be less than or equal to the corresponding
weighted geometric mean of the prices where both averages use the same share weights sy, when forming
the two weighted averages. The inequalities P™* < P imply the inequalities Q™" > Q" for t = 1,...,T. The
inequalities (22) are due to de Haan (2004b) (2010) and de Haan and Krsinich (2014) (2018; 763). The
model used by de Haan and Krsinich is a more general hedonic regression model which includes the time
dummy model used in the present section as a special case.

If the estimated errors en” = Inpm — pi° — Ba that implicitly appear in the weighted least squares
minimization problem turn out to equal 0, then the equations pw = Mo, for t = 1,..., T, neS(t) hold without
error and the hedonic regression provides a good approximation to reality. Moreover, under these
conditions, P will equal P** for all t. If the fit of the model is not good, then it may be necessary to look
at other methods for quality adjustment. For our particular empirical example, the P*" were very close to the
P"*. How should one choose between these two equally plausible estimates for aggregate period t price and
quantity levels? If the purpose is to obtain price levels, choose Method 1; if the purpose is to obtain quantity
(or utility) levels, choose Method 2.

The solution to the weighted least squares regression problem defined by (14) can be used to generate
imputed prices for the missing products. Thus if product n in period t is missing, define pm = 7 o . The
corresponding missing quantity is defined as qm = 0. Some statistical agencies use hedonic regression
models to generate imputed prices for missing prices and then use these imputed prices in their chosen
index number formula.

We turn to an empirical example where the above theory is applied.
3. Time Product Dummy Regression Models.

We obtained data from a private firm that collects price, quantity and characteristic information on the
monthly sales of laptop computers across Japan. We utilized the data for the 24 months in the years 2021
and 2022 for our regressions and index computations. There were 2639 monthly price and quantity
observations on laptops sold in total over all months. Thus the prices and quantities are pm and qm where pm
is the average monthly (unit value) price for product n in month t in Yen and g is the number of product n
units sold. The mean (positive) qm was 594.7 and the mean (positive) pm was 117640 yen. Over the 24
months in our sample, 366 distinct products were sold so n = 1,...,366. To save some space, we now set t =
1,2,...,24. If product n did not sell in month t, then we set pm and qm equal to 0. If each product sold in each

% See Hardy, Littlewood and Pélya (1934; 26).



month, we would have 366 x 24 = 8784 positive monthly prices and quantities, pw» and qu, but on average,
only 30.0% of the products were sold per month since 2639/8784 = 0.300. Thus there is tremendous product
churn in the sales of laptops in Japan, with individual products quickly entering and then exiting the market
for laptops.

The positive prices pwm and quantities qw are listed as the variables P and Q at a Hitotsubashi University
web site. This site also lists the corresponding month of sale and the Japanese Article Number Product
(JAN) (which is the Japanese Product Code) for each entry. This web site also lists information on 9
additional characteristics of the laptop product, which are discussed below.®

It is of interest to calculate the average price of a laptop that was sold in period t, PA', for each of the 24
months of data in our sample:

(23) PA" = Znesi pu/N(1) ; t=1,..,24
where N(t) is the number of laptops sold in period t and S(t) is the set of products sold in period t.

The average period t price of a laptop, PA', weights each period t laptop price equally and thus does not
take the economic importance of each type of laptop into account. A more representative measure of average
laptop price in period t is the period t unit value price, PUV', defined as follows:

(24) P[I\/t = ZneS(t) ptnqm/zneS(t) qm = 2neS(t) Cm/Znesm qtn t= 1,. . ,24
where en = puQun is expenditure or sales of product n in period t for t=1,...,24 and n = 1,...,366.

We convert the average prices defined by (23) and (24) into price indexes by dividing each series by the
corresponding series value by the corresponding period 1 entry. Thus define the period t average price index
P4' and the period t unit value price index Pyv' as follows:

(25) PA'=PAYPA' ; Pyv' = PUVYPUV! ; t=1,...,24.

The time series Pa' and Pyv! are listed in Table A1 in Appendix A.

The Weighted Time Product Dummy least squares minimization problem was defined by (14). To obtain a

unique solution to this problem, we added the normalization p; = 0. The corresponding Unweighted Time
Product Dummy least squares minimization problem is defined by (14) with all expenditure shares s set
equal to 1.

In order to set up the unweighted Time Product Dummy Hedonic regression problem for our particular
application, we make use of the vectors of time dummy variables, Dy, ..., D24 and the 366 product dummy
variable vectors of dimension 2639, Dy, ..., Dysss. Define the vector of the logarithms of observed laptop
prices as InP. Then the (sample wide) unweighted Time Product Dummy regression model can be expressed

10 The data and program codes are available at: https://hi-cem.hias.hit-u.ac.jp/en/ . In Diewert and Shimizu (2026), we
estimated additional hedonic regression models that use the characteristics data.
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as the vector equation (23) where the unknown parameters are the log price levels pa, ps, ..., p24 and the
366 product log quality adjustment factors Bi, o, ..., P3ss:

(26) InP = Z** pDy + Zie1>% BuDyk + e.

The R? for the above regression turned out to be 0.9836 where we set p;" equal to one. The estimated p;’
were exponentiated and the sequence of the nt," = exp[p;’] are the Time Product Dummy Price Indexes Prep,
which are listed in Table Al in Appendix A.

To obtain the Weighted Time Product Dummy Price Indexes, multiply the vectors on both sides of (26)
(excluding the error vector e) by the vector of positive square roots of the month by month expenditure
shares sy, on the products which were purchased in each period. The resulting linear regression in the same
parameters pa, Ps, ..., P24 and B, Ba, ..., Bsss was run with p;” =1 and the R? for this weighted time product
dummy regression turned to be 0.9840. The estimated p,” were exponentiated and the new sequence of the
n." = exp[p: ] are the Weighted Time Product Dummy Price Indexes Pwrpp' which are listed in Table A1 and
plotted on Chart 1 below. In section 2, we explained how the results of a Time Product Dummy Hedonic
regression could be used to define a directly estimated period t linear utility function level Q" and the
corresponding indirectly defined period t price level P™"; see equations (21) and (22). Define the Implicit
Weighted Time Product Dummy period t price index as Prwrpp' = P™"/P'™". The indexes Pwrep' and Prwrpp'
are listed in Table 1 and plotted on Chart 1 below.

The index Pwrep' is not a real time index. In order to obtain real time indexes, we can calculate adjacent
period time product dummy regressions.

To start the adjacent period methodology, we use the price data for products n that were sold in months 1
and 2. Define S(1,2) as the set of products that were purchased in months 1 and 2. The counterpart regression
to the unweighted time product dummy hedonic regression defined by (23) that links the prices of months
1 and 2 is the following regression model:

(24) InP* = pz*Dz* + 21(21366 BkDJk* + et
=p2'Dy" + Zkes) PxDi” + e

where the new log price vector InP*, the new month 2 time dummy vector D>" and the new product dummy
vectors Dy, ..., Dises are restricted to the observations that correspond to the products n that were sold in
periods 1 and 2. The first vector equation in (24) cannot be implemented using standard econometric
packages because due to rapid product turnover, most of the product dummy variable vectors Dy will be
vectors of zeros. Thus the second line in (24) sums over the products that actually sold in periods 1 and 2.
Using the results of the latter regression, we defined Parep! =1 and Parep® =exp|[p2'], the exponential of the
estimated time dummy parameter p>”.

The second bilateral regression has the form InP™* = p;"Ds™ + Zxess) BDi™ + e where the new vectors
InP™, p;"D5™, Di™" and e are restricted to the products that were sold in periods 2 and 3. The estimated
ps” was exponentiated and Parpp® was defined as Parep® times = exp[ps’]. A similar bilateral regression

1t turned out to be somewhat difficult to go from line 1 in (24) to line 2 in (24). However, programs were constructed
that overcome these difficulties.
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was run using the price data for periods 3 and 4 and the above process was continued. In all, 23 unweighted
bilateral time product dummy variable regressions were run, the estimated p," were converted into n," and
the m," were chained into the Adjacent Period Time Product Dummy Price Indexes Parpp! for t =2, 3, ...,
24. These indexes are listed in Table Al in Appendix A.

In order to obtain the Weighted Adjacent Period Time Product Dummy Price Indexes, Pwarep' we took the
23 bilateral regressions that were used to form the unweighted indexes and multiplied the dependent and
independent variables in each of these regressions by the square root of the appropriate expenditure share.*2

Table 1 lists seven indexes: the simple average price index Pa', the unit value index Puv', the unweighted
and weighted sample wide Time Product Dummy indexes Prpp' and Pwrep', the Implicit Weighted TPD
index Prwrep!, and the unweighted and weighted Adjacent Period TPD indexes Parpp' and Pwarep'. All
indexes are normalised to unity att = 1.

Table 1: Sample Wide and Adjacent Period Weighted and Unweighted Time Product Dummy Price

Indexes.
Month | Pa! Pu' | Preo' | Pwrrp' | Piwtep! | Pateo! | Pwatep!
1 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 | 1.00000
2 1.03525 | 0.99703 | 0.98257 | 0.98828 | 0.98800 0.98781 | 0.99358
3 1.03503 | 1.00972 | 0.97768 | 0.98205 | 0.98203 0.98084 | 0.98526
4 1.02127 | 0.99538 | 0.96541 | 0.98006 | 0.98006 0.96681 | 0.98456
5 1.06279 | 1.02001 | 0.95302 | 0.96878 | 0.96867 0.94903 | 0.97476
6 1.06571 | 1.00173 | 0.93711 | 0.95087 | 0.95101 0.93115 | 0.96444
7 1.02721 | 0.98386 | 0.90572 | 0.92250 | 0.92232 0.90729 | 0.94422
8 1.02049 | 0.97422 | 0.88931 | 0.91801 | 0.91792 0.88649 | 0.93034
9 1.01082 | 0.95086 | 0.87676 | 0.90983 | 0.90975 0.86908 | 0.91971
10 1.03594 | 0.99085 | 0.87407 | 0.90323 | 0.90303 0.86254 | 0.91611
11 1.01327 | 0.94737 | 0.85326 | 0.87881 | 0.87834 0.83488 | 0.89088
12 0.94941 | 0.87888 | 0.82468 | 0.85129 | 0.85132 0.80071 | 0.85948
13 0.90281 | 0.84358 | 0.80777 | 0.83276 | 0.83257 0.77569 | 0.82589
14 0.91423 | 0.84563 | 0.79541 | 0.82554 | 0.82512 0.76387 | 0.81473
15 0.89907 | 0.84560 | 0.77924 | 0.81431 | 0.81357 0.74871 | 0.79577
16 0.93198 | 0.85366 | 0.77927 | 0.82328 | 0.82289 0.74716 | 0.79492
17 0.89127 | 0.80235 | 0.77078 | 0.82048 | 0.82014 0.73419 | 0.78726
18 0.86620 | 0.79067 | 0.75921 | 0.81037 | 0.80959 0.72286 | 0.77805
19 0.85147 | 0.79919 | 0.75392 | 0.80906 | 0.80882 0.70844 | 0.76665
20 0.83124 | 0.79319 | 0.74549 | 0.79830 | 0.79788 0.69445 | 0.75214
21 0.84793 | 0.77090 | 0.73698 | 0.78818 | 0.78764 0.68464 | 0.74318
22 0.90356 | 0.85345 | 0.73339 | 0.78460 | 0.78436 0.67542 | 0.73369
23 0.85940 | 0.84609 | 0.72413 | 0.76781 | 0.76800 0.66085 | 0.71498
24 0.89247 | 0.87814 | 0.70698 | 0.74478 | 0.74489 0.64587 | 0.69385
Mean 0.95287 | 0.90302 | 0.83884 | 0.86972 | 0.86950 0.81411 | 0.85685

Chart 1 below plots the indexes listed in Table 1.

2 The R? for the 23 bilateral Weighted Time Product Dummy regressions were as follows: 0.9993, 0.9985, 0.9979,
0.9988, 0.9991, 0.9988, 0.9991, 0.9976, 0.9987, 0.9980, 0.9980, 0.9985, 0.9974, 0.9980, 0.9989, 0.9993, 0.9987,
0.9989, 0.9980, 0.9986, 0.9990, 0.9988 and 0.9970. Needless to say, these regression fits are very good.
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Sample Wide and Adjacent Period Weighted and Unweighted Time Product Dummy Price Indexes
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Chart 1. Sample Wide and Adjacent Period Weighted and Unweighted Time Product Dummy
Indexes

The two unweighted simple average indexes PA' and Pyy' lie well above the other indexes. They are not
reliable due to their lack of weighting and lack of quality adjustment. The remaining two unweighted
indexes, Prpp' and Parpp', are also not reliable due to their lack of weighting. The Weighted Adjacent Period
TPD index, Pwarep!, is basically a chained index and likely suffers from some downward chain drift. This
leaves the direct and implicit Weighted Time Product Dummy indexes, Pwrep' and Piwrep!, as our preferred
indexes. For this particular empirical example, we do not have to choose between them since they are
virtually identical.

In the following section, we will calculate some traditional indexes as well as Predicted Share Price
Similarity linked indexes which may reduce chain drift.

4. Traditional Indexes and Similarity Linked Price Indexes for Laptops.

Some of the indexes defined in the previous sections were chained indexes; i.e., the index constructed for
month t compared the prices for month t with the prices for month t — 1. However, it is not the case that all
bilateral comparisons of prices between two months are equally accurate: if the relative prices for matched
products in months r and t are very similar, then the Laspeyres and Paasche price indexes will be very close
to each other and hence it is likely that the “true” price comparison between these two periods (using the
economic approach to index number theory®®) will be very close to the bilateral Fisher (1922) index that
compares prices between the two periods under consideration. In particular, if the two price vectors are
exactly proportional, then we would like the price index between these two months to be equal to the factor
of proportionality (even if the associated quantity vectors are not proportional) and the direct Fisher price
index between these two periods satisfies this proportionality test. This test suggests that a more accurate
set of price indexes could be constructed if a bilateral comparison of prices was made between the two

13 See Diewert (1976) for the relationship of the Fisher index to the economic approach to index number theory.
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months that have the most similar relative price structures.* The Predicted Share method of linking months
with the most similar structure of relative prices will be explained below.™

As a preliminary step, the price and quantity data that are listed in the Appendix need to be reorganized
into 24 price and quantity vectors of dimension 366, p' = [pi',p2....,p3s6'] and q' = [qi',q2',...,q366'], for t =
1,...,24. If product k is not purchased during month t, then we set pi' = qi' = 0. For months r and t, define
the set of products k that are present in both months as S(r,t). The matched model Laspeyres and Paasche
indexes, Pi(t/r) and Pp(t/r), that relate the prices of month t to month r are defined as follows:

(27) PL(t/r) = Zkes(y) Pr'qr/Zkeso PKIK" 5 1<r,t<24;
(28) Pp(t/1) = Zkeswn Pr'qe’/Zxeseny P'qr’ ; 1<, t<24.

Note that the prices of the matched models for month t are in the numerators of definitions (27) and (28)
and the corresponding prices of the matched models for month r in the denominators of definitions (27) and
(28). The matched model Fisher index that relates the prices of month t to the prices of month r is defined
as the geometric mean of P.(t/r) and Pp(t/r):'®

(29) Pr(t/r) = [PL(t/r)Pp(t/r)]"? ; 1<r,t<24.

The components si' of the 24 vectors of month t expenditure shares on the 366 products, s' = [s1',s2',...,8366'],
are defined as follows:

(30) s’ = pax/p"q’; t=1,..,24;k=1,..366
where the inner product of the vectors p' and ¢' is defined as p'-q' = Zk=1>% pi'qi'.

The choice of a measure of relative price similarity plays a key role in the similarity linking methodology.

A problem with most measures of relative price similarity is that they are not well defined if some products
are missing. The following Predicted Share measure of relative price dissimilarity, A(p",p',q',q"), is well
defined even if some product prices in the two periods being compared are equal to zero:’

(31) A(P",p.qq) = Zir*® [ = (pr'q/p™q)]* + Zier®® [ = (pr'q/p-q)]* ; 1<r,t<24.

We require that p*-q' > 0 forr = 1,...,24 and t = 1,...,24 in order for A(p",p'.q",q") to be well defined for any
pair of periods, r and t. Since the two summations on the right hand side of (31) are sums of squared terms,
we see that A(p",p',q~.q") > 0. If A(p",p',q".q") = 0, then the price vectors for months r and t are proportional.
The closer A(p",p',q",q") is to 0, the closer prices are to being proportional between the two months. If prices

14 1n the context of making comparisons of prices across countries, the method of linking countries with the most
similar structure of relative prices has been pursued by Allen and Diewert (1981), Kravis, Heston and Summers (1982;
104-106), Hill (1997) (1999a) (1999b) (2009), Sergeev (2001) (2009), Hill and Timmer (2006), Aten and Heston
(2009), Diewert (2009) (2013) (2023) and Hill, Rao, Shankar and Hajargasht (2017). Hill (2001) (2004) also pursued
this similarity of relative prices approach in the time series context.

15 This method is explained more fully in Diewert (2023). One can work out a real time version of the method or one
can apply the method to a window of observations so that the method treats the data of each period in a symmetric
manner. We used the latter version of the method.

16 Note that there are 576 = 24x24 matched model bilateral Fisher (1922) indexes Pg(r/t).

17 See Diewert (2023) for the axiomatic properties of this measure.
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are proportional for the two months, then any acceptable price index between the two months should equal
the proportionality factor. If p' = Ap" for some positive factor of proportionality A, then the matched model
Fisher index Pr(t/t) defined by (29) will equal A. Another very important property of the measure of relative
price similarity defined by (31) is that the Predicted Share measure penalizes a lack of product matching
across the two months r and t. Thus if the matched prices for months r and t are equal but there are some
products that are only available in one of the two periods under consideration, then A(p",p',q’,q") will be
greater than 0.

The 24 by 24 matrix of Predicted Share measures of relative price similarity for our laptop data,
A(p,,p',q',q"), are listed in Table Al in Appendix A. This Table was used to construct the relative price
similarity linked Predicted Share Price index, Ps', fort=1,...,24.18

It turns out that the relative price similarity linked indexes Ps', the Fisher chained maximum overlap indexes
Prcu' and the Adjacent Period Weighted Time Product Dummy price indexes Pwarpp' are all extremely close
to each other for our laptop data set.!® It is also the case that the chained Laspeyres and Paasche indexes,
Prcu' and Pecd!, are fairly close to Prcn' for our particular data set. Table 2 below lists these indexes and
they are plotted in Chart 2 below.

There are two additional indexes that we plot on Chart 2: The GEKS indexes Pgeks' and the Rolling
Window GEKS with a mean splice indexes Prwarks'.?’ Recall that the matched model bilateral Fisher index
Pr(t/r) that compared the prices in period t to the prices in period r was defined by (29). The sequence of
Fisher price indexes that compare the prices of period 1, 2,...,24 with the prices of period r is [Pr(1/1),
Pr(2/1), ..., Pr(24/r)]. This sequence of numbers is the Fisher star index for the 24 periods relative to the
fixed base of period r. Obviously, any period could be chosen as the base so there are 24 Fisher star indexes.
The GEKS index simply takes the geometric mean of these indexes. Thus the (preliminary) GEKS price
level for period t, Pgeksp', is defined as follows:

(32) Pgeksp! = [Hr:1144 PF(t/r)]‘/24 ; t=1,...,24.

We normalize the above 24 price levels so that the price level for period 1 is set equal to 1. Thus the final
GEKS price level for period t is:

(33) Paexs' = Peksp/Paekse' ; t=1,...,24.

A problem with the GEKS indexes in our present context is the rapid introduction of new products and a
corresponding rapid pace of product disappearance. Only one product (#162) was purchased in all 24
months. Thus the Fisher bilateral price index that compares the prices in month 24 to the same product
prices in month 1 collapses down to the price of product 162 in month 24 divided by the price of product

18 The Minimum Spanning Tree was found using a variant of the Jarnik (1930) Prim (1957) algorithm.

1% The bilateral link Fisher indexes that were used to construct the similarity linked indexes were equal to adjacent
period matched model bilateral Fisher indexes for 20 out of 23 bilateral links. This explains why the chained Fisher
index, Pecrt, are so close to the relative price similarity linked indexes, Ps'. The bilateral link indexes used to construct
the Weighted Adjacent Period Time Product Dummy indexes, Pwateo!, are also numerically close to the corresponding
matched model bilateral Fisher index, which explains why Pwatep! is close to Pech'; see Diewert (2005a) on this
approximation.

20 The GEKS index dates back to Gini (1924) (1931) and the Rolling Window with a mean splice dates back to Ivancic,
Diewert and Fox (2011) and Diewert and Fox (2022).
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162 in month 1. The GEKS index is likely to suffer from a lack of matching bias. In order to deal with this
problem and the problems associated with producing a real time index, Ivancic, Diewert and Fox (2011)
proposed Rolling Window GEKS. Thus they suggested choosing a window length of say 13 months (so
that strongly seasonal products could be matched), compute the GEKS index for the first 13 months in the
sample and this becomes the first 13 observations in the real time index. When the data for month 14
becomes available, drop the data for month 1, add the data for month 14 and compute a new set of GEKS
indexes for the 13 months in this new window of observations. The new Nonrevisable Index for months 1
to 14 consists of the first GEKS index for months 1 to 13 and the Nonrevisable Index for month 14 just
multiplies the Nonrevisable Index level for month 13 that was computed in month 13 times the ratio of the
new index level for month 14 divided by the new index level for month 13. This process of using GEKS
indexes for the last two months of a new window of observations to update the Nonrevisable Index is
continued each month. Diewert and Fox (2022) suggested more or less the same methodology except that
instead of using just the new Rolling Window index levels for the last two periods in order to link to the
Nonrevisable Index, one should use all of the levels in the latest GEKS index to link to the Nonrevisable
index; i.e., one should use a geometric average of all possible links of the new GEKS index level to the
existing “permanent” Nonrevisable Index. They called this linking method a “mean splice”. Since product
turnover for our laptop data was so great, we implemented Rolling Window GEKS with a Mean Splice
using a window length equal to six months. The resulting indexes Prwaeks' are listed in Table 2 and they
are plotted in Chart 2 below.

Table 2: Predicted Share Similarity Linked Index and Other Standard Comparison Price Indexes

Month | Ps Prch' | Prcnt | Prcht | Pwatept | Pwrep! | Peeks' | Prweekst
1 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 1.00000 | 1.00000
2 0.99299 | 0.99299 | 0.99499 | 0.99099 | 0.99358 0.98828 0.98986 | 0.98805
3 0.98452 | 0.98452 | 0.98509 | 0.98395 | 0.98526 0.98205 1.00538 | 0.98295
4 0.98264 | 0.98264 | 0.98278 | 0.98250 | 0.98456 0.98006 1.01613 | 0.98220
5 0.97885 | 0.97249 | 0.97035 | 0.97463 | 0.97476 0.96878 0.99408 | 0.97832
6 0.96824 | 0.96195 | 0.95918 | 0.96472 | 0.96444 0.95087 0.98436 | 0.96645
7 0.94753 | 0.94137 | 0.93918 | 0.94357 | 0.94422 0.92250 0.95372 | 0.93796
8 0.93457 | 0.92689 | 0.92393 | 0.92986 | 0.93034 0.91801 0.94561 | 0.92793

9 0.92543 | 0.91782 | 0.91232 | 0.92335 | 0.91971 0.90983 | 0.93319 | 0.91697
10 0.92600 | 0.91838 | 0.90527 | 0.93168 | 0.91611 0.90323 | 0.93046 | 0.91910
11 0.89409 | 0.88924 | 0.87157 | 0.90727 | 0.89088 0.87881 | 0.90590 | 0.88811
12 0.86152 | 0.85685 | 0.84120 | 0.87279 | 0.85948 0.85129 | 0.87977 | 0.85596
13 0.82820 | 0.82371 | 0.81147 | 0.83614 | 0.82589 0.83276 | 0.85910 | 0.82232
14 0.81744 | 0.81301 | 0.80318 | 0.82295 | 0.81473 0.82554 | 0.85337 | 0.81562
15 0.79826 | 0.79394 | 0.78350 | 0.80451 | 0.79577 0.81431 | 0.83577 | 0.79723
16 0.79677 | 0.79245 | 0.78126 | 0.80379 | 0.79492 0.82328 | 0.84143 | 0.80033
17 0.78900 | 0.78472 | 0.77346 | 0.79615 | 0.78726 0.82048 | 0.84598 | 0.79806
18 0.77988 | 0.77565 | 0.76547 | 0.78596 | 0.77805 0.81037 | 0.82439 | 0.77913
19 0.76847 | 0.76431 | 0.75526 | 0.77346 | 0.76665 0.80906 | 0.84084 | 0.77302
20 0.75289 | 0.74881 | 0.74032 | 0.75740 | 0.75214 0.79830 | 0.84836 | 0.75935
21 0.74342 | 0.73938 | 0.73260 | 0.74623 | 0.74318 0.78818 | 0.83608 | 0.75324
22 0.73398 | 0.73000 | 0.72431 | 0.73573 | 0.73369 0.78460 | 0.83460 | 0.74573
23 0.71536 | 0.71148 | 0.70730 | 0.71569 | 0.71498 0.76781 | 0.79399 | 0.72752
24 0.69346 | 0.68970 | 0.68948 | 0.68993 | 0.69385 0.74478 | 0.75979 | 0.71031

Mean 0.85890 | 0.85468 | 0.84806 | 0.86139 | 0.85685 0.86972 | 0.89634 | 0.85941
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Chart 2: The Predicted Share Similarity Linked Index and Other Comparison Price Indexes

The sample wide GEKS index, Pgeks', finishes higher than the other seven indexes followed by the sample
wide Weighted Time Product Dummy index Pwrep', which is virtually identical to its counterpart Implicit
Time Product Dummy index, Prwtep' (not shown). However, as noted above, the sample wide GEKS indexes
are not very reliable due to an extreme lack of product matching over time. The next highest index is the
Rolling Window GEKS index, Prwaeks', which finishes about 2 percentage points above the remaining 5
indexes, which are clustered together at the end of the sample period. It is likely that these 5 indexes, Ps',
Prcn', Pred!, Pren' and Pwarep' all suffer from some downward chain drift. The fact that the similarity linked
indexes, Ps', satisfy Walsh’s (1921; 540) Multiperiod Identity Test is not sufficient to rule out chain drift.?
At this stage of our analysis, it seems that the Weighted Time Product Dummy indexes, Pwrep' and Prwrep',
are the most reliable indexes that do not suffer from chain drift. The GEKS index Pgexs' also does not suffer
from chain drift but it is not reliable due to the lack of matching problem with our particular data set.

In the following section, we suggest a new approach to the extension problem.
5. Expanding Window Weighted Time Product Dummy Indexes.
We can determine whether a given price index suffers from a chain drift problem by comparing it to a

“reasonable” index that does not suffer from chain drift. But how exactly can we find a “reasonable” target
index that is not subject to chain drift?

21 et P(r,t) denote a bilateral price index that compares the price level of period t in the numerator to the price level
of period r in the denominator. Walsh’s Multiperiod ldentity test is P(1,2)P(2,3)P(3,1) = P(1,1) = 1. Satisfaction of
Walsh’s Test is necessary for a chained bilateral index to avoid chain drift but it is not sufficient. The problem with
the predicted share methodology is that it tends to pick the previous period as the preferred period to link the current
period index to an earlier most similar in structure period. Fox, Levell and O’Connell (2025) noted this problem in
their study of the chain drift problem for UK prices.
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To answer this question, consider the sample wide Weighted Time Product Dummy price index, Pwrep!,
that was defined in sections 2 and 3. The linear regression that defined this index gave rise to estimated
parameters p2", p3’, ..., p24 and Bi°, B2, ..., Psss” and we exponentiated the p;" to obtain estimated period t
price levels, m" = P, = Pwrpp!, for t = 1,...,24. In this section, we exponentiate the B, to obtain the linear
utility function parameters a,” forn=1,...,366. Let o." = [ai",..., 0366 ]. Now use equations (21) and (22) to
define the month t aggregate quantity levels Q" and the Implicit Weighted Time Product Dummy price
levels P**; i.e., define:

(34 Q" =a"q" ;P =p-q/a’q'; t=1,...24.

What is important about definitions (34) is that the quantity levels Q""" = a"-q' satisfy Walsh’s Multiperiod
Identity Test applied to quantity levels; i.e., if qF = q' for r # t, then Q" = Q. The corresponding price
levels P defined in definitions (34) are normalized in order to define the month t Implicit Weighted Time
Product Dummy price index Prwrep' as follows:

(35) Prwrep' = pr/p ; t=1,...,24.

Unfortunately, the implicit price levels P*™* do not satisfy the levels version of Walsh’s Multiperiod Identity
Test for Prices; i.e., it is not always the case that if p* = p' for r # t, then P™" = P"* 22 However, since the
focus of this paper is on methods for quality adjustment, we think that it is more important to satisfy Walsh’s
Test for quantity levels rather than the corresponding Test for price levels.

Piwrpp' is not always a “reasonable” target index (since the products in scope may not be close substitutes
or there may not be a sufficient amount of product matching over time) but in our context, it probably is a
reasonable index, since the R? for the underlying hedonic regression was 0.9840. Thus the assumption of
common constant linear preferences by all purchasers is satisfied to a “reasonable” degree of
approximation. In any case, the direct and indirect price indexes, Pwrep' and Prwrep' generated by this
weighted panel regression were listed in Table 1 above and they are repeated in Table 3 below for
comparison purposes in and plotted on Chart 3. There are only tiny differences between these two indexes.

However, Piwrep' is not a real time index. Thus we have to find a suitable approximation to this target index
that can be calculated in real time.

Our first suggested approximation constructs Expanding Window Weighted Time Product Dummy price
indexes, Pew!, fort=1, 2, ..., 24.2 We show how this can be done.

Step 1: define Prw' = 1.

22 Recall definitions (19) that defined the Weighted TPD price levels, P = 1" = exp[Znesq Smln(pm/on”)] fort=1,...,T.
These price levels also do not satisfy the levels version of Walsh’s Multiperiod Identity Test for prices; i.e., it is not
always the case that if p" = p* for r = t, then P™ = P™. Thus the P™" and Q" defined by (19) and (20) do not pass Walsh’s
Multiperiod Identity Test for price or quantity levels.

23 Using an expanding window (instead of using a rolling window) to construct multilateral indexes was suggested
(and implemented) by Chessa (2016) (2021). The idea of using an ever expanding window was suggested by Diewert
(2023) in the context of the predicted share price similarity methodology.
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Step 2: Run the weighted Time Product Dummy regression that links months 1 and 2 as in section 3 above.
Thus run the weighted version of equations (24) to get estimates for the Bk that correspond to products that
were purchased in months 1 or 2. For products k that were not purchased in months 1 or 2, set Bk = 0.
Exponentiate these Bx” to get estimated ax” for k = 1,...,366. Now use the definitions P = p'.q/a"-q" for t
= 1,2 to define P'™* and P?**. Define Pew? = P?**/P!™". Note that the quantities associated with the missing
prices for months 1 and 2 are equal to zero.

Step 3: Run a weighted Time Product Dummy regression using the data for months 1, 2 and 3 ?* to get
estimates for the B that correspond to products that were purchased in months 1, 2 or 3. For products k that
were not purchased in months 1, 2 or 3, set Bx" = 0. Exponentiate these Bx" to get estimated ax” for k =
1,...,366. Now use the definitions P*"* = p'.q¥/a"-q' for t = 1,2,3 to define P, P**and P3"*. Define Prw® =
P3**/P'™*. Note that P'**, P**and P*"" are fully transitive price levels based on the information that is
available at the end of month 3. However, Pew® will not (in general) be equal to Prwrpp® since Prwrep® is
based on more complete data that is available at the end of month 24 (and thus Prwrep® uses more data to
estimate the underlying linear utility function).

Step 24: The final step simply sets Pew?* equal to the month 24 Implicit Weighted Time Product Dummy

price index Prwrpp?*.

The Expanding Window price indexes, Pew', are listed in Table 3 and plotted on Chart 3. It can be seen that
the Expanding Window price indexes Pew' are reasonably close to their transitive counterpart indexes, the
Implicit Weighted Time Product Dummy indexes, Piwtep', and they are very close near the end of the sample
period.

If the statistical agency is able to collect price and quantity data on the products in scope on a retrospective

basis, then Modified Expanding Window price indexes Pmew' could be used.?® To construct these indexes,
start off with a window of 12 months of data and construct Implicit Weighted Time Product Dummy indexes
for this 12 month window. Then simply switch over to the Expanding Window price indexes for months 13
to 24. Thus the resulting indexes will be real time indexes over months 13-24. The Modified Expanding
Window price indexes, Pyew!, are also listed in Table 3 in and plotted on Chart 3. It can be seen that the
Modified Expanding Window price indexes Puew' are generally closer to their transitive counterpart
indexes, the Implicit Weighted Time Product Dummy indexes, Piwrep', than the unmodified indexes Prw'
fort=2,3, ..., 12.

Table 3: Expanding Window, Modified Expanding Window and Weighted Time Product Dummy
Price Indexes

Month | Pwrep! | Piwtept | PEw' | Pmew!
1 1.00000 1.00000 1.00000 | 1.00000
2 0.98828 0.98800 0.99357 | 0.98814

24 The unweighted counterpart to the weighted regression has the form InP* = p2D," + p3Ds” + Zkesi23) BDx” + e
where S(1,2,3) is the set of products which were sold in months 1, 2 or 3.

% Krsinich (2016; 401) noted that estimates for the quality adjustment parameters o, are not reliably determined until
the products have been present in the marketplace for several periods. This observation helps to explain why the
Modified Expanding Window (EW) estimates will be more accurate than the simple EW estimates for the first few
periods.



3 0.98205 | 0.98203 0.98472 | 0.97942
4 0.98006 | 0.98006 0.98446 | 0.97561
5 0.96878 | 0.96867 0.98476 | 0.96628
6 0.95087 | 0.95101 0.97270 | 0.95017
7 0.92250 | 0.92232 0.94349 | 0.92759
8 0.91801 | 0.91792 0.93376 | 0.91989
9 0.90983 | 0.90975 0.92130 | 0.91259
10 0.90323 | 0.90303 0.90831 | 0.90561
11 0.87881 | 0.87834 0.88426 | 0.88351
12 0.85129 | 0.85132 0.85496 | 0.85496
13 0.83276 | 0.83257 0.82163 | 0.82163
14 0.82554 | 0.82512 0.81104 | 0.81104
15 0.81431 | 0.81357 0.79654 | 0.79654
16 0.82328 | 0.82289 0.80627 | 0.80627
17 0.82048 | 0.82014 0.81102 | 0.81102
18 0.81037 | 0.80959 0.79660 | 0.79660
19 0.80906 | 0.80882 0.79945 | 0.79945
20 0.79830 | 0.79788 0.79186 | 0.79186
21 0.78818 | 0.78764 0.78442 | 0.78442
22 0.78460 | 0.78436 0.78558 | 0.78558
23 0.76781 | 0.76800 0.76558 | 0.76558
24 0.74478 | 0.74489 0.74489 | 0.74489
Mean 0.86972 | 0.86950 0.87005 | 0.86578
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Chart 3: Expanding Window and Weighted Time Product Dummy Price Indexes
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The Modified Expanding Window indexes Pugew' are in general closer to our target transitive indexes
Piwrep' indexes for months 1-12 than the Expanding Window indexes Pew'. Of course, Pvew' coincides with
Pew' for months 13-24 by construction. The first 3 indexes listed in Table 3 all coincide at month 24. Finally,
the directly estimated weighted TPD indexes, Pwrep' are slightly different from the final transitive indexes

t
Prwrep'.

At each month t, the current Weighted TPD generates our “best” estimates for the o, parameters and the
“best” transitive set of indirectly determined price levels for months 1 to t. However, the fixity (or no
revisions) constraint on consumer price indexes prevents Statistical Offices from publishing new
“improved” estimates of inflation for months 2 to t—1: all that can be done is to publish the new estimate
for the period t price level. Thus there will be some differences or biases between the newly generated price
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levels for months 2 to t—1 and the historical published price levels for months 2 to t—1. These biases could
be termed fixity biases. The price levels generated by the period t regression will satisfy the circularity test
for months 1 to t. Hence the period t price level should be free from any chain drift bias using the price
levels generated by the period t hedonic regression. This does not mean that all of the price levels for the
Nonrevisable Index satisfy transitivity: it just means that using information on prices and quantities for
periods 1 to t which are used to construct the new period t set of price levels, the resulting period t price
level is uniquely determined and is not path dependent using these full information price levels. However,
the period 2, 3,...,t — 1 price levels for the Nonrevisable Index will in general change. Thus this expanding
window methodology does not lead to a Nonrevisable Index that is completely transitive but the most
recently determined price level is the same price level that is determined by the most recent hedonic
regression and thus satisfies a limited transitivity property.

As the number of periods in the sample increase, the complexity of the Weighted TPD regression increases.
Thus one might ask: when should we start dropping the prices that correspond to the early months in the
sample? In situations where there is a rapid product turnover, what will happen is that the o, estimates for
products that were purchased at the beginning of the sample period stabilize. Moreover, the qu that
correspond to these disappeared products will be 0 and so these obsolete products will no longer enter the
quantity aggregate of the current month. Thus at some point, the ever expanding window can be replaced
by a (probably long) rolling window.?® This point will be reached when the current price level estimate for
the expanding window regression for period t is very close to the corresponding rolling window estimate.

What are the limitations of the Expanding Window Weighted TPD model or more generally, of a TPD
hedonic regression?

e New and existing products must compete in the marketplace for more than one period. It is this
competition between products that will enable us to estimate the relative values of the products to
purchasers.?’

e The Time Product Dummy model relies on the assumption that purchasers have the same linear
preferences over the products in scope, at least to some degree of approximation. This assumption
implies that the products are highly substitutable. The validity of this assumption can be determined
by looking at the R? for the TPD model (provided that there is an adequate amount of matching of
products over time): if the R? is low, it may be best to turn to a model that allows for more flexible
purchaser preferences such as Rolling Year GEKS or CCDI.?®

e The Expanding Window Weighted TPD model does not allow for preference changes.

In the following section, we will consider two additional models where purchasers have linear preferences
and one more model that allows for more general forms of substitution between products.

2% For an early application of the Rolling Window Weighted TPD model, see section 7 of lvancic, Diewert and Fox
(2009). For their particular scanner data set, the authors found little difference between their Rolling Window GEKS
estimates and their Rolling Window TPD estimates. However, their monthly data series covered only 15 months.

27 This limitation of the TPD methodology was recognized by Krsinich (2016; 400-401) and de Haan, Hendricks and
Scholz (2021; 395). Consider the extreme example where a new product enters the marketplace every period but exits
after only one month. There is an extreme lack of matching bias.

2 0On the Rolling Year GEKS methodology, see Ivancic, Diewert and Fox (2011). On the Rolling Year CCDI
methodology, see Diewert and Fox (2022) and Fox, Levell and O’Connell (2025). The CCDI multilateral price index
is due to Caves, Christensen and Diewert (1982) and Inklaar and Diewert (2016).
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6. Other Preference Models

In this section, we will consider only the estimation of sample wide indexes. The Ever Expanding Window
methodology considered in the previous section can be adapted to produce real time Nonrevisable Indexes.

Another multilateral index that is being used by some National Statistical Offices is the Geary (1958)
Khamis (1970) price index. The GK index is used in the Netherlands to construct some components of the
Dutch CPI; see Chessa (2016).

Recall that S(t) was the set of products n that were purchased in period-month t. Define S*(n) as the set of
periods t where product n was sold. Define the vector q as the sum of the 24 observed month t quantity
vectors q' of dimension 366:%°

(36)q=Z .

The equations which determine the GK price levels Pck',..., Pox** and the quality adjustment factors
ol1,...,0366 (U to a scalar multiple) are the following ones:

(37) On = ZteS*(n) [qm/qn] [ptn/PGKt]; n= 1,,366,
(38) Pok' = 2nes) pnqm /0-q" ; t=1,..,24

where o = [au,...,0366] 18 the vector of GK quality adjustment factors and e' = p'-q'is month t expenditure on
the 366 laptop products. Once a solution o and Pgk',..., Pok** to equations (37) and (38) has been found,
the period t quantity levels are defined as follows:

(39) Qax' = 0-q'; t=1,..,24.

The o, and m; are only determined up to a scalar multiple and an additional normalization is required such
as m; =1 or o,y = 1 is required to determine a unique solution to the system of equations defined by (37) and
(38). We chose the normalization Pck!' = 1. The GK price and quantity levels have some good axiomatic
properties including invariance to changes in the units of measurement.*

A traditional method for obtaining a solution to (37) and (38) is to iterate between these equations. We
followed the more efficient maximum eigenvalue procedure suggested by Diewert (1999; 26) to find a
solution to (37), (38) and the normalization Pgk! = 1.

The GK price indexes Pgk' are listed in Table A4 in Appendix A and plotted on Chart 4.

For our next two indexes, we use an adaptation of traditional consumer demand theory to estimate linear
preferences and Constant Elasticity of Substitution preferences.

Recall that we assumed utility maximizing behavior on the part of product purchasers in Section 2 with the
assumption of linear preferences so that purchasers collectively maximized f(q) = Zn-1" angn = a-q subject

2 Define q' = [qu1,q12,...,q366] for t=1,...,24.
30 See Balk (1996) and Diewert (1999) (2023) on the test properties of various multilateral indexes.



21

to the month t expenditure constraint p'-q =e'=p'q' for t = 1,...,T where T = 24 in our present context.
Equations (2)-(6) in section 2 can be rearranged to give us the following inverse demand estimating share
equations:*!

(40) sm = qmon/0-q' ; t=1,....24;n=1,...,366

where s = pnqu/p-q' for t=1,...,24; n = 1,...,366. These share equations can be stacked up into a single
estimating equation. The resulting nonlinear least squares minimization problem is:

(41) min 5 Tt =¥ {sn — [qumon/0-q'] 2

If o' = [ou’,..., 0366 ] is a solution to (41), then it can be seen that Aa" is also a solution to (41) where X is
any positive number. This non-uniqueness always occurs when we attempt to estimate utility functions. The
scale of utility is arbitrary so we need to impose at least one normalization on the estimated parameters in
order to obtain a cardinal measure of utility (or quality adjusted quantity). Since product 162 is present in
all 24 months, we impose the following normalization on the unknown o, coefficients in (41):

(42) e = 1.

Note that when qw = 0, then sy = 0. Thus when using an econometric computing package and using the
estimating equations for the 8784 terms in the double summation defined in (41), the number of degrees of
freedom is only 2639 instead of 8784 because 70% of the terms in the summation are artificial 0 terms.
These 0 terms correspond to observations t, n where product n was not purchased in month t.

The nonlinear regression option in Shazam was used to solve the minimization problem defined by (41).
Denote the estimated o vector as o.". Preliminary month t quantity and price levels were defined as Q" =
a’q'and P" =e'/Q" for t = 1,...,24. These preliminary price levels were divided by P'" in order to define

31 We work with inverse demand functions where period t prices are functions of period t expenditure et and the period
t quantity vector g'. Thus we are estimating the direct utility function f(q) instead of its dual unit cost function c(p).
When product n is not purchased in period t, the corresponding quantity g is equal to 0 and it is easy to impose this
restriction. However, conceptually, the price pm should be the period t reservation price that is just high enough to
induce purchasers to buy 0 units of product n. This reservation price is not observed and should be estimated. We have
set pm = 0 by assumption. The effect of this assumption is to make Ze=1" Zn=1™ {Stn — [Qman/a-q1} = Zi=1" Znesqy {Sn —
[aman/a-qT}2. This second summation of terms means that observations n that correspond to products that were not
purchased in period t are excluded in the second double summation which is the correct procedure. There are 24x366
= 8784 terms in the first double summation but only 2639 terms in the second double summation. Thus the probability
of a product being present in any period is only 2639/8784 = 0.300. We use the first double summation to stack up the
estimating equations because it is easy to program this and it is complicated to set up the second double summation.
It is relatively easy to estimate inverse demand systems when there are missing products but more or less impossible
to estimate traditional demand systems that estimate expenditure functions when there are missing products because
the theoretically correct product prices are unobserved reservation prices. Note that the system of inverse demand
equations is pm = e'an/a-qt for t = 1,...,24 and neS(t). Note that unobserved reservation prices do not appear in these
equations. However the price and quantity indexes that result from using these estimating equations are not invariant
to changes in the units of measurement which explains why we used equations (40) as our estimating equations. The
indexes based on equations (40) are invariant to changes in the units of measurement.
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the Linear Utility Price indexes, Pry' = PY/P" for t = 1,...,24. These indexes Py are listed in Table A4 in
Appendix A and plotted on Chart 4. The R? for this regression was 0.9986.%

It is interesting to compare the Pry' price levels that are generated by this consumer demand model with
the price levels Pwrep' that were generated by the Weighted Time Product Dummy Hedonic regression
model estimated in Section 3.%* Both models are based on the implicit or explicit assumption of linear
purchaser preferences. Both models estimate the marginal utility parameters, the a.,, but the TPD model
also estimates the price level parameters, the m; for t = 1,...,T. Thus the TPD model is in some sense more
flexible than the inverse demand econometric model that estimates linear preferences. But this added
flexibility comes at a cost: the TPD model generates two sets of estimates for the price and quantity
aggregates and it is necessary to choose between these equally valid alternative estimates. For our data set,
the two choices generated much the same indexes so the choice was not material.

A problem with the assumption of linear preferences is that it implies that are products are perfectly
substitutable with each other; i.e., that the elasticity of substitution between products o is equal to plus
infinity. This assumption may cause our price indexes to have a downward bias if the products are not
perfectly substitutable with each other. Thus for our final index, we will assume that purchasers have
Constant Elasticity of Substitution preferences.® These preferences contain linear preferences as a special
case.

The CES utility function, f(q), is defined as follows for the case of 366 products.
(43) f(@) = [Za="* 0 (qn)]"™

where the a, are positive parameters and the parameter « satisfies the inequalities 0 < x < 1.%° Note that if
the parameter k equals 1, then the CES utility function defined by (88) becomes the linear utility function.

The first order conditions for CES utility maximization can be converted into the following estimating
equations:

(44) St = pudu/e' = qu[0f(q')/0an]/f(q") = & (qun)/Zics @i (qa)* 5 t= 1,...,24; neS(D).
If gm = 0, then s, = 0. Thus the equations (44) can be replaced with the following 8784 equations:
(45) st = on(qun)/Zi=1N ai(qe)<; t=1,...,24;n=1,...,366.

We obtained estimates for the CES utility function by solving the following nonlinear least squares
minimization problem:

32 We use the raw moment definition of R? Let s denote the vector of observed expenditure shares of dimension 8784,
let f denote the vector of fitted shares and let e denote the error vector so that s = £+ e. Then R? = (s-T)%/(s-s)(f*1).

33 Note that both models generate normalized price levels that are invariant to changes in the units of measurement.
3 This functional form was popularized by Arrow, Chenery, Minhas and Solow (1961) in the context of production
theory. For more on estimating CES utility functions, see Balk (1999) and de Haan and Krsinich (2024).

35 We require that « < 1 to ensure that the utility function is concave in the components of g and we require that k > 0
in order to ensure that the utility function is well defined if any component of the g* vector happens to be equal to 0.
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(46) min s T=1?* Zne1*%® {Stn — [0n(qen)/Zi=1>%° ai(qu)*]}>.

As was the case for the estimation of the linear utility function, we cannot identify all of the a., so again,
we set aLie2 = 1. We also used the final o, coefficients from the solution to (41) along with k = 1 as starting
coefficients when we solved the nonlinear least squares problem defined by (46). The log likelihood for the
linear utility function model was 58966.39. It took Shazam 317 iterations and 16.4 hours to converge. The
final log likelihood for the new CES model was 58966.44. Thus the increase in log likelihood for adding
the parameter k to the new model was 0.05, which is negligible. The estimate for k was k" = 0.99962, which
of course, is very close to 1 so the resulting CES estimated price and quantity indexes, Pces' and Qces', are
very close to the corresponding indexes for the linear utility function model. The estimated elasticity of
substitution was 6" = 1/(1 — ") = 2658.8. The R? and the sum of absolute errors for the CES model turned
out to be the same as the R? and the sum of absolute errors for the linear model. The CES price indexes
Pces' are listed in Table 4 and plotted on Chart 4 below.

Table 4: Linear and CES Utility Function Price Indexes, Geary Khamis Price Indexes and Implicit
Weighted Time Product Dummy Price Indexes

Month | Pcest | Pu™ | Pkt Pwtrp!
1 1.00000 | 1.00000 | 1.00000 | 1.00000
2 0.98960 | 0.98966 | 0.98855 | 0.98800
3 0.98599 | 0.98608 | 0.98209 | 0.98203
4 0.98464 | 0.98465 | 0.98050 | 0.98006
5 0.97518 | 0.97525 | 0.97078 | 0.96867
6 0.95721 | 0.95726 | 0.95443 | 0.95101
7 0.93006 | 0.93020 | 0.92600 | 0.92232
8 0.92822 | 0.92829 | 0.92181 | 0.91792

9 0.91986 | 0.91992 | 0.91371 | 0.90975
10 0.91384 | 0.91388 | 0.90620 | 0.90303
11 0.89257 | 0.89258 | 0.88160 | 0.87834
12 0.86571 | 0.86567 | 0.85367 | 0.85132
13 0.85332 | 0.85345 | 0.83144 | 0.83257
14 0.84888 | 0.84905 | 0.82270 | 0.82512
15 0.84305 | 0.84323 | 0.81018 | 0.81357
16 0.85972 | 0.85988 | 0.81924 | 0.82289
17 0.86538 | 0.86548 | 0.81675 | 0.82014
18 0.85432 | 0.85444 | 0.80651 | 0.80959
19 0.85803 | 0.85810 | 0.80527 | 0.80882
20 0.84628 | 0.84634 | 0.79437 | 0.79788
21 0.83758 | 0.83764 | 0.78358 | 0.78764
22 0.83056 | 0.83070 | 0.78265 | 0.78436
23 0.81405 | 0.81421 | 0.76665 | 0.76800
24 0.78754 | 0.78771 | 0.74412 | 0.74489

Mean 0.89340 | 0.89349 | 0.86928 | 0.86950
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Linear and CES Utility Function, Geary Khamis and Implicit Weighted Time Product Dummy Price Indexes
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Chart 4: Linear and CES Utility Function, GK and Weighted Time Product Dummy Price
Indexes

It can be seen that the CES and Linear Utility function price indexes, Pcgs' and Pru', cannot be separately
identified in the above Chart. The next 3 indexes, Pok', Pwrep' and Piwrep', are very close to each other and
lie below the first two indexes. The CES indexes are consistent with a more flexible functional form than
the remaining 4 indexes, which are consistent with linear preferences. But the estimated elasticity of
substitution is so high that the CES index essentially collapses down to a linear utility function. Thus all 5
indexes should give much the same answer but it can be seen that the 5 indexes separate into two separate
groups of indexes. For our particular data set, we cannot definitively single out any one of the above indexes
as “best”. The fact that the CES model is consistent with both linear preferences and more general
preferences (which do not assume that the products in scope are perfectly substitutable) might cause us to
prefer this model. But Pwrpp' and Piwrep' are consistent not only with linear preferences, but also with Cobb-
Douglas preferences. The GK price indexes Pgk' are consistent with linear preferences but they are also
consistent with Leontief preferences.* Finally, Pwrpp!, Prwren' and P! have N + T — 1 free parameters to
fit the data whereas Pry' has only T — 1 free parameters and Pcgs' has only T free parameters to describe the
data so this fact may help to explain why the five methods split into 2 closely clustered groups.

7. Conclusion.

We have calculated 18 separate indexes using our laptop data in the previous sections: Pa', Puv!, Prep',
PWTPDt, PIWTPDt, PATPDt, PWATPDt, PSt, PFCHt, PLCHt, PPCHt, PGEKSt, PRWGEKSt, PEWt, PMEWt, PGKt, PLUt and PCESt-

The following tentative conclusions emerge from our study:

e When price and quantity data for the products in scope are available, it is best to use weighted
hedonic regressions that take into account the economic importance of the products. We found

3 See Diewert (1999). However, Leontief and Cobb-Douglas preferences are not plausible in our present context when
there is tremendous product churn.
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substantial differences between our weighted and unweighted (or more accurately, equally
weighted) hedonic regressions.

There was a possible chain drift problem with all of our models that used chaining to link adjacent
periods. The chain drift problem was not cured by the use of the multilateral predicted share method
because most of the bilateral links chosen by the method were chain links.%

Fixed Base indexes and GEKS and Rolling Window GEKS did not work well for our example due
to the lack of matched products when the time period between the base and current period grows.
A possible solution to the chain drift problem for our example was provided by the use of the
Expanding Window methodology explained in section 5. This method should work well for many
product classes where substitution between the competing products is high and each product is
available on the marketplace for a number of consecutive periods.

Charts 2 and 4 show that different well established index number and consumer demand methods
generate substantially different measures of price (and hence quantity) change.® Thus the method
used to quality adjust products with a high degree of product churn matters. We could eliminate
some methods as being unsatisfactory but we are not able to choose which method was “best” in a
definitive manner between the 5 indexes that appeared on Chart 4.

Our research showed that many models may suffer from chain drift bias or from a lack of matching bias.
There is a need to do additional research to see if the methods suggested in this paper to address these
problems are robust.

Appendix A: Predicted Share Measures of Relative Price Dissimilarity

Table Al: Predicted Share Measures of Relative Price Dissimilarity for 24 Months

r [AGD [ A2 [ Aw3) [ Ad) | AmS) [ A6) | AR | AmS) | A9) | Am10) | A 1D) | A12)
1 0.0000 | 0.0103 0.0088 | 0.0170 | 0.0312 | 0.0492 | 0.0514 | 0.0506 | 0.0719 | 0.0643 0.0876 0.1009
2 0.0103 | 0.0000 | 0.0007 | 0.0092 0.0146 | 0.0257 | 0.0268 | 0.0325 | 0.0410 | 0.0448 0.0546 0.0554
3 0.0088 | 0.0007 | 0.0000 | 0.0046 | 0.0057 | 0.0119 0.0163 0.0168 | 0.0229 | 0.0236 0.0319 0.0340
4 0.0170 | 0.0092 0.0046 | 0.0000 | 0.0116 0.0149 | 0.0210 | 0.0196 | 0.0267 | 0.0268 0.0414 0.0459
5 0.0312 | 0.0146 | 0.0057 | 0.0116 0.0000 | 0.0005 | 0.0079 | 0.0030 | 0.0074 | 0.0071 0.0173 0.0215
6 0.0492 | 0.0257 | 0.0119 0.0149 | 0.0005 | 0.0000 | 0.0075 | 0.0027 | 0.0066 | 0.0059 0.0164 0.0207
7 0.0514 | 0.0268 | 0.0163 0.0210 | 0.0079 | 0.0075 | 0.0000 | 0.0045 | 0.0044 | 0.0057 0.0067 0.0075
8 0.0506 | 0.0325 | 0.0168 | 0.0196 | 0.0030 | 0.0027 | 0.0045 | 0.0000 | 0.0002 0.0013 0.0007 0.0012
9 0.0719 | 0.0410 | 0.0229 | 0.0267 | 0.0074 | 0.0066 | 0.0044 | 0.0002 | 0.0000 | 0.0009 0.0002 0.0005
10 | 0.0643 | 0.0448 | 0.0236 | 0.0268 | 0.0071 0.0059 | 0.0057 | 0.0013 | 0.0009 | 0.0000 0.0007 0.0039
11 | 0.0876 | 0.0546 | 0.0319 | 0.0414 | 0.0173 0.0164 | 0.0067 | 0.0007 | 0.0002 0.0007 0.0000 0.0002
12 | 0.1009 | 0.0554 0.0340 | 0.0459 | 0.0215 | 0.0207 | 0.0075 | 0.0012 | 0.0005 | 0.0039 0.0002 0.0000
13 | 0.1396 | 0.0832 0.0497 | 0.0500 | 0.0285 | 0.0276 | 0.0240 | 0.0160 | 0.0144 | 0.0174 0.0133 0.0132
14 | 0.1412 | 0.0935 0.0568 | 0.0545 | 0.0347 | 0.0335 | 0.0320 | 0.0220 | 0.0240 | 0.0230 0.0185 0.0181
15 | 0.1487 | 0.1013 0.0620 | 0.0566 | 0.0405 | 0.0397 | 0.0368 | 0.0266 | 0.0295 | 0.0289 0.0239 0.0237
16 | 0.1784 | 0.1158 0.0799 | 0.0767 | 0.0511 0.0483 0.0457 | 0.0345 | 0.0374 | 0.0367 0.0320 0.0342
17 | 0.2995 | 0.2356 | 0.1480 | 0.1292 0.0929 | 0.0865 | 0.0926 | 0.0758 | 0.0763 0.0775 0.0744 0.0860
18 | 0.3798 | 0.2993 0.1719 | 0.1442 0.0852 | 0.0768 | 0.0829 | 0.0667 | 0.0687 | 0.0665 0.0682 0.0821
19 | 0.3937 | 0.3428 | 0.2843 0.2545 | 0.1547 | 0.1549 | 0.1583 0.1381 0.1392 0.1409 0.1344 0.1429
20 | 0.6077 | 0.5073 0.3255 | 0.2534 | 0.1732 | 0.1664 | 0.1724 | 0.1525 | 0.1532 0.1543 0.1571 0.1850
21 | 0.5892 | 0.5008 | 0.2837 | 0.2233 0.1554 | 0.1473 0.1849 | 0.1659 | 0.1657 | 0.1677 0.1711 0.1964
22 | 0.8498 | 0.6705 | 0.4450 | 0.3799 | 0.2317 | 0.2216 | 0.2461 0.2465 | 0.2442 0.2463 0.2457 0.2896
23 | 0.8646 | 0.6571 0.4914 | 0.4568 | 0.3629 | 0.3730 | 0.4268 | 0.4061 0.4061 0.4102 0.4165 0.4628
24 | 1.0132 | 0.8555 0.6126 | 0.4593 0.3182 | 0.3071 0.3539 | 0.2608 | 0.2626 | 0.2612 0.2816 0.3249

37 The recent paper by Fox, Levell and O’Connell (2025) found the same result for many product classes.

38 This “fact” helps to explain why inflation rates for high tech products differ so much across countries: a definitive

method for quality adjustment has not yet emerged.
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r [ A®I3) [ A1) [ Am1S) [ Am16) | A7) [ A®I8) | A19) [ A20) | A2 [ A22) [ A23) | Ar24)
1 | 0.1396 | 0.1412 | 0.1487 | 0.1784 | 0.2995 | 0.3798 | 0.3937 | 0.6077 | 0.5892 | 0.8498 | 0.8646 | 1.0132
2 [ 0.0832 | 0.0935 | 0.1013 | 0.1158 | 0.2356 | 0.2993 | 0.3428 | 0.5073 | 0.5008 | 0.6705 | 0.6571 | 0.8555
3 0.0497 0.0568 0.0620 0.0799 0.1480 0.1719 0.2843 0.3255 0.2837 0.4450 0.4914 0.6126
4 [ 0.0500 | 0.0545 | 0.0566 | 0.0767 | 0.1292 | 0.1442 | 0.2545 | 0.2534 | 0.2233 | 0.3799 | 0.4568 | 0.4593
5 0.0285 0.0347 0.0405 0.0511 0.0929 0.0852 0.1547 0.1732 0.1554 0.2317 0.3629 0.3182
6 | 0.0276 | 0.0335 | 0.0397 | 0.0483 | 0.0865 | 0.0768 | 0.1549 | 0.1664 | 0.1473 | 0.2216 | 0.3730 | 0.3071
7 0.0240 0.0320 0.0368 0.0457 0.0926 0.0829 0.1583 0.1724 0.1849 0.2461 0.4268 0.3539
8 0.0160 0.0220 0.0266 0.0345 0.0758 0.0667 0.1381 0.1525 0.1659 0.2465 0.4061 0.2608
9 [ 0.0144 | 0.0240 | 0.0295 | 0.0374 | 0.0763 | 0.0687 | 0.1392 | 0.1532 | 0.1657 | 0.2442 | 0.4061 | 0.2626
10 | 0.0174 0.0230 0.0289 0.0367 0.0775 0.0665 0.1409 0.1543 0.1677 0.2463 0.4102 0.2612
11 | 0.0133 | 0.0185 | 0.0239 | 0.0320 | 0.0744 | 0.0682 | 0.1344 | 0.1571 | 01711 | 0.2457 | 0.4165 | 0.2816
12 | 0.0132 0.0181 0.0237 0.0342 0.0860 0.0821 0.1429 0.1850 0.1964 0.2896 0.4628 0.3249
13 | 0.0000 | 0.0035 | 0.0032 | 0.0057 | 0.0184 | 0.0230 | 0.0355 | 0.0380 | 0.0443 | 0.0842 | 0.1022 | 0.0937
14 | 0.0035 0.0000 0.0006 0.0031 0.0111 0.0170 0.0248 0.0254 0.0299 0.0656 0.0767 0.0762
15 | 0.0032 0.0006 0.0000 0.0003 0.0039 0.0072 0.0112 0.0101 0.0148 0.0486 0.0550 0.0567
16 | 0.0057 0.0031 0.0003 0.0000 0.0014 0.0035 0.0044 0.0045 0.0064 0.0407 0.0434 0.0458
17 | 0.0184 0.0111 0.0039 0.0014 0.0000 0.0020 0.0025 0.0025 0.0036 0.0391 0.0412 0.0438
18 | 0.0230 0.0170 0.0072 0.0035 0.0020 0.0000 0.0012 0.0031 0.0019 0.0359 0.0358 0.0396
19 | 0.0355 0.0248 0.0112 0.0044 0.0025 0.0012 0.0000 0.0006 0.0010 0.0349 0.0332 0.0367
20 | 0.0380 0.0254 0.0101 0.0045 0.0025 0.0031 0.0006 0.0000 0.0006 0.0341 0.0336 0.0370
21 | 0.0443 0.0299 0.0148 0.0064 0.0036 0.0019 0.0010 0.0006 0.0000 0.0330 0.0313 0.0356
22 | 0.0842 0.0656 0.0486 0.0407 0.0391 0.0359 0.0349 0.0341 0.0330 0.0000 0.0009 0.0043
23 | 0.1022 0.0767 0.0550 0.0434 0.0412 0.0358 0.0332 0.0336 0.0313 0.0009 0.0000 0.0013
24 | 0.0937 0.0762 0.0567 0.0458 0.0438 0.0396 0.0367 0.0370 0.0356 0.0043 0.0013 0.0000

Below is the corresponding Minimum Spanning Tree of bilateral links between periods.
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