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Abstract

The paper outlines O’Donnell’s axiomatic approach to index number theory that he applies to the
measurement of output, input and productivity. His concept of a Proper Index is related to other approaches
to index number theory in the producer context. The alternative approaches that are discussed are basket
approaches, stochastic approaches, axiomatic approaches and economic approaches. O’Donnell’s approach
and other approaches are illustrated by the computation of various indexes using US consumption data for
the years 2000-2025. The paper also discusses two important problems that compilers of producer price and
quantity indexes face: the lack of matching problem and the extension problem. An alternative axiomatic
framework to O’Donnell’s axioms is discussed.
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1. Introduction

Professor Christopher O’Donnell has proposed a new axiomatic approach to index number theory that
focusses on the measurement of output, input and productivity.? I will attempt to explain his approach to
output and input quantity indexes and relate it to the existing literature on index number and aggregation
theory.

There are some important positive aspects to O’Donnell’s research:

e His approach is based on better measurement of quantity /evels and indexes whereas most of the
research on index number theory has been based on constructing price indexes (ratios of price
levels). It turns out that there are some important differences between the two approaches and his
approach to quantity indexes can better address the problem of new and disappearing products.

e A modification of one of the practical Proper Indexes that O’Donnell has suggested leads to a
useful index. The other practical Proper Index that he suggested is also a useful index under certain
conditions.

In order to properly appreciate O’Donnell’s new approach to index number theory, it is useful to review
existing alternative approaches to index number theory. We will give an overview of the four main
alternative approaches in section 2. The four main approaches are:

o The basket approach;

o The axiomatic or test approach (the approach taken by O’Donnell);
e Stochastic approaches and

e The economic approach.

In section 3, we present the pure theory of O’Donnell’s new approach while section 4 discusses his practical
approaches to implementing his theoretical approach. We suggest a modification to one of his practical
approaches that addresses a problem with one of his practical approaches if there is high general inflation.

Section 5 calculates the various indexes defined in this paper using US annual consumption data for the
years 2000-2025. The US data used to construct the various indexes are listed in Appendix A.

Section 6 discusses an important practical problem with all proposed indexes, including O’Donnell’s
proper indexes: the extension (or linking) problem. The axiomatic approach to index number theory
assumes that the aggregation task is to construct price and quantity levels for either two periods (bilateral
index number theory) or for a fixed window of periods (multilateral index number theory). But there is a
problem with these theories: in the time series context, how should one proceed when the price and quantity
data for a new period become available? In the cross sectional context, how should we proceed when a new
country or production unit is added to the prior list of production units? Are we allowed to revise the existing
aggregates when new information becomes available or is the index not revisable (like most national
Consumer Price Indexes)?

Section 7 discusses another big problem for National Statistical Offices: how should one construct price
indexes at the first level of aggregation when there is tremendous product churn; i.e., the disappearance of

2 See O’Donnell (2012) (2016) (2018).



old products and the appearance of new products? It turns out that existing approaches to index number
theory have not dealt adequately with this problem. However, the O’Donnell approach, which focusses on
the direct construction of quantity indexes (rather than the direct construction of price indexes), is helpful
in addressing the new products problem.

Section 8 offers some concluding comments.
2. Alternative Approaches to Index Number Theory

We introduce some notation at this point. Suppose we have price and quantity data for N outputs (or inputs)®

and accounting T periods. The period t price and quantity vectors are denoted by p' = [pu,...,pn] and q' =
[qu,....qn] for t = 1,...,T.* An arbitrary price and quantity vector is denoted by p and q respectively. In this
section, we assume that all prices and quantities are positive.

Let V! =p'q' = =N pmqm be the value of period t transactions for t = 1,...,T. A fundamental aggregation
problem is to find “reasonable” price and quantity levels, P' and Q', such that V' = P'Q"' for t = 1,...,T. We
would like to find two functions of N variables, f(q) and c(p) (with “reasonable” properties) such that Q' =
f(q") and P' = ¢(p') and

() Vi=p"q'=c(pHf(q);t=1,....T.

We would like equations (1) to hold for all possible positive p' and q' vectors. Assume that c(p) > 0 if p is
a positive vector and f(q) > 0 if q is a positive vector. Then Eichhorn (1978; 144) proved the following
result: if T > 1 and N > 1, then there do not exist any functions ¢ and f that satisfy equations (1) for all
possible positive vectors p' and ¢'. There are a number of ways to deal with this rather negative result as we
shall see below.

The function f(q) is a quantity aggregator function: it aggregates the individual components of the quantity

vector q into an aggregate quantity level Q. The function c(p) is a price aggregator function; it aggregates
the individual components of the price vector p into an aggregate price level P. One way of dealing with
Eichhorn’s negative result above is to focus on either one of the functions and define the remaining function
residually. Most of the academic literature has focussed on determining the price function, c(p). Thus if the
price function c(p) is somehow determined, then the various price and quantity levels are determined as
follows:

(2) P'=c(p") ; Q'=p"qYc(p) ;t=1,....T.

On the other hand, we could focus on determining the quantity function, f(q) first and then the
corresponding price levels are determined residually:

(3) Q'=1(q"); P'=p-q/f(q") ; t=1,...,T.

3 The various approaches discussed in this section apply to both output and input indexes except for some changes
when we discuss the economic approach.

4 Before we can form aggregates over different products, we must first aggregate over transactions in the same product
over the accounting period. Walsh (1901; 96) (1921; 88) and Fisher (1922; 318) suggested that qw should equal the
total quantity of product n transacted during period t and the corresponding price pw should equal the total value of
transactions in product n during period t divided by total quantity qm. Thus pw is a unit value price.



O’Donnell (2012) (2018) uses the framework given by (3) rather than (2).

A second approach that has been widely used to avoid the Eichhorn impossibility result has been to
concentrate on the case where T = 2 and instead of focussing on the determination of c(p), instead focus on
determining P*/P' = P(p!,p?,q',q%) where the function P(p',p%,q',q?) is a bilateral price index function. Once
the function P(p',p%,q',q%) has been determined (somehow), the period 1 and 2 normalized price and quantity
levels are defined as follows:

4 P'=1;Q'=p"q"; P2 =P(p',p’q.q%) ; Q* = p*q*/P(p'.p%.q".q).

Alternatively, we could focus on determining the ratio of quantity levels, Q¥Q! = Q(p',p>.,q',q?) where
Q(p',p%q'.9%) is a bilateral quantity index function. Once the function Q(p',p?,q',q*) has been determined,
the period 1 and 2 normalized price and quantity levels are defined as follows:

(5)Q'=1;P'=p"q"; Q*=Qp'.p"q".q") ; P*=p*q/Q"

Bilateral index number theory does not determine the absolute level of either the price levels P' or the
quantity levels Q" in order to determine unique levels, an arbitrary normalization is required. In equations
(4), we chose the normalization P! = 1 and for equations (5), we chose Q' =1.

The takeaway from the above material is that in order to implement the above approaches to the aggregation
problem, it is necessary to determine one of the functions f(q), c(p), P(p',p%.q'.q%) or Q(p',p*q'.q?). The
various approaches outlined below accomplish this task.

2.1 Basket Approaches

The basket approach for price levels and indexes works as follows: let q" be a “representative” quantity
vector. The period t Lowe (1823) aggregate price level is defined as Pro' = p-q” = Zp=1™ pugn” fort=1,....T.
The Lowe period t price index relative to the base period r is defined as Pro(p’,p',q") = p-q'/p"q".° In this
case, the price aggregator function is defined as cro(p) = p-q".

Over time, researchers tried to determine more precisely how to choose the representative quantity vector
when comparing period 2 prices to period 1 prices. The two most representative quantity vectors for periods
1 and 2 are the period 1 quantity vector q' and the period 2 quantity vector q°. This leads to the Laspeyres
(1871) price aggregator function, c.(p) = p-q', and the Paasche (1874) price aggregator function, cp(p) =
p-q>. The corresponding Laspeyres and Paasche bilateral price index functions are Pi(p',p’q',q®) =

p*q'/p'-q' and Pe(p',p*q".q%) = p*q*/p"-q*.

The Laspeyres and Paasche indexes are equally plausible indexes. It seems appropriate to take a symmetric
average of these two indexes to arrive at a final price aggregator function such as the geometric mean of
cu(p) and cp(p). Thus define the Fisher price aggregator function as ce(p) = [cr(p)ce(p)]'? and the Fisher

5 Lowe (1823) was not the first to come up with this easy to understand approach to price aggregation, but he went
into many of the practical details associated with implementing this approach. He is the father of the Consumer Price
Index and his index is still in use today. See Ferger (1946) and Balk (2008) on the history of this index.



(1922)8 price index function Pr(p',p?,q',q°) as the geometric mean of the Laspeyres and Paasche price index
functions:

(6) Pe(p',p%q".4%) = [PL(p",p%q" . a)Pe(p'.p%q",q9)] "~

There is some justification for the use of the geometric mean of Pi(p',p%.,q',q%) and Pr(p',p%q'.q%) as the
preferred average of these two indexes. A price index function P(p',p?,q',q?) satisfies the Time Reversal
Test’ if it satisfies the following equation for all positive price and quantity vectors:

(7) P(p*p'.q%.q") = 1/P(p',p*.q".q?).

Thus if we measure price change going backwards from period 2 to 1 (which is the index P(p%p',q%q")),
then this index should be equal to the reciprocal of the usual index going from period 1 to 2, 1/P(p',p%,q',q%).
It can be shown that the Fisher Ideal price index defined by (6) above is the only index that is a homogeneous
symmetric average of the Laspeyres and Paasche price indexes, Pr. and Pp, and satisfies the time reversal
test (7); see Diewert (1997; 138). We have obtained a reasonably strong justification for the use of the Fisher
price index when aggregating over prices when there are two periods.

The above price levels and price index “basket” approaches can be repackaged as a basket approach to
quantity levels and quantity indexes. O’Donnell has largely done this as a special case of his general
methodology.

The additive case of a period t O’Donnell (2012) (2018) aggregate quantity level is defined as Qop'=p™-q'
= X1V pa'qm for t=1,...,T where p” is a representative price vector (or other set of constant weights). The
O’Donnell period t quantity index relative to the base period r is defined as Qon(q5,q',p") =p -q'/p -q" Thus
in this case, the quantity aggregator function is defined as fon(q) =p™-q.

Consider the case where T = 2. The two most representative price vectors for periods 1 and 2 are p' and p*.
This leads to the Laspeyres quantity aggregator function, f1.(q) = p'-q, and the Paasche quantity aggregator
function, fp(q) = p*-q. The corresponding Laspeyres and Paasche quantity index functions are Qu(p',p*q',q%)

=p'-q*p"-q' and Qe(p',p*,q',q*) = p*q*/p*q".

The Laspeyres and Paasche indexes are equally important indexes. Again, it seems appropriate to take a
symmetric average of these two indexes to arrive at a final price aggregator function such as the geometric
mean of fi.(q) and fr(q). Thus define the Fisher quantity aggregator function as fr(q) = [fL(q)fr(q)]"* and the
Fisher (1922) quantity index function Qr(p',p%,q',q%) as the geometric mean of the Laspeyres and Paasche
quantity index functions:

(®) Qe(p'.p*q".q%) = [Qu(p'.p%q".a)Qr(p".p%q".9)]"~.

6 Fisher (1922) was not the first person to advocate the use of this price index (and the companion quantity index) but
he showed that the Fisher price index satisfied many reasonable tests or axioms. Bowley (1899; 641) appears to have
been the first to suggest the use of this index.

7 Pierson (1896; 128) was the first to suggest this test.

8 O’Donnell (2012; 877) (2018; 96) refers to this index as a Lowe index but it is not a “true” Lowe index; it is a Lowe
price index adapted to the quantity context and should be more properly labeled as an O’Donnell (quantity) index.



The above analysis makes a reasonably strong case for the use of Fisher quantity indexes when comparing
quantity levels over two periods.

2.2 Test or Axiomatic Approaches

The test or axiomatic approach to index number theory has focussed on the determination of the functional

form for the bilateral price index function, P(p',p%,q',q%), that is discussed in section 2.1 above. The basic
idea is to assume that the function P(p',p%,q',q%) has various properties that are analogues to the single price
ratio p21/pin when the number of products N = 1. Each property is a “test” or “axiom”. Ideally, we impose
a sufficient number of “reasonable” tests so that the functional form for P(p',p%,q',q?) is determined.®

Of course, the same tests that have been applied to the bilateral price index function, P(p',p%,q',q%), can be
adapted to apply to the bilateral quantity index function, Q(p',p%q',q%). Here are some standard bilateral
quantity tests that correspond to O’Donnell’s (2012; 878) Lowe quantity index tests:*°

Al: Weak Identity Test: Q(p',p%q',g>) =1ifp' =p*and q' = ¢>.

A2: Strong Identity Test: Q(p',p%,q',q%) =11ifq' =q>.

A3: Monotonicity in g Q(p',p%q',q*") > Q(pL.p%q',q®) if ¢** > ¢* 1!

A4: Monotonicity in q': Q(p',p%q'",q%) > Q(p',p%q'.q°) if q'" <q' .

AS5: Linear Homogeneity in g*: Q(p',p%q'.2q%) = AQ(p',p%q',q%) if L > 0.

A6: Inverse Linear Homogeneity in q': Q(p',p%Aq',q%) = A'Q(p',p%q',q%) if A > 0.

A7: Invariance to Changes in the Units of Measurement: Q(Ap', Ap?, A™'q!, A~'q%) = Q(p',p%q',q*) where
A is an N by N diagonal matrix with positive elements on the main diagonal.

A8: Transitivity Test: Q(p',p*,q".q°) = Q(p'.p%.q".4)Q(p*,p’.4°.q°) -

It turns out that the Fisher quantity index Qr(p',p*,q',q°) defined by (6) satisfies all of the above Tests (and
a dozen more tests) except for the Transitivity Test.*? It is perhaps a “best” quantity index from the viewpoint
of the bilateral Test Approach to the determination of the functional form for the bilateral quantity index

function, Q(p',p*,q',q?).
We turn our attention to multilateral tests.

There is a large literature on multilateral methods and on the properties of the various methods.*® In keeping
with the approach to multilateral levels that is used by O’Donnell (2012) (2018), we will adapt some price

% See Eichhorn and Voeller (1976) and Eichhorn (1978). For surveys of the bilateral price index axiomatic approach,
see Balk (1995) (2008) and von Auer (2001). For materials on the history of this approach, see Diewert (1992) (1993)
and Balk (2008).

10 O’Donnell’s tests are applied to a quantity index function that is a function of q' and q° and a representative price
vector p*; i.e., his quantity index function has the form Q(p*,q',q%). Thus when we translate his identity axiom to the
usual bilateral index number context, we have a strong and a weak identity axiom instead of a single identity axiom.
11 Notation: q > Ox means each component of q is nonnegative, q > On means q > Oy and at least one component of q
is positive and q >> Oy means each component of q is positive. The tests are to apply to all strictly positive price and
quantity vectors.

12 See Diewert (1992).

13 See Balk (1996) (2008) and Diewert (1988) (1999) for additional multilateral tests and historical references to the
literature.



level tests that were proposed by Zhang, Johansen and Nygaard (2019) and Diewert (2023; 587-589) that
can be applied to multilateral quantity levels.*

We require some additional notation. Let P = [p',p%,....p"] and Q = [q',¢%...,q"] be the N by T matrices of
prices and quantities. All prices and quantities are assumed to be positive. The quantities qn must be
measured in the same units; i.e., qin, q2n,. . .,Tn Must be measured in the same units over time forn=1,...,N.
If we are making international comparisons between countries, then the price vector p' can be measured in
units of national currency. Our goal is to determine T quantity level functions, Q'(P,Q),...,Q"(P,Q). The
corresponding price level functions, P'(P,Q),...,PT(P,Q), are defined residually:

9) P'(P,Q) =p"q/Q'(P,Q); t=1,....T.

Here are some useful tests for quantity level functions (and the companion price level functions defined by
(9)) based on the multilateral levels tests proposed by Zhang, Johansen and Nygaard (2019) and Diewert
(2023):

T1: The strong identity test for quantity levels. If q" = (', then Q'(P,Q) = Q'(P,Q). Thus if quantities are
equal in periods r and t, then the corresponding quantity levels are equal even if the corresponding price
vectors p* and p' are not equal.

T2: The strong identity test for price levels. If p* = p', then P'(P,Q) = P{(P,Q). Thus if prices are equal in
periods r and t, then the corresponding price levels are equal even if the corresponding quantity vectors q"
and q' are not equal.

T3: Linear homogeneity test for quantities. Suppose the initial quantity levels are given by the
(unnormalized) vector [Q'(P,Q),Q*(P,Q)....,Q'(P.Q)....,Q"(P,Q)]. Suppose the period t quantity vector q'
is multiplied by the positive number A and thus the new matrix of quantity vectors is [q',...,Aq,...,q"] =
Q(ML). Then the new (unnormalized) vector of quantity levels, [Q'(P,Q(R)),...,Q'(P,Q(1)),...,QT(P,Q(L))],
is proportional to [Q'(P,Q),...,AQ'(P,Q),...,Q"(P,Q)], which is the vector of initial aggregate quantity
levels except that initial quantity level for period t, Q'(P,Q), has been multiplied by A. This property is to
hold fort=1,...,T.

T4: Linear homogeneity test for prices. Q(p',....p 7 . ApLp™,....pT.Q)Y/Q (p',....p" LAp,p,....pT,.Q) =
Q(P,Q)/Q'(P,Q) forall A >0, 1 <r,t <T and r # t. If all prices in period t are multiplied by a common
scalar factor A, then the period t quantity level relative to the period r quantity level remains unchanged.
Thus the absolute scale of prices in any period does not affect relative quantity levels.

T5: Invariance to changes in the units of measurement. Ratios of quantity level functions Q'(P,Q)/Q"(P,Q)
for 1 <1, t < T remain unchanged if the N commodities are measured in different units of measurement.

T6: Invariance to changes in the ordering of the commodities. The quantity level functions Q'(P,Q) for t =
1,...,T remain unchanged if the ordering of the N commodities is changed.




T7: Invariance to changes in the ordering of the time (or location) periods. If the T time periods are
reordered by some permutation of the first T integers, then ratios of the new quantity level functions are
equal to the same permutation of the initial ratios of quantity level functions.

This last test is considered to be an important one in the context of making cross sectional comparisons of

price levels across countries. In the country context, if this test is satisfied, then all countries are treated in
a symmetric manner. In Appendix B, we will discuss the relationship of the Multilateral Index Number Test
T7 with the Bilateral Index Number Test AS.

It is useful to give an example of a multilateral method at this point that uses the O’Donnell general
methodology. For the case of T periods, the representative price vectors are pl,...,pT. Choosing these
weighting vectors, we can define the T quantity aggregator functions, f(q) = p'-q for t=1,...,T. For the case
of 2 periods, we aggregated the functions f'(q) and f*(q) by taking their geometric mean. Following this
example, for the case of T periods, we take the geometric mean of f'(q) to f1(q) to define fs(q):

(10) fo(q) = [TI=1" p-q]"" .

Use the above aggregator function to form the following T quantity levels, Qg::
(11) Qa'=fa(q) = [MI=" pq]"" s t=1,...,T.

The corresponding price levels Pg' are calculated using definitions (9):

(12) P¢' = p'-q/[M=1" p~q']"" 5 t=1,...,T.

It can be shown that the above multilateral quantity levels satisfy all of the Tests with the exception of Test
T2, the Strong Identity Test for Prices.

2.3 Stochastic Approaches

The stochastic approach to bilateral price indexes was developed by Jevons (1865) and Edgeworth (1888).

The basic idea was that taking an average of the prices of period t divided by the prices of period r, pw/pm,
would give a useful approximation to the aggregate price level in period t to the level in period r, PY/P".
Applying this same idea to bilateral quantity indexes, leads to the following quantity counterparts to the
Carli (1804) and Jevons bilateral (1865) price indexes:

(13) Qc(q".q") = Zut™ (I/N)(qun/qrm) 5
(14) Qi(q".q") = Ia=1N (qu/qm)"N .

A problem with the Carli type quantity index defined by (13) is that the index does not satisfy the time
Reversal Test; i.e., it is not the case (in general) that Qc(q',q*)Qc(q%q") equals Qc(q',q") which in turn equals
1. Instead, Qc(q',9%)Qc(q%q") > 1 if q' is not proportional to g>. The Jevons type index defined by (14) does
satisfy the time reversal test but there is another problem with both indexes: each quantity ratio quw/qm is
regarded as being equally important and is given an equal weight in the index number formulae (13) and
(14). Walsh (1901; 83-84) (1921; 81-90) and Keynes (1930; 76-77) were particularly critical of this
unweighted stochastic approach to index number theory.



Theil (1967; 136-138) proposed a solution to the lack of weighting in the Carli and Jevons indexes in the
context of price index theory. His methodology can be applied to quantity indexes. Suppose we draw
quantity ratios qw/qm at random in such a way that each dollar of expenditure (or revenue or cost) in the
base period r has an equal chance of being selected. The probability that we will draw the nth quantity ratio
is equal to sm = pmqm/p™q’, the period r expenditure share for commodity n. Then the overall mean measure
(period r weighted) of logarithmic quantity change is 2n-1N Smln(quw/qm). Repeat the above mental
experiment and draw quantity ratios at random in such a way that each dollar of expenditure in period t has
an equal probability of being selected. This leads to the overall mean (period t weighted) measure of
logarithmic quantity change of 2u1N swln(qga'/ga"). Each of these measures of overall logarithmic quantity
change seems equally valid so Theil argued for taking a symmetric average of the two measures in order to
obtain a final single measure of overall logarithmic quantity change. Make the probability of selection for
the nth quantity ratio equal to the arithmetic average of the period r and t expenditure shares for commodity
n. Using these probabilities of selection, the final Theil type measure of overall logarithmic quantity change,
In(QYQ" = InQr(p",p',q",q"), is defined as follows:

(15) InQr(p",p",q",q") = Za=t™ (1/2)(SmtSin)In(Qin/rm).-

Exponentiating both sides of (15) gives us an explicit formula for the Tornqvist (1937) Theil (1967) bilateral
quantity index, Qr(p~,p'.q~.q").%°

There is a huge literature on alternative stochastic approaches to index number theory'® but for our
purposes, the important point is that Qr(p,p’,q",q") is a reasonable bilateral index number formula from the
viewpoint of the descriptive statistics approach.

2.4 Economic Approaches

In this section, we outline the separability approach to product aggregation that is basically due to
Shephard (1953; 61-71) (1970; 145-146).1” We will first consider the case where we want to form an
aggregate over a group of N inputs.

We consider production units that are producing the same outputs and using the same inputs over T periods
(or locations). In each period, there is a production possibilities set that consists of feasible combinations
of an output vector y =[y1,...,yk] and two sets of input vectors, X = [Xi,...,xm] and q =[qq,...,qn]. We assume
that there is a function of q, f(q), that aggregates the last N inputs into an aggregate input Q which is then
combined with the remaining inputs x to produce a set of outputs y. Thus the period t feasible set of outputs
and inputs has the form of vectors, y, x and q such that (y,x,f(q))eS"'. We assume that f(q) is a continuous
nonnegative function defined for q > Ox and is positive for q >> On. We also assume that f(q) is
nondecreasing in the components of q and is linearly homogeneous so that f(Aq) = Af(q) for A > 0. Note
that we assume that the function f(q) does not depend on t so there is no technical progress in the aggregator

151t turns out that Qr(p',p%q',q°) and Q«p',p%q',q?) defined by (7) approximate each other numerically to the second
order around any point where p' = p? and q' = q%; see Diewert (1978). The Tornqvist formula occurs already in Fisher
(1922) as formula number 123.

16 See for example, Selvanathan and Rao (1994), Clements, Izan and Selvanathan (2006), Rao and Hajargasht (2016)
and chapters 4 and 7 in IMF, ILO, Eurostat, UNECE, OECD, World Bank, IMF (2025).

7 See also Leontief (1947), Geary and Morishima (1973), Green (1974), Samuelson and Swamy (1974) and Diewert
(1980; 438-442).
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function. This aggregation framework is known as the assumption of a homogeneous separable aggregator
function in production for the N inputs.

As in previous sections, we assume that we can observe the positive quantity vectors q' and the
corresponding positive price vectors p' over the T periods in our window of observations. Define the
(unobservable) period t input aggregates Q' as follows:

(16) Q'=f(q); t=1,....,T.

If the producer is minimizing cost, then as part of the overall cost minimization problem, the producer will
want to minimize the cost of “producing” Q' units of aggregate input. We assume that the observed q' solves
the following period t “micro” cost minimization problem fort=1,...,T:

(17) min 4 {p"q: f(q) =Q'; q= O} =C(Q'p) =p"q'; t=1,...,T.

Note that C(Q',p") is the total cost function that is generated by aggregator function f(q). The unit cost
function, c(p), is the minimum cost of “producing” one unit of Q:

(18) c(p) =min 4 {p-q: f(q)=1;q=0n}.

Using definitions (16)-(18), we can establish the following equalities for t=1,...,T:*

(19) pq' = min ¢ {p“q : f(q) =Q'; q = On} using (17)
=min q {p-q: f(q/Q")=1;q=>0n} using the linear homogeneity of f(q)
=Q'min q {p"(¢/Q") : f(¢/Q) =1;q=0n}
=Q'c(p) using (18) for p=p'
= 1f(q")c(p") using definitions (16).

Equations (19) appear to contradict Eichhorn’s (1978; 144) impossibility result; see the discussion below
equations (1). However, there is no contradiction. We get the result (19) by assuming that the observed q'
solves the cost minimization problem that is defined in the first equation in equations (19). Thus q' cannot
vary independently from p'.

There is a companion theory for output subindexes. In each period, there is a production possibilities set
that consists of feasible combinations of two output vectors y = [yi,...,yk] and q = [qy,...,qn] and an input
vector, X = [Xi,...,xm]. We assume that there is a function of q, f(q), that aggregates the last N outputs into
an aggregate output Q which is then produced along with y by the input vector x. Thus the period t feasible
set of outputs and inputs has the form of vectors, y, q and x such that (y,f(q),x)eS". We assume that f(q)
satisfies the same positivity, continuity and linear homogeneity conditions as were listed earlier for the input
aggregator function.’® As in previous sections, we assume that we can observe the positive quantity vectors

18 These results are due to Shephard as noted earlier. Samuelson and Swamy (1974) obtained essentially the same
results in the consumer theory context. If we assume that f(q) is concave in q in addition to the other regularity
conditions, then f(q) can be defined in terms of the unit cost function c(p); i.e., there is a duality between f(q) and c(p);
see Samuelson (1953) and Diewert (1974a; 108-113) (1980; 439) on this duality.

19 There is one change in regularity conditions: if we want the output aggregator function to be dual to the resulting
unit revenue function, then we need to assume that f(q) is also a convex function of q; see Diewert (1974b) on this
point.
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q' and the corresponding positive price vectors p' over the T periods in our window of observations. Define
the (unobservable) period t output aggregates Q' are defined by definitions (16), Q'=f(q") fort=1,...,T.
If the producer is maximizing revenues (as a price taker), then as part of the overall revenue maximization
problem, the producer will want to maximize the revenue associated with “producing” Q' units of aggregate

output. We assume that the observed q' solves the following period t “micro” revenue maximization problem
fort=1,...,T:

(20) max q {p-q:f(q) =Q'; 9= On} =R(Q',p") =p"q'; t=1,...,T.

Note that R(Q',p") is the total revenue function that is generated by aggregator function f(q). The unit
revenue function, r(p), is the maximum revenue associated with the selling of one unit of Q:

(21) r(p) =max q {p-q: f(q) = 1 ; q = On}.

Using definitions (16), (20) and (21), we can establish the following equalities for t=1,...,T:

(22) p'q' =max q {p-q: flq) =Q"; q = On} using (20)
=max q {p-q: f(¢/Q)=1;q>0n} using the linear homogeneity of f(q)
= Q'max ¢ {p“(q/Q) : f{q/Q) =15 q =0}
=Q'r(p") using (21) for p=p'
= f(q)r(p") using (16).

We have decomposed period t aggregate value, p“-q'. into the product of an output aggregate, Q' = f(q') times
the corresponding aggregate price, P' = r(p").

The problem with the theoretical decompositions (19) and (22) is that we have not determined the
functional forms for f(q), c(p) or r(p). The theory of exact index number formulae addresses this lack of
knowledge problem. We outline this theory below, starting with the case where we are aggregating over
inputs.

Recall the cost minimization problems defined by definitions (17) above. We place two additional

restrictions on the input aggregator function f(q): (i) f(q) is a concave function and (ii) f(q) is differentiable
at q=q' fort=1,...,T. Thus we can form the vector of first order partial derivatives evaluated at q', Vf(q"),
fort=1,...,T. We assumed that q' >> Oy solved the period t cost minimization problem listed in definitions
(17) so the following first order necessary conditions must be satisfied by q":

23)p'=MVA(q); t=1,...,T.

Take the inner product of both sides of equation t in (23) with q' and we obtain an equation that we can use
to solve for the period t Lagrange multiplier A:

(24) M= p“q/q-Vf(q) = p“q/f(q) ; t=1,...,T.
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The second equality in equations (24) follows using Euler’s Theorem on linearly homogeneous functions,
f(q") = q"V1(q") for t = 1,...,T. Substitute (24) into (23) and after rearrangement, we obtain the following
equations:

(25) p'/p"-q' = VI(q)/q-Vf(q) ; t=1,....T.

Assume that f(q) has the following functional form:

(26) f(q) = (q-Aq)"”

where A = [ajj] is an N by N symmetric matrix that satisfies some restrictions.?’ It can be seen that the f(q)
defined by (26) is linearly homogeneous. Diewert (1976) showed that this functional form can approximate
an arbitrary twice continuously differentiable linearly homogeneous f'(q) to the second order around any

point " >> Ox.

Differentiate the f(q) defined by (26) with respect to the components of q in order to obtain an explicit
formula for V1(q"). Divide both sides of this expression by f(q') to obtain the following equations:

(27) Vi(@)/f(q") =AqY/q"“Aq"; t=1,...,T.

Equations (25) and (27) imply the following equations :

(28) p'/pq'=Aq/q-Aq'; t=1,...,T.

Recall formula (8) for the Fisher quantity index, Qr(p',p%,q',q%). The square of this index is:

(29) Qe(p'.p%a",9%)* = [p"-a*/p"-q'1[p*a*/p*q']
=[(p'/p"a")-V(p*/p*q>)-q']

=[q*>Aq'/q"-Aq')/[q"Aq*/q*-Aq’] using (27) fort=1and t =2
=[q*Aq’V[q"Aq'] since ¢*Aq' = q'-Aq’
= [f(q®)/f(q)]? using definitions (26) for g*> and q'.

The above equation shows that Qr(p',p,q',q%) equals f(q°)/f(q') and more generally, it is straightforward to
show that Qr(p',p',q',q") equals f(q")/f(q") for t = 2,3,...,T under the above assumptions of cost minimizing
behavior. Using observation 1 as the base period, we can form the Fisher (normalized) price and quantity
levels using the following definitions:

(30)Q'=1;P'=p"q"; Q'=Qk(p'.pLq.q") ; P'=p-q/Q", t=2.3....T.

The above approach to the determination of aggregate price and quantity levels assumes a fairly flexible
functional form for the quantity aggregator function f(q) and has the advantage that the approach does not
require any econometric estimation.

20 The matrix A must have one positive eigenvector with a strictly positive eigenvector and the remaining N—1
eigenvalues of A must be nonpositive; see Diewert (1976). If we use econometrics to estimate the unknown parameters
ajj, then these restrictions on A can be imposed; see Diewert, Abe, Tonogi and Shimizu (2025). This functional form
was originally defined by Byushgens and Koniis; see Diewert and Zelenyuk (2025).
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Diewert (1976) also developed a parallel Fisher index approach to the direct determination of input price
levels P! by assuming a specific functional form for the unit cost function, c¢(p). We assume cost minimizing
behavior; recall equations (19) above. The counterpart to assumption (26) on f(q) is the following
assumption about the functional form for ¢(p):*

1) c(p) = (pBp)"*

where B = [bjj] is an N by N symmetric matrix that satisfies the same restrictions that the A matrix required.
From equations (19), we have the following equations:

(32)ptq'=Qc(ph) ;t=1,....,T.

Using Shephard’s (1953; 11) Lemma, the observed q' is equal to the vector of first order partial derivatives
of Q'c(p") with respect to the components of p':

(33)q'=Q'Ve(p) ; t=1,...,T.
Equations (32) and (33) imply the following equations:
(34) q'/p-q' = Ve(p)e(p) ; t=1,...,T.

Differentiate the c(p) defined by (31) with respect to the components of p in order to obtain an explicit
formula for Vc(p'). Divide both sides of this expression by c(p') to obtain the following equations:

(35) Ve(pY/e(ph) =BpY/p"Bp'; t=1,...,T.
Equations (34) and (35) imply the following equations :
(36) q'/p"q'=Bp'/p"Bp'; t=1,....T.

The bilateral Fisher price index for the level of prices in period 2 relative to period 1, Pr(p',p%q',q%), was
defined by (6) above. The square of this index is defined as follows:

(37) Pe(p'.p*.q".9%)* = [p>q'/p"-*1[p>q*/p"-q°]
=[(q'p"a")p*V(@*/p*q*)P']

= [p*Bp'/p'-Bq')/[p'-Bp*p*Bp’] using (36) fort=1and t=2
= [p*>Bp’)/[p"-Bp'] since p>Bp' = p'-Bp’
= [c(p?)/c(pH]? using definitions (31) for p! and p?.

The above equation shows that Pr(p',p%,q',q%) equals c¢(p?)/c(p') and more generally, Pr(p',p',q',q") equals
c(pYY/c(p!) for t = 2,3,...,T under the above assumptions of cost minimizing behavior. Using observation 1
as the base period, we can form the Fisher (Base 1) price and quantity levels using the following definitions:

21 We assume that c(p) is once differentiable, nondecreasing, positive for p >> Oy, linearly homogeneous and concave
in the components of p > Ox.
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(38)P'=p'q';Q'=1;P'=Pr(p'p'q'q); Q'=p-q/P', t=23..T.

It turns out that the sequence of price and quantity levels defined by (30) and (38) are identical.?? This is an
advantage of using the bilateral Fisher indexes to generate a sequence of price and quantity levels over the
window of observations. The above algebra shows that the Fisher price and quantity indexes are consistent
with a large class of functional forms for both f(q) and c(p),? provided that the producer is engaging in cost
minimizing behavior. There are similar results that show that the Térnqvist quantity index is consistent with
a translog quantity aggregator function and the Térnqvist price index is consistent with a translog price
aggregator function.?*

There is a parallel economic approach to output quantity indexes that rely on the assumption of revenue
maximizing behavior on the part of the producer. The only substantial difference in this output index
approach compared to the above input index approach is that the unit revenue function r(p) must be convex
in prices instead of ¢(p) being concave in prices.

There are some major problems with the economic approach to aggregation theory:

o The separability assumptions may not be warranted.

e The assumed functional forms for f(q) and c¢(p) may not be very good approximations to the “true”
functional forms.

e The assumption of price taking cost minimizing or revenue maximizing behavior may not be
warranted.

On dealing with the first problem, one could view the separability assumption as merely a convenience
when using two stage aggregation. Thus in the first stage of aggregation, one chooses a bilateral index
number formula to form aggregates P,' and Q' for the first subaggregate, P,' and Q' for the second
subaggregate, ..., Px' and Q' for the last subaggregate for periods t = 1,2. Then one uses the same bilateral
index number formula to aggregate the vectors [P1',P2,...,Px'] and [Q1',Q2,...,Qk'] for t = 1,2 into overall
price and quantity indexes for periods 1 and 2. The bilateral Laspeyres and Paasche price indexes
constructed in a single stage are equal to the same indexes constructed in two (or more) stages.” However,
the Fisher and Tornqvist bilateral price indexes only satisfy this consistency in aggregation property in an
approximate manner: the two stage indexes for these indexes will approximate their single stage counterpart
indexes only to the accuracy of a second order Taylor series approximation.?

The last two problems in the above list could be addressed by using the observed price and quantity data
in an econometric study which estimates the unknown aj; parameters in the A matrix for f(q) = (q-Aq)"? or
estimates the b;; in the B matrix for c(p) = (p-Bp)"%. Equations (28) could be used as a starting point for the

22 This is due to the fact that the Fisher bilateral indexes satisfy Fisher’s (1922; 72-81) Factor Reversal Test:
Pr(p'.p',q',.q)Qr(p".p'q'.q) = p"q/p'-q".

23 As we shall see shortly, the Fisher indexes are consistent with f(q) being a linear function of q (which implies high
substitutability between inputs) and with ¢(p) being a linear function (which implies very low substitutability between
inputs).

2% See Diewert (1976) (1980).

% See Chapter 2 in IMF, ILO, Eurostat, UNECE, OECD and World Bank (2025),

% See Diewert (1978). For an up to date survey of the consistency in aggregation literature, see Balk (2025).
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estimation of the A matrix parameters. Denote the period t expenditure on the inputs q' by v' = p'-q' for t =
1,....,T. Then the following system of inverse demand functions could be used as estimating equations:

(39)p'=Vv'Aq/q-Aq'; t=1,...,T.

It can be seen that the components a;; of the A matrix cannot be uniquely determined using equations (39):
if a solution a;;" to equations (39) exists, then Aa;"* will also be a solution for any A > 0. Thus we require at
least one normalization (like a;; = 1) on the ajj in order to obtain a unique solution.

In general, if the number of inputs N is large relative to the number of periods T, then there will not be
possible to estimate all of the parameters in the A matrix. There is an important special case for the A matrix
where econometric estimation is possible and this is the case where A equals oo™ where o is column vector
of positive constants and a.” = [au,. .., o] is the transpose of a. For this case, f(q) = (q-aa-q)"? = a-q which
is a linear quantity aggregator function. In this case, the system of estimating equations (39) becomes the
following system:

(40) p' =v'aa-q/q-aa-q' = (V/o-qHa ; t=1,...,T.

A possible estimator for the components of the o vector is the solution to the following least squares
minimization problem:

(41) min o {Z=1" [p' — (V/orq)a][p' — (vVo-q)a] : oy = 1}.

Let o denote a solution to (41) and define the period t quantity and level as Q' = a."-q' and P' = p'.q"/Q' for
t=1,...,T. Unfortunately, this set of quantity levels fails Multilateral Test T5: Invariance to Changes in the
Units of Measurement. It is particularly important that price and quantity levels which are produced by
National Statistical Offices satisfy this test so solving (41) is not the way forward.

A way to avoid this lack of invariance problem is to modify the system of inverse demand equations (40)
into a system of share equations. Define the cost share of input n in period t as sm = pmqu/p-q‘ fort=1,...,T
and n = 1,...,N. Multiply both sides of equation n in (40) for period t by qw/v' fort=1,....,Tandn=1,...,N.
This converts equations (40) into the following system of inverse demand shares:

(42) spn = onqu/o-q'; t=1,...,T;n=1,....N.
The new least squares minimization problem is:
(43) min o {Z=1” TN [Stn — Gmon/o-q]? 1 o = 1}

Let a.” denote a solution to (43) and define the period t (unnormalized) quantity and price levels as Q. =
a’-q'and P, =p"q'/Q." fort=1,...,T. The corresponding normalized quantity and price levels are defined
as Qo' = Q,'"/Q.!" and P, = p-q'/Q,' for t=1,...,T. This new multilateral system satisfies the Multilateral
Tests T1-T7 with the exception of test T2, the strong identity test for price levels. The adequacy of assuming
that the quantity aggregator function is the linear function f(q) = a.-q can be assessed by looking at the size
of the sum of squared residuals in the nonlinear regression problem that is defined by (43). We implement
this method in section 5 below.
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It is possible to take a similar econometric approach to assessing how good the assumption is that ¢(p) =
(p-Bp)"2. The following modification of equations (36) could be used as a starting point for the estimation
of the B matrix parameters:

(44) q'=vBp/p"Bp'; t=1,....,T.

It can be seen that the components bj; of the B matrix cannot be uniquely determined using equations (44):

we require at least one normalization (like bi; = 1) on the bj; in order to obtain a unique solution. As was
the case with estimating the parameters in the A matrix, in general, there are too many parameters in the B
matrix so we turn to the case where B equals BBT where B is column vector of positive constants. For this
case, c(p) = (p-BB-p)"? = B-p which is a linear price aggregator function. In this case, the system of
estimating equations (44) becomes the following system:

@5 q'=BpHp;t=1,...T.

The least squares minimization problem that corresponds to the input demand system (44) leads to price
level functions that do not satisfy the Invariance to Changes in Units of Measurement test. Thus we modify
equations (45) into the following system of (demand function) share equations:

(46) st = Bupw/Bp'; t=1,....,T;n=1,...N.
The new least squares minimization problem is:

(47) min g {Ze1" [sin — paPu/B-pT> : P1 =1}

Let B* denote a solution to (47) and define the (unnormalized) period t price and quantity levels as Pg'" =
B*ptand Qp" = p-q"/Ps" for t = 1,...,T. The corresponding normalized quantity and price levels are defined
as Qp' = Qp"/Qp'" and Pg' = p'-q/Qg' fort=1,...,T. This new multilateral system satisfies the Multilateral
Tests T1-T8 with the exception of test T1, the Strong Identity Test for Quantity Levels. The adequacy of
assuming that the price aggregator function is the linear function c(p) = B-p can be assessed by looking at
the size of the sum of squared residuals in the nonlinear regression problem that is defined by (47). This
multilateral method is also implemented in section 5 using the data listed in the Appendix.

The literature on index numbers is quite large but the above materials should give the reader the flavour of
the various approaches to index number theory. We turn now to O’Donnell’s theory of proper indexes.

3. The Pure Theory of Proper Indexes
O’Donnell (2018; 93-94) presented his theory of Proper Output Indexes as follows:

“An index is a rule or formula that explains how to use data to measure the change in one or more variables across
time and/or space. An index number is the value obtained after data have been substituted into the formula. In this
book, an output quantity index (or simply ‘output index’) that compares the outputs of firm i in period t with the
outputs of firm k in period s is defined as any variable of the form QI(qxs, qit) = Q(qit)/Q(qks) (3.1) where Q(.) is a
nonnegative, nondecreasing, linearly homogeneous, scalar valued aggregator function.”
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There is nothing controversial about the above theoretical approach to index number theory. O’Donnell’s
Q(q) is the same linearly homogeneous aggregator function that we have labelled as f(q) and has the same
properties that we have discussed in the previous section. O’Donnell (2018; 94) goes on to list six axioms
that Proper Indexes will satisfy:?’

QI1: Weak monotonicity: QI(q,q") > QI(q.q") if " > ¢".

QI2: Type 1 homogeneity: QI(q",Aq") = AQI(q",q") if A > 0.
QI3: Type 2 homogeneity: QI(Aq",Aq") = QI(q',q") if A > 0.
QI4: Proportionality: QI(q~,Aq") = A if A > 0.2

QIS: Time/Space Reversal: QI(q',q") = 1/QI(q",q") for all r # t.
QI6: Transitivity: QI(q",q") = QI(q",q*)QI(q%,q") for all r, s and t.

In an earlier paper, O’Donnell (2012; 878) listed a seventh axiom that proper indexes should satisfy:

QI7: Commensurability: QI(q,q".p") = QI(Aq’, Aq". A~'p") for all A where A is a diagonal N by N matrix
with positive elements on the main diagonal.

Test QI7 is the Invariance to Changes in the Units of Measurement Test that was discussed in the previous
section. Note that the axiomatic setup is different for Test QI7: the function QI(q",q") has been replaced by
the function QI(q',q".p") where p” is a set of reference prices. In any case, the axioms QI1-QI6 are all very
reasonable and follow from the assumption that there exists a function Q(q) that satisfies the regularity
conditions listed above and the assumption that QI(q".q") = Q(q")/Q(q"). As was indicated in the previous
section, this view of a linearly homogeneous aggregator function goes back to Koniis and Byushgens
(1926), Leontief (1947) and Shephard (1953).

But how does one choose the function Q(q)? Here is the advice O’Donnell (2018; 95) offers:

“Any nonnegative, nondecreasing, linearly homogeneous, scalar-valued aggregator function can be used for purposes
of constructing a proper output index. ... In practice, the choice of function is generally a matter of taste.”

This advice is not very helpful in some contexts. The choice of the aggregator function is important.
Suppose that the Head of a National Statistical Office is in charge of producing a producer price index for
consumer goods and services. The Prime Minister of the country is not happy with the latest index value
and asks the Head to change the weights for this producer price index in order to produce a lower measure
of consumer price inflation. The Chief Statistician has to be able to respond to the Prime Minister that the
weights for the index must satisfy some criterion that is generally accepted and thus be able to refuse the
request.

O’Donnell does offer some practical suggestions for the choice of Q(q) or f(q) using our notation. We look
at his suggested practical indexes in the following section.

4. Some Practical Proper Indexes

2" We have expressed O’Donnell’s six axioms using the (simpler) notation that we used in the previous section. All
quantity vectors are assumed to be strictly positive.
2 If A= 1, this test becomes the Identity Test.
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Let the period t output vector be q' and the corresponding price vector be p' for t = 1,...,T. Define the
average sample wide price p" as follows:

48)p" =Zu" (1/T)p'.
O’Donnell’s (2012; 877) (2018; 96) first practical aggregator function fon(q) is defined as follows:

(49) fon(qQ) =p™q .

The corresponding (normalized) O’Donnell (normalized) price and quantity levels are defined as follows:
(50) Qop' =1;Pop' =p'q"; Qop'=pq¥p"q' ; P'=p"q/Qop’, t=2.3...T.

O’Donnell’s QI(q',q") quantity index is defined as Qlon(q,q") = fon(q')/fon(q") and it passes all of
O’Donnell’s Tests QI1-QI7.

However, the O’Donnell quantity level functions do not pass all of the multilateral tests T1-T7 listed in
section 2.2: tests T2 (the Strong Identity Test for Price Levels) and T4 (the Linear Homogeneity Test for
Prices) are not satisfied. The failure of Test T4 means that relative quantity levels are affected by the scale
of prices in any period. Thus if prices in period r are multiplied by a positive number A, then the average
price vector p* defined by (48) changes and the O’Donnell quantity aggregates fon(q') = p*-q' also change
in a nonproportional manner. This means that the O’Donnell index is not well suited to making comparisons
across countries with different currencies.”® The failure of the Strong Identity Test for Prices is also
problematic.*

The literature on multilateral indexes has suggested some linear aggregator methods that satisfy test T4.
We consider two of these methods below.

The first linear aggregator method is the Geary (1958) Khamis (1972) multilateral system. The price and
quantity levels are defined by the following four equations:

(51 q' =%

(52) an=Z=1" (quw/qn ) (pw/PY) ;n=1,....N;
(53) P'=p"q/o-q'; t=1,..T,
54)Q'=0a-q'; t=1,...,T;

where " =[qi",...,qn"] is the aggregate (over time/space) quantity vector and o, = [oui,..., on]. The GK price
and quantity levels satisfy all of the Tests T1-T7 except T2 and T3 (the Linear Homogeneity Test for
Quantities). The o, and P* solution to equations (52) and (53) can be found by iterating between equations
(52) and (53). In order to obtain a unique solution to (52) and (53) we require a normalization on the a, and
P! (like P'=1o0rQ'=1).

2 One could argue that converting all currencies into their equivalents in a numeraire currency solves this problem.
However, if we are dealing with a time series of cross country comparisons, then exchange rates for currencies change
over time and the results of the international comparisons will depend on the choice of a numeraire country.

30 O’Donnell (2012; 878) recognized that his output and input “Lowe” indexes (which are the O’Donnell indexes
defined by (50)) did not satisfy the identity and proportionality tests for prices.
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The second linear aggregator multilateral method is the 1klé (1972; 202-204) Dikhanov (1994; 9-12) Balk
(1996; 207-208) Method. Recall that the share of revenue or cost of output or input n in period was defined
as Sm = puqu/p-q‘ fort=1,...,T and n = 1,...,N. Take each share for product n, sw, and divide by the sum of
these shares for product n across all time periods to obtain the following weights, w:

(55) Win=st/Ze=1 T Sm s t=1,...,T;n=1....N.

Note that for each n, £-;T wi, = 1. Define the IDB price and quantity levels P' and Q' by equations (53) and
(54) and the following N equations:

(56) on=[Z=1T Wn(pu/P) '] ;n=1,...N.

Thus o, is a weighted harmonic average (over time periods t) of the product n deflated prices pw/P' for n =
1,...,N. The IDB solution to equations (53) and (56) can be found by iterating between these two sets of
equations.®! The IDB price and quantity levels satisfy all of the Tests T1-T7 except T2.

The IDB price and quantity levels set o, equal to a weighted harmonic average of the inflation adjusted
prices for product n, pin/P!, p2n/P% ..., pro/PT. A straightforward modification of O’Donnell’s multilateral
system is to replace his average prices p* = T (1/T)p' by the following weighted average of inflation
adjusted prices where the weights wy, are defined by (55):

(57) an=Zet" Win(pw/P) ;n=1,...N.

The Modified O’Donnell price and quantity levels Pmop' and Quon' are defined by the solution to equations

(53) and (57) and a normalization like Pymop' = p'-q' (which implies that Qmop' = 1). As usual, a solution to
(53) and (57) can be found by iterating between these two sets of equations.®” The MOD price and quantity
levels satisfy all of the Tests T1-T7 except T2. In the following section, we will calculate the GK and MOD
quantity levels for a real data set.

Let s' = [su,...,Sn] be the period t observed revenue (or cost) share for period t = 1,...,T. Define the sample
wide vector of average shares s” as:

(58) s = =T (1/T)s'.

O’Donnell’s (2016; 333) (2018; 107) second practical aggregator function is his Geometric Young
aggregator function fgy(q) whose logarithm is defined as follows:

(59) Infey(q) = Zo=1" sn'Ingp.

It can be seen that fgv(q) is basically a Cobb-Douglas (1928) aggregator function. The corresponding
(normalized) Geometric Young price and quantity levels are defined in the usual way:

31 To get an unique solution, we need to add a normalization like P! = p'-q' to equations (53) and (56).
32 Balk’s (1996; 208) proof for the existence of a solution to the IDB equations can be applied to the MOD equations.
For our empirical example, convergence was achieved in four iterations.
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(60) Qay!' =1 ; Pay! =p'q'; Qovy' = fov(q)/fev(q') ; P'=p-q/Qay!, t=2.3....T

The corresponding quantity index is defined as Qlav(q',q") = fov(q')/fev(q") and it passes all of O’Donnell’s
Tests QI1-QI6.

The Geometric Young quantity level functions pass all of the multilateral tests T1-T7 listed in section 2.2

with the exception of test T2. Thus it has a better test performance than the first practical proper index
suggested by O’Donnell that was defined by definitions (48)-(50). However, one problem with the
Geometric Young quantity levels (compared to the Qop' quantity levels) is that Qgy' tends to zero as any
period t quantity qu tends to 0.

Consider a twice differentiable aggregator function f(q). The inverse elasticity of substitution between
products j and k evaluated at the point q is defined as follows:

(61) oi(q) = f(Pfi(a)/fi(@fi(q)

where fj(q) = 6f(q)/0q; and fi(q) = 0°f(q)/0q;)dqx. If i(q) equals 0, this means that the outputs (or inputs)
j and k are perfect substitutes for each other. In the case of an input aggregate, if oj(q) equals +oo, then
inputs are not substitutable at all. In the case of an output aggregate, if if oj(q) equals —oo, then outputs are
not substitutable at all.

There is a major problem with linear aggregator functions like O’Donnell’s first practical multilateral index

numbers generated by the linear aggregator function fop(q) defined by (49) (and the MOD, GK and IDB
linear aggregator functions defined above): cijk(q) is equal to zero for all pairs of products j and k, indicating
that all products are perfect substitutes for each other. Thus linear aggregator functions are extremely
inflexible. In contrast, the aggregator function defined by (26), f(q) = (q-Aq)"?, has a completely general
set of inverse elasticities of substitution; i.e., it is completely flexible. This is a big advantage for the use of
Fisher indexes which are consistent with the aggregator function defined by (26).

There is a similar problem with O’Donnell’s second practical multilateral index numbers: the Geometric
Young aggregator function fgv(q) defined by (59) has all inverse elasticities of substitution equal to one for
every pair of products. This is not as extreme as is the case of a linear aggregator function where all inverse
elasticities of substitution are equal to zero but the fgv(q) defined by (59) is much less flexible than the f(q)
defined by (26). There is another big problem with the use of the Geometric Young aggregator function to
aggregate over outputs: fcy(q) is a concave function of q and thus is not consistent with revenue maximizing
behavior on the part of producers which requires the aggregator function to be a convex function of q.** Put
another way, if a producer attempted to maximize revenue using a Cobb-Douglas aggregator function, the
solution to this revenue maximization problem is always a corner solution and thus the use of this aggregator
function is not consistent with observed positive price and quantity vectors.

O’Donnell is quite critical of the use of chained Fisher or GEKS quantity indexes®* so it is useful to define
these indexes and to discuss whether they are useful indexes.

33 See Diewert (1974b) on this point.

34 “In practice, the choice of weights is a matter of taste. One possibility is to use average market prices as weights. In
this case, the index defined by (3.2) takes the form of the Lowe index defined by O’Donnell (2012c, p. 877); this index
should be used by analysts who regard output prices as appropriate measures of relative value (e.g., analysts who
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The sequence of (unnormalized) fixed base Fisher star quantity and price levels, Qr and Pg", with
observation r as the base period are the following sequences of quantity and price levels forr = 1,..,T:

(62) Q' = Qr(ppLa~q) ; Pr" = p-q/Qr" s t=1,...,T;

where the bilateral Fisher quantity index Qr(p",p',q',q") is defined by (8). The corresponding normalized
base r Fisher star quantity levels, Qr, are defined by dividing the Qr"" by Qr'". Using the fact that 1/Qg'"
= 1/Qr(p%p'.q%9") = Qr(p',p"q',q"), the normalized (base period r) Fisher star quantity and price levels, Qg
and P!, are defined as follows forr=1,...,T:

(63) Qr' =1, Pr' =p'-q"; Qr' = Qe(p'.p~q",4NQ(P"p.qq") ; Pr'= p“q/Qr' s t=1,....,T.

The Fisher star quantity levels satisfy the Multilateral Tests T3-T6 but fail Tests T1 and T2 (the Strong
Identity Tests for Quantities and Prices) and T7 (the Invariance to Changes in the Ordering of Periods Test).

The sequence of (normalized) Fisher chained quantity and price levels, Qrcn' and Qrcy', with period 1 as
the base period is defined as follows:

(64) Qrcn! =1, Pren! =p'q' 5 Qren' = Qran™ Qr(p™,p',9" L9 ; Pren' = p-qY/Qrcn'; fort=23,...,T.

The Fisher chained quantity levels satisfy the Multilateral Tests T3-T6 but fail Tests T1 and T2 (the Strong
Identity Tests for Quantities and Prices) and Test T7 (Invariance to the ordering of the periods). The failure
of Test T1 is particularly troublesome as noted by O’Donnell.

The GEKS multilateral quantity levels are essentially due to Gini (1924) (1931) (who looked at the
properties of price indexes rather than quantity indexes). Recall the Fisher star quantity and price levels,

Qr' defined above by (63). Take the geometric mean of these T sets of quantity levels to define the
(unnormalized) GEKS price and quantity levels:

(65) Qaeks' = [T=1" Qr'1"T; Parks' = p-q/Qaeks'; t=1,...,T;
The GEKS quantity levels satisfy the Multilateral Tests T3-T7 but they fail Tests T1 and T2.%

There is a multilateral method that does pass Tests T1-T7 that is explained in Diewert (2023; 573-582), the
SPQ Multilateral Method. We define this method below.

Recall that the cost (or revenue) share of product n in period t was defined as sy = pnqu/p"-q‘ fort=1,...,T
and n = 1,...,N. Define the following measure of relative price dissimilarity between the prices of period r,

p’, and the prices of period t, p":

(66) Ase(p',p',q"q) = Zo=t" [Stn — (PunGrn/Pq)]” + Zu=t™ [Smm — (PmGun/P"q)]*5 1 <1, t < T

might otherwise use a Fisher, chained Fisher or EKS index).” C.J. O’Donnell (2018; 96). The Lowe index that
O’Donnell refers to is the O’Donnell index that is generated by the linear aggregator function fop(q) defined by (49).
3% See Balk (2008, 238-2399) for a discussion of the properties of the GEKS-Fisher price indexes..
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We use the prices of period t and the quantities of period r to predict the shares of period t in the first set of
terms in (66) and the prices of period r and the quantities of period t to predict the shares of period r in the
second set of terms in (66). It can be seen that if p' = Ap" for some positive number A, then Asp(p",p',q",q")
equals 0. If p* and p* are not proportional, then Asp(p",p%q'.q") > 0.

Define the following measure of relative quantity dissimilarity between the quantities of period r, g, and
the quantities of period t, q"

(67) Asa(P5p4q59") = Za=1™ [Sn — (Pmqu/P™G) ] + Zoet™ [Sm — (Pnqr/p-q)]*; 1 <1, t < T,

We use the quantities of period t and the prices of period r to predict the shares of period t in the first set of
terms in (67) and the quantities of period r and the prices of period t to predict the shares of period r in the
second set of terms in (67). It can be seen that if q' = Aq" for some positive number A, then Aso(p",p',q.q")
equals 0. If q' and " are not proportional, then Asq(p”,p',q',q") > 0.

The next step is to take the minimum of Asp(p",p',q",q") and Aso(p",p',q',q") in order to define Aspo(p”,p',q",q"):

(68) Aspo(p",p',q',q") = min {Ase(p",p',q".q"), Aso(p"p,q5q9)} ; 1 <1, t<T.

Definitions (68) enable us to form a T by T matrix which has element in row r and column t equal to
Aspro(ph,p',q',q"). Think of Aseo(p",p',q',q') as the cost of travelling from observation r to observation t. We
want to minimize the cost of a trip that visits each location once.*® This is a standard programming problem
that has a solution set. Each solution defines a connected tree that links the T observations.®’ Take a solution
and start anywhere on this tree and set the quantity level equal to one for that observation. Now use bilateral
Fisher quantity indexes to join the initial point to all of the other points on the tree. This will generate an
(unnormalized) sequence of quantity levels, Qspq',....,Qspo" and the corresponding sequence of price levels,
Pspo' = pqY/Qseq" for t=1,...,T. If " = ', then it can be shown that Qspo" = Qspq' and if p* = p', then it can
be shown that Pspq" = Pspq'. The key to this result is the fact that the bilateral Fisher price and quantity
indexes give the “right” answer when prices in the two periods under consideration move in an proportional
manner and also when quantities in the two periods move in a proportional manner.

It can be shown that the SPQ Multilateral Method satisfies Tests T1-T7. In the following section, we will
compute the price and quantity levels that are generated by the use of this method for an empirical example
using macroeconomic data on consumption for the USA over the years 2000-2025.%

% This similarity linking methodology was pioneered by Robert Hill; see Hill (1999) (2001) (2004) (2009). See
Diewert (2009) for alternative metrics for measuring relative price or quantity dissimilarity.

37 The solution need not be unique; e.g., consider the case where all q* are equal.

38 Diewert (2023; 595) asserted that the SPQ indexes “are guaranteed to be free of chain drift”. This statement is too
strong. Yes, the SPQ indexes satisfy the strong identity test and also the transitivity test T7. But chain drift can still
occur. Think of a situation where there are two groups of products in an aggregate and group 1 exhibits price bouncing
behavior; i.e., prices go down periodically due to periodic product sales (discounts) and as a result the corresponding
quantities spike up during these sales. After the sale, prices return to their regular level but quantities do not due to
purchasers stockpiling the products when they are on sale. This causes downward chain drift which could be dealt
with by the SPQ method; i.e., periods when sales are on would be linked to prior periods when sale were on. The
second group of products does not exhibit price bouncing and there are strong, smooth trends in prices and quantities
for this second group. Thus chaining is the “right” approach for the second group (but not for the first group). If the
second group has a large cost or revenue share, the overall SPQ indexes may choose to chain and thus some chain
drift is introduced. Fox, Levell and O’Connell (2025) provided some evidence that similarity linking at the lowest
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5. An Empirical Example

We will illustrate how the various multilateral indexes perform on an interesting macroeconomic data set:
15 major categories of US Personal Consumption Expenditures for the years 2000-2025. The price and
quantity data for these categories are listed in the Appendix. The 26 rows of Tables A1 and A2 are the price
and quantity vectors of dimension 15 and are transposed into the row vectors p',p?,...,p* and q',¢%...,q*°.

Our first task will be the computation of the 26 O’Donnell “star” quantity levels and the associated price
levels. The year t price vector is p" and the associated quantity aggregator function is fon/(q) = p"-q forr =
1,...,26. The sequence of (unnormalized) quantity levels generated by fon«(q) is p™q', p"q>, ..., p-q". Divide
these numbers by p™-q! to obtain the sequence of normalized quantity levels generated by fopi(q):

(69) Qon:' = 1, Qonr’* = p™q*/p"q', Qoor’ = p"q’/pq’, ..., Qoo™ = p"q**/p"q' ; r = 1,2,...,26.

The corresponding normalized price levels for the O’Donnell ' star aggregator function are defined as
Popr' = p"q"/Qop:' for t = 1,...,26. The normalized O’Donnell star quantity levels Qop,' forr=1,r=13 and
r =26 are listed in Table 1 below. It can be seen that the divergence between Qonzs' and Qopi' is in general
bigger than the divergence between Qopas' and Qopis' which indicates that the choice of the star index
matters. A substantial divergence in the star quantity levels indicates a corresponding substantial divergence
in the corresponding price levels. The magnitude of the US Personal Consumption deflator matters a lot for
the determination of monetary policy in the US which in turn affects monetary policy around the world.

In section 2.3, we defined the geometric quantity aggregator function fs(q) = [I1=T p"q]"". The
corresponding period t (unnormalized) quantity levels were defined as Qg = fo(q') = [[1=1" p™q']"" fort=
1,...,T. Define the corresponding normalized geometric quantity levels by dividing the Qg by Qg!” for t =
1,...,T. The normalized geometric quantity levels Qg' are defined as follows:*

(70) Qc' = [TT=" (p~q/p"q"H)]""; t=1,...,T.

It can be verified that the Qg' defined by (70) are also equal to the geometric mean of the O’Donnell
normalized star quantity levels; i.e., Qc' = [I1=1T Qon:']"" for t=1,...,T. The normalized geometric quantity
levels are listed below in Table 1. Note that the Q' are fairly close to the corresponding 13™ O’Donnell star
quantity levels, Qopi3' fort=1,...,T. We list the Q' in Table 1 along with the O’Donnell normalized quantity
levels Qop' defined by (50) along with the Modified O’Donnell quantity levels Qwmon' defined below
definitions (57) in section 4.

It is useful to define the fixed base Laspeyres quantity star indexes. Using period r as the base period, the
sequence of fixed base Laspeyres quantity indexes is p-q'/p-q’, p“-q*p"q’, ..., p-q'/p"q". Divide each of
these indexes by the first quantity level, p™-q'/p"q’, to obtain the sequence of Laspeyres base r normalized
quantity levels, Qv,', which turns out to equal the sequence of base period r O’Donnell star quantity indexes

level of aggregation (when there is price bouncing behavior) can lead to some chain drift. However, when dealing
with annual data or highly aggregated macroeconomic data, the SPQ method seems to work in a satisfactory manner.
It also works well with seasonal data at higher levels of aggregation.

39 This type of index (applied to price indexes) was considered by Gini (1924) (1931).
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defined by (68) above. The normalized O’Donnell star quantity levels, Qon:', turn out to be equal to the
Laspeyres fixed base star quantity levels, Q.

We turn now to O’Donnell’s multiplicative family of quantity levels. Recall that the period t share vectors
are s' = [sr,...,Sw] for periods r = 1,...,26 (where N = 15). Define the logarithm of the base period r
Geometric Young aggregator function fgy(q) as follows:

(71) Infey(q) = =1 smlngn 5 r = 1,...,26.

The sequence of (unnormalized) base period r Geometric Young star quantity levels is Qay:'" = fovi(q'),
Qay" = fovi(@?), ..., Qavi®® = fovi(q*®). Dividing these levels by foy«(q") leads to the following sequence
of normalized period r Geometric Young star quantity and price levels for eachr =1, ...,26:

(72) Qavi' =1, Pave' =p'q'; Qaovi' = Qove' /Qay:'", Payr' = p'-q'/Qoy:t for t=2.3,...26.
The Geometric Young star quantity levels are listed in Table 1 for r =1, 13 and 26.

Recall that O’Donnell’s second practical aggregator function was his Geometric Young aggregator function

fGv(q) whose logarithm is defined as Infgy(q) = Zn=1'® s, Ing, where the vector of average shares is defined
as's’ = X% (1/26)s'. The sequence of (unnormalized) overall Geometric Young star quantity levels is Qgy!”
= fov(qY), Qo™ = fa(q?), ..., Qay*® = fov(q?). Dividing these levels by foy(q') leads to the following
sequence of normalized period r Geometric Young quantity and price levels:

(73) Qay' =1, Pay' =p'q' ; Qav'= Qv /Qav', Poy' =p'-q'/Qay' fort=2,3,...26.
It turns out that each Geometric Young quantity level Qay' defined by (73) is also equal to the geometric
mean of the star Geometric Young indexes Qqy:' defined by (72); i.e., we have Qgy' = [T1=1%° Qay,']"" for t

=1,...,26. The Qgy" are also listed in Table 1.

Table 1: Ten O’Donnell Inspired Alternative Quantity Levels for US Consumption 2000-2025

Year t | Qooi* | Qobizt | Qopz' | Q¢! Qon' Qmop' | Qcyt' | Qacyis' | Qayze' | Qay!

2000 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
2001 1.02338 | 1.02060 | 1.02097 | 1.02143 | 1.02133 | 1.02149 | 1.02301 | 1.02261 | 1.02567 | 1.02386
2002 1.04793 | 1.04122 | 1.04110 | 1.04279 | 1.04250 | 1.04291 | 1.04646 | 1.04613 | 1.05230 | 1.04848
2003 1.08114 | 1.06947 | 1.06785 | 1.07173 | 1.07117 | 1.07185 | 1.07825 | 1.07684 | 1.08474 | 1.08020
2004 1.12464 | 1.10713 | 1.10371 | 1.11016 | 1.10929 | 1.11026 | 1.11957 | 1.11703 | 1.12616 | 1.12124
2005 1.16771 | 1.14458 | 1.13962 | 1.14849 | 1.14732 | 1.14853 | 1.16018 | 1.15709 | 1.16644 | 1.16164
2006 1.20192 | 1.17313 | 1.16699 | 1.17799 | 1.17654 | 1.17800 | 1.19049 | 1.18760 | 1.19913 | 1.19289
2007 1.23415 | 1.19993 | 1.19283 | 1.20571 | 1.20402 | 1.20571 | 1.21919 | 1.21572 | 1.22866 | 1.22166
2008 1.22946 | 1.19621 | 1.19130 | 1.20266 | 1.20108 | 1.20257 | 1.21278 | 1.21302 | 1.22644 | 1.21789
2009 1.20752 | 1.17891 | 1.17614 | 1.18497 | 1.18365 | 1.18487 | 1.19060 | 1.19511 | 1.20854 | 1.19861
2010 1.23430 | 1.19998 | 1.19476 | 1.20657 | 1.20492 | 1.20647 | 1.21425 | 1.21721 | 1.23037 | 1.22119
2011 1.25993 | 1.21923 | 1.21282 | 1.22696 | 1.22502 | 1.22684 | 1.23598 | 1.23727 | 1.25216 | 1.24238
2012 1.28007 | 1.23324 | 1.22524 | 1.24182 | 1.23959 | 1.24172 | 1.25199 | 1.25176 | 1.26848 | 1.25805
2013 1.30914 | 1.25571 | 1.24405 | 1.26452 | 1.26189 | 1.26445 | 1.27620 | 1.27433 | 1.29049 | 1.28110
2014 1.35375 | 1.29356 | 1.28070 | 1.30349 | 1.30056 | 1.30347 | 1.31574 | 1.31211 | 1.33206 | 1.32074
2015 1.40601 | 1.34057 | 1.32647 | 1.35112 | 1.34794 | 1.35121 | 1.36259 | 1.35859 | 1.38204 | 1.36854
2016 1.44835 | 1.37460 | 1.35897 | 1.38646 | 1.38292 | 1.38667 | 1.39635 | 1.39140 | 1.41923 | 1.40321
2017 1.49773 | 1.41384 | 1.39678 | 1.42743 | 1.42348 | 1.42772 | 1.43655 | 1.42903 | 1.46092 | 1.44306
2018 1.55048 | 1.45400 | 1.43377 | 1.46938 | 1.46487 | 1.46976 | 1.47646 | 1.46697 | 1.50244 | 1.48297
2019 1.59775 | 1.49026 | 1.46783 | 1.50745 | 1.50246 | 1.50791 | 1.50997 | 1.50073 | 1.54117 | 1.51840
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2020 1.59014 | 1.44972 | 1.41387 | 1.46989 | 1.46339 | 1.47054 | 1.46218 | 1.44680 | 1.48296 | 1.46597
2021 1.76797 | 1.59912 | 1.55398 | 1.62223 | 1.61446 | 1.62333 | 1.61198 | 1.59166 | 1.63531 | 1.61463
2022 1.81093 | 1.64241 | 1.60070 | 1.66677 | 1.65908 | 1.66777 | 1.65419 | 1.63740 | 1.68672 | 1.66090
2023 1.87165 | 1.69074 | 1.64920 | 1.71785 | 1.70975 | 1.71899 | 1.69831 | 1.68259 | 1.73910 | 1.70804
2024 1.93808 | 1.74372 | 1.70021 | 1.77321 | 1.76460 | 1.77451 | 1.74585 | 1.73076 | 1.79356 | 1.75814
2025 2.00430 | 1.79723 | 1.75202 | 1.82897 | 1.81989 | 1.83044 | 1.79522 | 1.77966 | 1.84841 | 1.80911
Mean 1.3938 1.3204 1.3043 1.3319 1.3285 1.3322 1.3340 1.3284 1.3532 1.3393

The O’Donnell star indexes Qoni', Qonsi' and Qone' that use the prices of the years 2000, 2012 and 2025
as weights in the corresponding linear aggregator functions are substantially different. The O’Donnell
multiplicative star indexes, Qav1', Qaysi' and Qay26', are Cobb-Douglas quantity indexes that use the revenue
shares of the years 2000, 2012 and 2015 as weights in the geometric aggregator functions that generate
these indexes. These index levels do not differ as much as the Qop:' levels but for some years, the differences
are as much as 5 percentage points. Since each of these indexes is equally plausible, it seems best to use a
symmetric average of these indexes. The four indexes that use symmetric averages are Qg', Qon', Qmon' and
Qav". These four indexes end up at 1.82897, 1.81989, 1.83044 and 1.80911. The differences between these
index values are non-negligible. O’Donnell’s perhaps preferred practical quantity levels, Qop' and Qgy',
have sample averages equal to 1.3285 and 1.3393 which is a non-negligible difference of one percentage
point. Since differences in quantity levels will generate differences in the corresponding price levels, the
companion price levels also differ on average by one percentage point, which is large enough to make a
difference for monetary policy. Thus choosing the “best” O’Donnell aggregator function matters.

We turn to the calculation of some of the other indexes that have been discussed in previous sections. Note
that the O’Donnell star indexes Qop:' and the related Qop' and Qmop' indexes are based on the estimation of
a linear aggregator function. There are two additional multilateral methods that are based on the assumption
of a linear aggregator function: the Geary-Khamis system defined by equations (51)-(54) and the
econometric estimation of linear preferences method explained below (43). The corresponding normalized
quantity levels, Qgk' and Q.', are listed in Table 2 below. Another multilateral method is based on the
estimation of a price aggregator function. The econometric estimation of a linear price aggregator function
method is explained below (47).%° The corresponding normalized quantity levels, Qg', are listed in Table 2.

There are several multilateral methods that are defined using Fisher bilateral quantity indexes Qr(p",p',q",q")

defined by (8). The Fisher star quantity levels, Qr', were defined by (63) for base levels r = 1,...,26. These
(normalized) quantity levels are listed in Table 2 for r =1, 13 and 26. The (normalized) Fisher chained
quantity levels, Qrch', were defined by definitions (64) and they are also listed in Table 2. The geometric
mean of the normalized Fisher star quantity levels, Qgrxs'. was defined by (65) and these levels are also
listed in Table 2.

Two additional chained multilateral quantity levels are listed in Table 2: the chained Toérnqvist quantity
levels, Qrcn', and the chained Laspeyres quantity levels, Qrcy'. Recall that the bilateral Tornqvist quantity
index, Qr(p"p'.q',q") was defined by (15) and the bilateral Laspeyres quantity index is defined as
Qu(p~pL9-q") = p-q'/p"q". The (normalized) quantity levels that are generated by the chained version of
these indexes, Qrcn' and Qrcn', are defined as follows:

(74) Qren' =1, Pran' =p'q' ; Qren' = Qran™' Qr(p*™,pq",q") 5 Pren' = ptq/Qren'; fort=23,....T;

40 If we take the economic approach to index number theory, this method estimates a linear unit cost or revenue
function. The dual quantity aggregator function is a Leontief (1947) aggregator function, where the outputs (or inputs)
move in fixed proportion over time.



26

(75) Quen' =1, Pran' =p'q' ; Quan' = Quen™' Qup™.pq" " .q) ; PLan' = p“q/Qren'; fort=23,....T;

Table 2: Ten Conventional Alternative Quantity Levels for US Consumption 2000-2025

Yeart | Qck' | Qo Qg Qrit Qriz' | Q' | Qcexs' | Qrent | Qrent | Quen!

2000 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 1.00000 | 1.00000 | 1.00000
2001 1.02117 | 1.02104 | 1.02513 | 1.02329 | 1.02354 | 1.02787 | 1.02471 1.02329 | 1.02329 | 1.02338
2002 1.04199 | 1.04170 | 1.05080 | 1.04746 | 1.04726 | 1.05503 | 1.04945 1.04738 | 1.04738 | 1.04764
2003 1.07019 | 1.06975 | 1.08528 | 1.07953 | 1.07929 | 1.09048 | 1.08241 1.07941 | 1.07940 | 1.07996
2004 1.10768 | 1.10702 | 1.12867 | 1.12119 | 1.12043 | 1.13472 | 1.12446 1.12087 | 1.12086 | 1.12172
2005 1.14507 | 1.14413 | 1.17109 | 1.16188 | 1.16111 1.17917 | 1.16611 1.16151 1.16149 | 1.16273
2006 1.17355 | 1.17220 | 1.20312 | 1.19330 | 1.19206 | 1.21403 | 1.19819 1.19275 | 1.19272 | 1.19423
2007 1.20036 | 1.19868 | 1.23226 | 1.22233 | 1.22070 | 1.24667 | 1.22795 1.22160 | 1.22157 | 1.22334
2008 1.19740 | 1.19542 | 1.22867 | 1.21661 | 1.21735 | 1.24827 | 1.22550 1.21783 | 1.21778 | 1.21950
2009 1.18032 | 1.17826 | 1.20985 | 1.19786 | 1.19913 | 1.23201 | 1.20784 1.19969 | 1.19964 | 1.20134
2010 1.20106 | 1.19890 | 1.23241 1.22020 | 1.22171 1.25759 | 1.23104 1.22210 | 1.22205 | 1.22404
2011 1.22046 | 1.21801 | 1.25234 | 1.24048 | 1.24201 | 1.28175 | 1.25224 1.24229 | 1.24224 | 1.24460
2012 1.23437 | 1.23171 | 1.26625 | 1.25644 | 1.25644 | 1.29811 | 1.26747 1.25672 | 1.25666 | 1.25921
2013 1.25586 | 1.25299 | 1.28828 | 1.28130 | 1.27914 | 1.32114 | 1.29066 1.27943 | 1.27937 | 1.28215
2014 1.29381 | 1.29065 | 1.32605 | 1.32160 | 1.31736 | 1.36172 | 1.33001 1.31784 | 1.31777 | 1.32073
2015 1.34058 | 1.33719 | 1.37318 | 1.37209 | 1.36463 | 1.41007 | 1.37837 1.36515 | 1.36508 | 1.36835
2016 1.37457 | 1.37072 | 1.40648 | 1.40958 | 1.39857 | 1.44555 | 1.41361 1.39930 | 1.39923 | 1.40269
2017 1.41396 | 1.40955 | 1.44486 | 1.45186 | 1.43778 | 1.48739 | 1.45423 1.43883 | 1.43876 | 1.44249
2018 1.45383 | 1.44875 | 1.48314 | 1.49554 | 1.47753 | 1.52871 | 1.49526 1.47842 | 1.47834 | 1.48235
2019 1.48997 | 1.48411 | 1.51842 | 1.53609 | 1.51368 | 1.56620 | 1.53283 1.51462 | 1.51453 | 1.51871
2020 1.44702 | 1.43945 | 1.46788 | 1.50728 | 1.46803 | 1.51202 | 1.48861 1.46476 | 1.46457 | 1.46867
2021 1.59475 | 1.58611 | 1.61166 | 1.66315 | 1.61619 | 1.66308 | 1.63878 1.61116 | 1.61095 | 1.61518
2022 1.63912 | 1.63003 | 1.65371 | 1.70306 | 1.65971 | 1.71306 | 1.68307 1.65764 | 1.65743 | 1.66225
2023 1.68814 | 1.67800 | 1.70102 | 1.75709 | 1.70762 | 1.76430 | 1.73349 1.70698 | 1.70677 | 1.71158
2024 1.74124 | 1.73013 | 1.75232 | 1.81513 | 1.76008 | 1.81855 | 1.78792 1.75951 | 1.75928 | 1.76411
2025 1.79499 | 1.78305 | 1.80524 | 1.87392 | 1.81376 | 1.87392 | 1.84330 1.81308 | 1.81285 | 1.81777
Mean 1.3201 1.3161 1.3430 1.3526 1.3383 1.3743 1.3511 1.3382 1.3381 1.3381

The two aggregate quantity levels that are based on the use of a linear aggregator function, Qgk' and Q./,
are within one percentage point of each other.

It is of interest to compare the Q' (based on the econometric estimation of shares using a linear quantity
aggregator function) with the corresponding Qg' (based on the econometric estimation of the same shares
using a linear price aggregator function). The final log likelihood for the two nonlinear regressions were
1382.336 and 1415.237, the R? for the two regressions were 0.9784 and 0.9818 and the sum of absolute
errors were 1.8925 and 1.6974. Thus the linear price aggregator model fit the data better than the linear
quantity aggregator model of aggregation. The mean of the Qo' was 1.3161 which is substantially below
1.3430, the mean of the Qg'. The first model assumes that products are highly substitutable whereas the
second model assumes that products are not at all substitutable. Thus allowing for a range of substitution
possibilities is important for this particular empirical example.

The three Fisher star indexes generate substantially different aggregate quantity levels: the sample averages

for Qr1', Qri3'and Qra6' were 1.3526, 1.3383 and 1.3743 respectively. Because these indexes are so different,
they should be used with some caution. The geometric average of the Fisher star quantity levels gives us
the GEKS quantity levels, Qgeks'. The sample average of the Qgexs' levels is 1.3511, which is well above
the sample averages of the O’Donnell preferred indexes Qop' (1.3285) and Qay' (1.3393).

The final 3 columns in Table 2 are quantity levels that are generated by the use of chained bilateral Fisher,
Tornqvist and Laspeyres quantity indexes. These chained indexes fail the multilateral tests T1, T2 and T7.
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It can be seen that the chained Fisher and T6rnqvist quantity levels, Qrcn' and Qrcn', are very close to each
other (they differ a bit in the third decimal place)** and the chained Laspeyres quantity levels Qpcn' are also
close to Qrcn' and Qrcn' (they differ a bit more in the third decimal place). These three indexes end up at
1.81308, 1.81285 and 1.81777 and their sample averages are 1.3382, 1.3381 and 1.3381. These 3 indexes
are pretty close to O’Donnell’s Geometric Young index Qgy' which ended up at 1.80911 and had the sample
average 1.3393. At this point, it is difficult to determine which multilateral method is “best”.

There is one additional multilateral method that we have not listed in the above Tables: the SPQ Multilateral
Method that was discussed in the previous section. In order to determine a path to link the 26 periods, we
need to calculate the measure of relative price and quantity dissimilarity Aspq(p”,p',q",q") that was defined
by (68) in the previous section. The 26 by 26 matrix of these measures is listed in the Appendix. It turns out
that chain linking the periods starting with period 1 will minimize the “cost” of linking all of the countries;
i.e., the SPQ multilateral method boils down to using chained Fisher indexes and the quantity levels defined
by Qrcn' listed in Table 2 turn out to be the SPQ quantity levels Qspq'.> Thus for this particular empirical
example, the chained Fisher quantity levels satisfy Tests T1-T7.

In general, if we take our axiomatic approach to multilateral index number theory, then we prefer the SPQ

quantity levels (because they satisfy tests T1-T7). These indexes will often be equivalent to using chained
Fisher price and quantity indexes in the time series context, provided that the data has smooth trends. But
the case of smooth trends will not always be the case. Moreover, our axiomatic approach to multilateral
index number theory is open to challenge for a number of reasons:

e Other researchers may prefer a different set of axioms which lead to different “optimal” indexes.

e Our measure of relative price and quantity dissimilarity is also open to challenges. Different
measures of dissimilarity could lead to different “optimal” links and hence to different price and
quantity levels.

One result does emerge from our empirical example: it is too soon to relegate chained Fisher and Tornqgvist
indexes to the dustbin of history.

6. Proper Indexes and the Extension Problem

O’Donnell’s axiomatic approach to output and input indexes is geared towards situations where one has a
sample of time periods or a sample of cross sectional observations on producers that that use the same
inputs and produce the same outputs. But National Statistical Offices face a different problem. They have
produced “optimal” output or input indexes for a data set of prior periods but now data on prices and
quantities for the current period become available: how should they produce a new “up to date” set of
quantity indexes? If they are not allowed to revise the existing indexes, how exactly should they produce a
new index? If they are allowed to revise existing indexes, how extensively should they revise their existing
indexes? This is the extension problem.

1 The Térnqvist star indexes were very close to each other for this empirical example. The revenue shares exhibited
strong trends over the sample period but the trends were almost linear. Alterman, Diewert and Feenstra (1999) showed
that Tornqvist bilateral price indexes satisfied the circularity or transitivity test exactly if shares had linear trends.
Tornqgvist quantity indexes have the same property.

42 We used a variant of the Jarnik (1930) Prim (1957) algorithm to find the Minimum Spanning Tree set of bilateral
links using the SPQ measure of “distance” between each pair of observations.
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The theory of proper indexes relies on the existence of a proper quantity aggregator function f(q). To take
an extreme example, suppose we have data for only one period initially so we set f(q) equal to p'-q. Then
as additional data become available, say for period t, we are forced to set Q' = f(q') = p'-q" if we want to
produce indexes that are proper over time. This leads to the normalized output levels Qop:' that were defined
above Table 1. For our empirical example, these levels are far different from the recommended O’Donnell
quantity levels Qop' or Qgy' that are listed in Table 1.

Dealing with the extension problem is a difficult problem where there is on going research.* In the case
of smooth trends in prices and quantities, chained Fisher indexes provide a solution to this problem.

7. The Lack of Matching Problem

There is another very big problem with all of the approaches to index number theory that were discussed
in section 2. This is the problem of assuming that all prices and quantities are positive and the set of products
in scope is unchanging. In the real world, new products are created and enter the marketplace and old
products become obsolete and disappear from the marketplace.*® This leads to a lack of matching problem:
some products are only available in a subset of the periods under consideration. But bilateral index number
theory relies on relative prices pa'/pa’ or on relative quantities qa"/qn" and this leads to the assumption that all
prices and quantities are assumed to be positive. How can we modify traditional bilateral index number
theory to deal with situations when some prices or quantities are equal to 0?4

Lehr (1885; 45-46) and Marshall (1887) introduced chained index numbers as a way of dealing with the

problem of new and disappearing products: At each link in the chain, a bilateral price index that is defined
over only those products that are present in both of the periods that are being compared is constructed. This
index can then be used to deflate the value ratio between the two adjacent periods. Since the two periods
are adjacent, the lack of matching problem is minimized.*’ In the case of cross section data, similarity
linking can lead to bilateral matching that reduces the lack of matching problem.

The lack of matching problem creates some difficulties for O’Donnell’s methodology. Obviously, we
cannot use a geometric (or Cobb-Douglas) aggregator function in this context since if any input or output
is equal to zero, the geometric aggregate is also equal to zero. O’Donnell’s linear aggregator function is f(q)
= p"-q where p” is defined be the simple average (1/T)Z;" p'. But this average is not a true average price
and it needs to be modified to reflect the fact that not all products are available in all periods.

The missing prices problem affects the econometric approach to estimating price and quantity aggregator
functions, f(q) and c(p), that was discussed in section 2.4. Recall that when the quantity aggregator function

43 As noted earlier, these normalized quantity levels are equal to the fixed base Laspeyres quantity indexes.

4 See Ivancic, Diewert and Fox (2011), de Haan (2015), Krsinich (2016), Chessa (2016) (2021), Diewert and Fox
(2021; 360-361), Diewert (2023; 567) and Diewert and Shimizu (2026; 29-33) on different methods for dealing with
the extension problem.

%5 This problem was flagged by Marshall (1887; 373): “This brings us to consider the great problem of how to modify
our unit so as to allow for the invention of new commodities. The difficulty is insuperable, if we compare two distant
periods without access to the detailed statistics of intermediate times, but it can be got over fairly well by systematic
statistics.” For more on the early history of the new goods problem, see Diewert (1993; 59-63).

46 Dalén (2001) noted that traditional index number theory and practice did not deal well with the product churn
problem. For a recent survey paper on extension methods, see Balk (2024).

47 See the discussion in Diewert (1980; 498-501) for a justification for this method of dealing with missing products
in the production context.
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f(q) was defined as (q-Aq)"? and there were no missing products over the T periods, then the system of
inverse demand (or supply) estimating equations were defined as p' = v'AqY/q"Aq' fort=1,...,T where A=
[aij] is an N by N symmetric matrix of unknown parameters and v' = p'q' is period t total cost or revenue.
These equations can be converted into the following system of inverse demand or supply share equations
where Su = puqu/p“q":

(76) st = V' Zi=1N anqi/qAqt; t=1,...,T;n=1,...N.

The above estimating equations are no longer valid when there are missing products.*® Let S(t) be the set
of products that are actually transacted during period t for t = 1,...,T. If product n is not transacted in period
t, then qm = 0. Thus when there are missing products in period t, the sum q"Aq' is equal to Zicsq) Zjes() qiijqs
and the estimating equations (76) are replaced by the following equations:

(77) s = V' Zjesm aniqi/q~Aq'; t=1,....,T ; neS(1).

If product n in period t is not missing, then it is the case that equation t, n in equations (76) holds but if
product n in period t is missing, then the corresponding equation t, n in equations (76) does not hold and
must be dropped. Thus when products are missing, we have fewer estimating equations that are available
to determine the unknown parameters a;j in the A matrix. However, it is still possible to estimate f(q) =
(9-Aq)"* when there are missing products.

However, when there are missing products, it is not possible to estimate the corresponding functional form

c(p) for the price aggregator function c(p) = (q:Bq)"? where B = [bj] is an N by N symmetric matrix of
unknown parameters. When there are no missing products, then the system of demand (or supply)
estimating equations were defined as q' = v'Bp'/p"Bp' for t = 1,...,T. Converting these equations into share
equations leads to the following system of direct demand or supply share equations:

(78) st = V' Zi=1N bupy/p-Bp'; t=1,...,T;n=1,...N.

If there are missing products in any period, then we cannot simply modify equations (78) by using the
following counterpart equations to equations (77):

(79) st = V' Zijes bajpy/p"-Bp'; t=1,...,T ; neS(t).
If product n is not sold or purchased in period t, then there is a problem with equations (79) in that we do

not know what the unobserved reservation price pw" that will cause the corresponding quantity g to equal
0.% For each qu that is equal to 0, we have to somehow estimate the corresponding pw" and this becomes

48 When estimating utility functions when there are new and disappearing products, it is possible to follow Hicks
(1940) and assume that consumers have constant preferences over closely related products that are available in the
present period and future periods when new products appear. It is more difficult to make similar assumptions in the
producer context: new products may require totally different inputs and the separability assumptions we have made to
justify the construction of subaggregates become tenuous. Also the share equations defined by (77) and (78) do not
allow for the possibility of technical progress at the subaggregate level. Thus it is possible that the use of chained
indexes over matched products or the use of similarity linking methods are the “best” methods of aggregation in the
producer context at higher levels of aggregation when there is product churn and possible technical progress.

49 The concept of a reservation price in the consumer context is due to Hicks (1940; 114). For reservation prices in the
context of producer theory, see Fisher and Shell (1972) and Freeman, Inklaar and Diewert (2021).
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an impossible mission. The inverse demand system defined by equations (77) does not suffer from this
problem: when qu is equal to 0, the corresponding reservation price only appears in equation n for period
t, and this equation is simply dropped from the system of estimating equations. This observation helps to
support O’Donnell’s focus on estimating quantity aggregator functions f(q) rather than estimating price
aggregator functions c(p).

In order to deal adequately with the problem of new and disappearing products and the related problems
of quality change, it is likely that the economic approach to index number theory is the best way to deal
with these problems but there is no consensus at this time on how exactly we should proceed.>

8. Conclusion
O’Donnell’s theory of proper indexes is reasonably satisfactory under certain conditions:

e All prices and quantities are positive.
e The theory is applied to a fixed number of periods or observations.
e The focus is on quantity aggregates and not on price aggregates.

Here are some possible problems with proper indexes:

e The quantity levels generated by O’Donnell’s first practical proper index do not satisfy two
important multilateral tests that involve prices. The second practical proper index is essentially
Cobb-Douglas aggregator function and it is not a suitable functional form for aggregating quantities
if producers are maximizing revenues.

o O’Donnell’s practical proper indexes are not well defined when there are missing products in one
or more periods. There is no guidance on what to do in this situation.

e Similarly, there is no guidance on how to deal with the extension problem. If the existing index is
not revisable when the data for a new period or observation become available, then O’Donnell’s
first practical index is likely to be subject to some substitution bias if there are strong trends in the
data. If the existing index is revisable, then O’Donnell’s new proper indexes that use the additional
data will (in general) generate different index levels for the prior observations leading us to ask:
which set of estimates is the “right” one?

o O’Donnell’s axioms do not deal with the properties of the companion price levels. His two practical
indexes generate companion price levels that do not satisfy important axioms that are counterparts
to his axioms for quantity levels.

e O’Donnell’s two main practical indexes are only capable of providing first order approximations
to arbitrary differentiable linear homogeneous quantity aggregator functions whereas other bilateral
indexes are capable of providing second order approximations. Thus in general, O’Donnell’s
practical proper indexes are subject to possible substantial substitution bias.

%0 For some research that uses the economic approach to index number theory to address the problems raised by the
lack of matching problem, see Feenstra (1994), Chapters 5 and 8 in the IMF, ILO, Eurostat, UNECE, OECD, World
Bank (2025), Diewert, Abe, Tonogi and Shimizu (2025) and Diewert and Shimizu (2026).

51 O’Donnell’s practical proper indexes can become problematic if the fixed window of observations is large and there
are strong trends (or differences) in prices, quantities and shares. In this case, a linear or Cobb-Douglas aggregator
function may not provide an adequate approximation to the “true” aggregator function.
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More generally, O’Donnell focuses exclusively on a specific axiomatic approach to index number theory.
There are other index number theories that justify other indexes. In particular, the SPQ indexes that rely on
bilateral Fisher price and quantity indexes satisfy an important set of axioms that are similar to O’Donnell’s
axioms but at the same time have a strong justification from the viewpoint of the economic approach to
index number theory. If prices or quantities are equal or proportional in any two periods, then the price and
quantity levels generated by this multilateral method will give the “right” answers. Moreover, the SPQ price
and quantity levels are consistent with aggregator functions that are consistent with both a linear aggregator
function for prices or with a linear aggregator function for quantities. Thus the SPQ levels are consistent
with a wide variety of aggregator functions f(q) or c(p).

The case for the use of proper indexes could be strengthened if O’Donnell could come up with a strong
justification for a particular practical proper index. With a strong justification, National Statistical Offices
and research economists could use a well justified proper index with some confidence that other users would
find their proper index number results acceptable.

Appendix A: Data Tables

The data on Personal Consumption Expenditures and the corresponding prices were downloaded on
February 26, 2026 from Bureau of Economic Analysis Tables 2.3.4 U and 2.3.5 of the US National Income
and Product Accounts. These series were converted into price and quantity (or volume) series. The quantity
data are in units of 100 Billion constant year 2000 dollars. The 15 categories are:

1 = Motor vehicles and parts

2 = Furnishings and durable household equipment
3 = Recreational goods and vehicles

4 = Other durable goods

5 = Food and beverages purchased for off-premises consumption
6 = Clothing and footwear

7 = Gasoline and other energy goods

8 = Other nondurable goods

9 = Housing and utilities

10 = Health care

11 = Transportation services

12 = Recreation services

13 = Food services and accommodations

14 = Financial services and insurance

15 = Other services

Table A1 : Prices for 15 US Consumption Categories, 2000-2025.

Yeart | pu pe ps P Pts Pt6 Pt Pts

2000 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000
2001 1.00392 | 0.98287 | 0.93186 | 1.00318 | 1.02917 | 0.98018 | 0.96553 | 1.02316
2002 0.99867 | 0.96256 | 0.87148 | 0.98643 | 1.04472 | 0.95444 | 0.90360 | 1.04184
2003 0.97048 | 0.93546 | 0.81641 | 0.96392 | 1.06450 | 0.93080 | 1.05604 | 1.04468
2004 0.96271 | 0.92391 | 0.77622 | 0.95897 | 1.09770 | 0.92757 | 1.24081 | 1.05711
2005 0.97749 | 0.92410 | 0.73413 | 0.94987 | 1.11688 | 0.91937 | 1.51973 | 1.07322
2006 0.97802 | 0.91935 | 0.68964 | 0.95856 | 1.13566 | 0.91578 | 1.71616 | 1.09609
2007 0.97264 | 0.91188 | 0.64246 | 0.97627 | 1.17997 | 0.90730 | 1.85855 | 1.11179
2008 0.95484 | 0.90573 | 0.61067 | 1.00086 | 1.25183 | 0.90001 | 2.18989 | 1.13845




2009 0.95342 | 0.90220 | 0.57465 | 1.00396 | 1.26671 | 0.90790 | 1.59771 | 1.18925
2010 0.99269 | 0.86364 | 0.53493 | 0.99979 | 1.27049 | 0.90206 | 1.88374 | 1.21092
2011 1.02356 | 0.85048 | 0.50023 | 1.02623 | 1.32122 | 0.91691 | 2.36960 | 1.22925
2012 1.03747 | 0.85062 | 0.47186 | 1.01834 | 1.35258 | 0.95006 | 2.44955 | 1.24775
2013 1.04723 | 0.83423 | 0.44712 | 1.00008 | 1.36590 | 0.95941 | 2.38410 | 1.24935
2014 1.04877 | 0.80555 | 0.42755 | 0.95848 | 1.39201 | 0.96240 | 2.29910 | 1.26299
2015 1.05037 | 0.78581 | 0.41159 | 0.92380 | 1.40767 | 0.95097 | 1.68948 | 1.27681
2016 1.04362 | 0.76473 | 0.39258 | 0.91574 | 1.39360 | 0.94805 | 1.49762 | 1.29150
2017 1.03013 | 0.74316 | 0.37806 | 0.90339 | 1.39179 | 0.94233 | 1.68953 | 1.30502
2018 1.03030 | 0.73594 | 0.36554 | 0.88629 | 1.39898 | 0.94359 | 1.91772 | 1.31142
2019 1.03883 | 0.74135 | 0.35102 | 0.86620 | 1.41305 | 0.93123 | 1.85092 | 1.31720
2020 1.05572 | 0.74834 | 0.33580 | 0.84154 | 1.45982 | 0.88415 | 1.57370 | 1.32948
2021 1.17627 | 0.78685 | 0.34097 | 0.84608 | 1.50534 | 0.90265 | 2.09390 | 1.34116
2022 1.31407 | 0.85898 | 0.34271 | 0.86258 | 1.66065 | 0.94940 | 2.77031 | 1.40450
2023 1.31600 | 0.85211 | 0.33215 | 0.88278 | 1.74430 | 0.97354 | 2.48800 | 1.46140
2024 1.29025 | 0.82596 | 0.32531 | 0.87731 | 1.76696 | 0.98023 | 2.35448 | 1.48051
2025 1.30691 | 0.83225 | 0.32185 | 0.88525 | 1.80097 | 0.97886 | 2.23836 | 1.50636

Yeart | pw Pt1o ptu pt2 pu3 P4 pts

2000 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
2001 1.0232 | 1.0462 | 1.0335 | 1.0057 | 1.0327 | 1.0286 | 1.0062
2002 1.0418 | 1.0761 | 1.0601 | 1.0041 | 1.0625 | 1.0534 | 1.0302
2003 1.0447 | 1.1099 | 1.1004 | 1.0254 | 1.0951 | 1.0758 | 1.0959
2004 1.0571 | 1.1411 | 1.1411 | 1.0384 | 1.1239 | 1.1115 | 1.1423
2005 1.0732 | 1.1814 | 1.1774 | 1.0769 | 1.1556 | 1.1473 | 1.1853
2006 1.0961 | 1.2312 | 1.2132 | 1.1225 | 1.1946 | 1.1860 | 1.2357
2007 1.1118 | 1.2742 | 1.2581 | 1.1470 | 1.2279 | 1.2321 | 1.2788
2008 1.1385 | 1.3190 | 1.2921 | 1.2115 | 1.2659 | 1.2801 | 1.2726
2009 1.1893 | 1.3338 | 1.3272 | 1.2405 | 1.2803 | 1.3087 | 1.1911
2010 1.2109 | 1.3369 | 1.3607 | 1.2689 | 1.2936 | 1.3268 | 1.2715
2011 1.2293 | 1.3559 | 1.3856 | 1.3086 | 1.3157 | 1.3606 | 1.3087
2012 1.2478 | 1.3804 | 1.4105 | 1.3341 | 1.3520 | 1.3993 | 1.3576
2013 1.2494 | 14141 | 1.4300 | 1.3475 | 1.3750 | 1.4288 | 1.4269
2014 1.2630 | 1.4561 | 1.4462 | 1.3650 | 1.4001 | 1.4666 | 1.5011
2015 1.2768 | 1.4931 | 1.4544 | 1.3679 | 1.4225 | 1.5073 | 1.5463
2016 1.2915 | 1.5359 | 1.4712 | 1.3794 | 1.4566 | 1.5465 | 1.6177
2017 1.3050 | 1.5887 | 1.4928 | 1.3962 | 1.4969 | 1.5788 | 1.6995
2018 1.3114 | 1.6382 | 1.5206 | 1.4253 | 1.5290 | 1.6154 | 1.7905
2019 1.3172 | 1.6881 | 1.5478 | 1.4540 | 1.5599 | 1.6606 | 1.8350
2020 1.3295 | 1.7330 | 1.5870 | 1.4412 | 1.5945 | 1.6935 | 1.8577
2021 1.3412 | 1.7840 | 1.6330 | 1.5087 | 1.6431 | 1.7863 | 1.9671
2022 1.4045 | 1.9041 | 1.6723 | 1.6760 | 1.7313 | 1.9248 | 2.0691
2023 1.4614 | 2.0376 | 1.7115 | 1.7966 | 1.8198 | 2.0451 | 2.1578
2024 1.4805 | 2.1428 | 1.7585 | 1.8412 | 1.8862 | 2.1143 | 2.3049
2025 1.5064 | 2.2317 | 1.8057 | 1.9007 | 1.9568 | 2.1788 | 2.4390

Table A2: Quantities in Constant 100 Billion US Dollars for 15 US Consumption Categories

Yeart | qia qe2 qi3 qt4 qts qt6 qt7 qts

2000 3.63200 | 2.08100 | 2.30900 1.10400 | 5.40600 | 2.80800 | 1.84500 | 5.34700
2001 3.81802 | 2.18645 | 2.52077 1.08056 | 5.48013 | 2.83519 | 1.84354 | 5.51427
2002 4.01834 | 2.34687 | 2.80902 1.14960 | 5.50483 | 2.92109 | 1.85813 | 5.67938
2003 4.13714 | 2.51426 | 3.17854 1.26255 | 5.63272 | 3.06512 | 1.85977 | 5.96831
2004 4.25154 | 2.75242 | 3.66906 1.37752 | 5.76294 | 3.20622 | 1.87539 | 6.23115
2005 4.19441 | 2.93583 | 4.17364 1.48441 | 5.98272 | 3.37730 | 1.86743 | 6.44599
2006 4.03776 | 3.08478 | 4.73144 1.60136 | 6.16647 | 3.49427 | 1.86288 | 6.76405
2007 4.11869 | 3.10898 | 5.27967 1.68806 | 6.24845 | 3.56551 | 1.85897 | 6.94916
2008 3.59537 | 2.91809 | 5.37279 1.62860 | 6.14380 | 3.52663 | 1.78594 | 6.91203
2009 3.34166 | 2.64132 | 5.17704 1.57078 | 6.10164 | 3.34840 | 1.79633 | 6.75970
2010 3.47038 | 2.78934 | 5.58207 1.65034 | 6.19365 | 3.50973 | 1.78740 | 6.84357
2011 3.56794 | 2.90308 | 6.10516 1.71600 | 6.20258 | 3.62742 | 1.74628 | 6.98554
2012 3.82278 | 2.98489 | 6.60790 1.78624 | 6.25618 | 3.63347 | 1.72236 | 7.05432
2013 4.03063 | 3.15620 | 7.20843 1.83985 | 6.37308 | 3.69392 | 1.76838 | 7.23496




2014 4.30601 | 3.42002 | 7.76054 1.96561 | 6.54018 | 3.83000 | 1.78722 | 7.51709
2015 4.67167 | 3.72484 | 8.24843 | 2.08812 | 6.69192 | 4.00433 | 1.88697 | 7.81401
2016 4.83511 | 4.00141 | 9.02998 | 2.08902 | 6.95753 | 4.13692 | 1.91638 | 7.95817
2017 5.13915 | 4.29516 | 9.93768 2.12090 | 7.25972 | 4.25647 | 1.91769 | 8.12859
2018 5.33827 | 4.56559 | 11.08490 | 2.23065 | 7.46542 | 4.33874 | 1.91217 | 8.42523
2019 5.24631 | 4.67661 | 12.22731 | 2.34126 | 7.66566 | 4.44681 | 1.90446 | 8.80125
2020 5.17940 | 5.09130 | 14.77645 | 2.34928 | 8.23184 | 4.07623 | 1.64263 | 9.52478
2021 5.92553 | 5.73429 | 17.30638 | 2.99735 | 8.57943 | 5.19139 | 1.84201 | 10.15390
2022 5.52788 | 5.54264 | 17.68834 | 3.12088 | 8.39428 | 5.20436 | 1.85756 | 10.38088
2023 5.70211 | 5.63190 | 19.05773 | 3.14686 | 8.24571 | 5.27251 | 1.86857 | 10.66167
2024 5.67952 | 5.93250 | 20.40186 | 3.32380 | 8.37371 | 5.40894 | 1.87090 | 11.03066
2025 5.80148 | 6.09550 | 21.65266 | 3.40694 | 8.49485 | 5.73624 | 1.88620 | 11.47798
Yeart | qu qt10 qt11 qt12 qu3 qt14 qt15

2000 11.98600 | 9.18400 2.61300 | 2.54400 | 4.08800 | 5.41900 | 5.72600

2001 12.30645 | 9.64256 2.58339 | 2.53985 | 4.08052 | 5.26055 | 5.94489

2002 12.35537 | 10.21508 | 2.50877 | 2.55436 | 4.14178 | 5.23182 | 5.96542

2003 12.53314 | 10.48748 | 2.53177 | 2.63812 | 4.30118 | 5.23977 | 6.10477

2004 12.85207 | 10.85666 | 2.61162 | 2.77149 | 4.48212 | 5.42145 | 6.20787

2005 13.37449 | 11.21523 | 2.63620 | 2.83928 | 4.65109 | 5.70990 | 6.28848

2006 13.52888 | 11.47311 | 2.64687 | 2.94074 | 4.81099 | 5.82246 | 6.47148

2007 13.80988 | 11.74958 | 2.68187 | 3.05883 | 4.88196 | 5.96404 | 6.60406

2008 14.19847 | 12.03748 | 2.58112 | 3.07367 | 4.84505 | 6.10948 | 6.52876

2009 14.24468 | 12.30167 | 2.39747 | 3.03374 | 4.68183 | 6.04900 | 6.36199

2010 14.57048 | 12.49062 | 2.40523 | 3.12077 | 4.79139 | 6.04016 | 6.33193

2011 14.62755 | 12.68142 | 2.50959 | 3.10868 | 4.92066 | 6.19755 | 6.37180

2012 14.59526 | 12.91285 | 2.55672 | 3.18643 | 5.03740 | 6.12035 | 6.32522

2013 14.74940 | 13.03374 | 2.67246 | 3.26325 | 5.12751 | 6.10286 | 6.26925

2014 14.73835 | 13.45270 | 2.80367 | 3.36481 | 5.29663 | 6.16620 | 6.52302

2015 14.70820 | 14.16280 | 2.87661 | 3.51293 | 5.52923 | 6.31718 | 6.68852

2016 14.77283 | 14.71289 | 2.98024 | 3.62841 | 5.62902 | 6.15755 | 6.91920

2017 14.79333 | 15.04104 | 3.07558 | 3.70896 | 5.78403 | 6.31492 | 7.21496

2018 15.01257 | 15.41934 | 3.20214 | 3.76649 | 5.94720 | 6.31603 | 7.44954

2019 15.17703 | 15.97327 | 3.34453 | 3.82858 | 6.06041 | 6.18535 | 7.71992

2020 15.50933 | 14.83408 | 2.54302 | 2.94883 | 4.86557 | 6.20611 | 7.31644

2021 15.93539 | 16.17913 | 3.09929 | 3.51036 | 5.86864 | 6.42769 | 8.09818

2022 16.35636 | 16.85758 | 3.41120 | 3.91208 | 6.42082 | 6.40187 | 8.61156

2023 16.56589 | 17.88165 | 3.43377 | 4.06257 | 6.66229 | 6.60767 | 8.90014

2024 16.81744 | 18.85148 | 3.58736 | 4.11942 | 6.75882 | 6.76992 | 9.16547

2025 17.03414 | 19.70063 | 3.69647 | 4.18601 | 6.86396 | 6.92874 | 9.50614

Table A3: SPQ Measures of Relative Price and Quantity Dissimilarity Aspo(p",p'q",q")

nt |1 2 3 4 5 6 7 8 9 10 11 12 13

1 0.0000 | 0.0075 | 0.0252 | 0.0497 | 0.0829 | 0.1169 | 0.1684 | 0.2103 | 0.2320 | 0.2560 | 0.2894 | 0.3362 | 0.3978
2 0.0075 | 0.0000 | 0.0057 | 0.0243 | 0.0526 | 0.0800 | 0.1264 | 0.1610 | 0.1787 | 0.1975 | 0.2247 | 0.2656 | 0.3151
3 0.0252 | 0.0057 | 0.0000 | 0.0063 | 0.0227 | 0.0412 | 0.0791 | 0.1061 | 0.1243 | 0.1386 | 0.1598 | 0.1906 | 0.2236
4 0.0497 | 0.0243 | 0.0063 | 0.0000 | 0.0058 | 0.0193 | 0.0451 | 0.0653 | 0.0908 | 0.1151 | 0.1304 | 0.1516 | 0.1740
5 0.0829 | 0.0526 | 0.0227 | 0.0058 | 0.0000 | 0.0057 | 0.0212 | 0.0349 | 0.0633 | 0.0878 | 0.1051 | 0.1169 | 0.1307
6 0.1169 | 0.0800 | 0.0412 | 0.0193 | 0.0057 | 0.0000 | 0.0071 | 0.0158 | 0.0359 | 0.0651 | 0.0709 | 0.0792 | 0.0910
7 0.1684 | 0.1264 | 0.0791 | 0.0451 | 0.0212 | 0.0071 | 0.0000 | 0.0027 | 0.0224 | 0.0521 | 0.0472 | 0.0620 | 0.0694
8 0.2103 | 0.1610 | 0.1061 | 0.0653 | 0.0349 | 0.0158 | 0.0027 | 0.0000 | 0.0121 | 0.0458 | 0.0338 | 0.0512 | 0.0551
9 0.2320 | 0.1787 | 0.1243 | 0.0908 | 0.0633 | 0.0359 | 0.0224 | 0.0121 | 0.0000 | 0.0139 | 0.0144 | 0.0137 | 0.0251
10 | 0.2560 | 0.1975 | 0.1386 | 0.1151 | 0.0878 | 0.0651 | 0.0521 | 0.0458 | 0.0139 | 0.0000 | 0.0029 | 0.0086 | 0.0230
11 | 0.2894 | 0.2247 | 0.1598 | 0.1304 | 0.1051 | 0.0709 | 0.0472 | 0.0338 | 0.0144 | 0.0029 | 0.0000 | 0.0036 | 0.0137
12 | 0.3362 | 0.2656 | 0.1906 | 0.1516 | 0.1169 | 0.0792 | 0.0620 | 0.0512 | 0.0137 | 0.0086 | 0.0036 | 0.0000 | 0.0021
13 | 0.3978 | 0.3151 | 0.2236 | 0.1740 | 0.1307 | 0.0910 | 0.0694 | 0.0551 | 0.0251 | 0.0230 | 0.0137 | 0.0021 | 0.0000
14 | 0.4564 | 0.3642 | 0.2619 | 0.2014 | 0.1484 | 0.1040 | 0.0771 | 0.0589 | 0.0377 | 0.0427 | 0.0283 | 0.0119 | 0.0040
15 | 0.5225 | 0.4204 | 0.3018 | 0.2278 | 0.1655 | 0.1214 | 0.0864 | 0.0647 | 0.0579 | 0.0727 | 0.0467 | 0.0322 | 0.0169
16 | 0.6139 | 0.5034 | 0.3628 | 0.2779 | 0.2068 | 0.1646 | 0.1242 | 0.1000 | 0.1053 | 0.0988 | 0.0743 | 0.0805 | 0.0488
17 | 0.7488 | 0.6164 | 0.4528 | 0.3522 | 0.2710 | 0.2264 | 0.1770 | 0.1481 | 0.1592 | 0.1506 | 0.1258 | 0.1269 | 0.0857
18 | 0.8649 | 0.7182 | 0.5387 | 0.4218 | 0.3284 | 0.2780 | 0.2180 | 0.1826 | 0.2044 | 0.2063 | 0.1691 | 0.1726 | 0.1251
19 | 1.0261 | 0.8559 | 0.6556 | 0.5183 | 0.4096 | 0.3492 | 0.2759 | 0.2315 | 0.2563 | 0.2783 | 0.2264 | 0.2165 | 0.1622

33
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20 | 1.2244 | 1.0251 | 0.7991 | 0.6403 | 0.5171 | 0.4473 | 0.3581 | 0.3046 | 0.3255 | 0.3447 | 0.2908 | 0.2723 | 0.2112
21 | 1.7520 | 1.4737 | 1.1995 | 0.9853 | 0.8179 | 0.6925 | 0.5592 | 0.4710 | 0.4735 | 0.4444 | 0.3836 | 0.3765 | 0.3180
22 | 2.0453 | 1.7423 | 1.4326 | 1.1768 | 0.9769 | 0.8381 | 0.6790 | 0.5685 | 0.5040 | 0.5025 | 0.4184 | 0.3902 | 0.3417
23 | 2.0223 | 1.7163 | 1.4078 | 1.1521 | 0.9544 | 0.8189 | 0.6574 | 0.5524 | 0.5086 | 0.5422 | 0.4469 | 0.3938 | 0.3418
24 | 2.2459 | 1.9080 | 1.5635 | 1.2897 | 1.0771 | 0.9325 | 0.7595 | 0.6433 | 0.6382 | 0.6392 | 0.5496 | 0.5054 | 0.4214
25 | 2.4721 | 2.1067 | 1.7318 | 1.4410 | 1.2142 | 1.0590 | 0.8734 | 0.7475 | 0.7340 | 0.7447 | 0.6713 | 0.5792 | 0.4831
26 | 2.6633 | 2.2761 | 1.8776 | 1.5719 | 1.3340 | 1.1714 | 0.9753 | 0.8410 | 0.8216 | 0.8255 | 0.7495 | 0.6517 | 0.5501

nt | 14 15 16 17 18 19 20 21 22 23 24 25 26

1 0.4564 | 0.5225 | 0.6139 | 0.7488 | 0.8649 | 1.0261 | 1.2244 | 1.7520 | 2.0453 | 2.0223 | 2.2459 | 2.4721 | 2.6633
2 0.3642 | 0.4204 | 0.5034 | 0.6164 | 0.7182 | 0.8559 | 1.0251 | 1.4737 | 1.7423 | 1.7163 | 1.9080 | 2.1067 | 2.2761
3 0.2619 | 0.3018 | 0.3628 | 0.4528 | 0.5387 | 0.6556 | 0.7991 | 1.1995 | 1.4326 | 1.4078 | 1.5635 | 1.7318 | 1.8776
4 0.2014 | 0.2278 | 0.2779 | 0.3522 | 0.4218 | 0.5183 | 0.6403 | 0.9853 | 1.1768 | 1.1521 | 1.2897 | 1.4410 | 1.5719
5 0.1484 | 0.1655 | 0.2068 | 0.2710 | 0.3284 | 0.4096 | 0.5171 | 0.8179 | 0.9769 | 0.9544 | 1.0771 | 1.2142 | 1.3340
6 0.1040 | 0.1214 | 0.1646 | 0.2264 | 0.2780 | 0.3492 | 0.4473 | 0.6925 | 0.8381 | 0.8189 | 0.9325 | 1.0590 | 1.1714
7 0.0771 | 0.0864 | 0.1242 | 0.1770 | 0.2180 | 0.2759 | 0.3581 | 0.5592 | 0.6790 | 0.6574 | 0.7595 | 0.8734 | 0.9753
8 0.0589 | 0.0647 | 0.1000 | 0.1481 | 0.1826 | 0.2315 | 0.3046 | 0.4710 | 0.5685 | 0.5524 | 0.6433 | 0.7475 | 0.8410
9 0.0377 | 0.0579 | 0.1053 | 0.1592 | 0.2044 | 0.2563 | 0.3255 | 0.4735 | 0.5040 | 0.5086 | 0.6382 | 0.7340 | 0.8216
10 | 0.0427 | 0.0727 | 0.0988 | 0.1506 | 0.2063 | 0.2783 | 0.3447 | 0.4444 | 0.5025 | 0.5422 | 0.6392 | 0.7447 | 0.8255
11 | 0.0283 | 0.0467 | 0.0743 | 0.1258 | 0.1691 | 0.2264 | 0.2908 | 0.3836 | 0.4184 | 0.4469 | 0.5496 | 0.6713 | 0.7495
12 | 0.0119 | 0.0322 | 0.0805 | 0.1269 | 0.1726 | 0.2165 | 0.2723 | 0.3765 | 0.3902 | 0.3938 | 0.5054 | 0.5792 | 0.6517
13 | 0.0040 | 0.0169 | 0.0488 | 0.0857 | 0.1251 | 0.1622 | 0.2112 | 0.3180 | 0.3417 | 0.3418 | 0.4214 | 0.4831 | 0.5501
14 | 0.0000 | 0.0056 | 0.0342 | 0.0666 | 0.1014 | 0.1331 | 0.1788 | 0.2598 | 0.2569 | 0.2588 | 0.3511 | 0.4279 | 0.4939
15 | 0.0056 | 0.0000 | 0.0111 | 0.0320 | 0.0556 | 0.0793 | 0.1167 | 0.1887 | 0.1863 | 0.1924 | 0.2693 | 0.3318 | 0.3908
16 | 0.0342 | 0.0111 | 0.0000 | 0.0083 | 0.0223 | 0.0403 | 0.0705 | 0.1111 | 0.1311 | 0.1632 | 0.2092 | 0.2561 | 0.3056
17 | 0.0666 | 0.0320 | 0.0083 | 0.0000 | 0.0059 | 0.0159 | 0.0340 | 0.0659 | 0.0921 | 0.1354 | 0.1539 | 0.1877 | 0.2292
18 | 0.1014 | 0.0556 | 0.0223 | 0.0059 | 0.0000 | 0.0035 | 0.0174 | 0.0356 | 0.0531 | 0.0914 | 0.1132 | 0.1508 | 0.1893
19 | 0.1331 | 0.0793 | 0.0403 | 0.0159 | 0.0035 | 0.0000 | 0.0044 | 0.0214 | 0.0265 | 0.0568 | 0.0756 | 0.1141 | 0.1494
20 | 0.1788 | 0.1167 | 0.0705 | 0.0340 | 0.0174 | 0.0044 | 0.0000 | 0.0079 | 0.0133 | 0.0443 | 0.0503 | 0.0718 | 0.0996
21 | 0.2598 | 0.1887 | 0.1111 | 0.0659 | 0.0356 | 0.0214 | 0.0079 | 0.0000 | 0.0152 | 0.0517 | 0.0425 | 0.0664 | 0.0974
22 | 0.2569 | 0.1863 | 0.1311 | 0.0921 | 0.0531 | 0.0265 | 0.0133 | 0.0152 | 0.0000 | 0.0146 | 0.0194 | 0.0458 | 0.0772
23 | 0.2588 | 0.1924 | 0.1632 | 0.1354 | 0.0914 | 0.0568 | 0.0443 | 0.0517 | 0.0146 | 0.0000 | 0.0117 | 0.0335 | 0.0584

24 | 0.3511 | 0.2693 | 0.2092 | 0.1539 | 0.1132 | 0.0756 | 0.0503 | 0.0425 | 0.0194 | 0.0117 | 0.0000 | 0.0068 | 0.0205
25 | 0.4279 | 0.3318 | 0.2561 | 0.1877 | 0.1508 | 0.1141 | 0.0718 | 0.0664 | 0.0458 | 0.0335 | 0.0068 | 0.0000 | 0.0041
26 | 0.4939 | 0.3908 | 0.3056 | 0.2292 | 0.1893 | 0.1494 | 0.0996 | 0.0974 | 0.0772 | 0.0584 | 0.0205 | 0.0041 | 0.0000

The numbers defined by (68) have been multiplied by 100 in order to minimize the number of decimal
points in the above table. It can be seen that there are zeros down the main diagonal of the above matrix of
dissimilarity measures. It also can be seen that the numbers on the diagonals immediately above and below
the main diagonal are much smaller than the remaining numbers above and below the main diagonal. This
means that chaining the periods starting withr =1 and t = 1 will minimize the “cost” of linking each period
to the remaining periods.

Appendix B: The Bilateral Transitivity Test A8 and the Multilateral Invariance Test T7
It is useful to consider the relationship of the Multilateral Index Levels Test T7 with the Bilateral Index

Test A8. Recall that Test A8 is the following Transitivity Test where Q(p*,p',q",q") is a given bilateral quantity
index :

(B Qp"p'q.9) = Q(".pq-a)Q(p"p'a*q) for 1 <, 1,5, t<T.
The Multilateral Index Levels Test T7 was stated as follows:
T7: Invariance to changes in the ordering of the time (or location) periods. If the T time periods are

reordered by some permutation of the first T integers, then ratios of the new quantity level functions are
equal to the same permutation of the initial ratios of quantity level functions.
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It will be useful to restate Test T7 in mathematical form rather than in words but before we do this, we
need to explain why the multilateral levels tests are stated in terms of ratios of levels (for the most part).
The reason for the ratio statements of Tests is due to the somewhat arbitrary nature of the levels
decomposition of value into price and quantity explanatory components. Recall that our basic
decomposition problem was to find functions f(q) and c(p) such that the following equations hold for
positive price and quantity vectors p' and q"

(B2) p-q'=f(q)c(p") ; t=1,...,T.

Eichhorn’s impossibility result showed that it is not possible to obtain the decomposition for all possible
positive price and quantity vectors p' and q' but we indicated in the main test that it is possible to find ways
of dealing with this impossibility result by restricting the variation in either the prices or quantities.>® But
even if we do find functions f and c that satisfy equations (B2), it can be seen that these solution functions
cannot be uniquely determined. If f(q) and c(p) are solution functions, then af(q) and (1/a)c(p) are also
solution functions for any a > 0. Thus we require at least one normalization on f(q) or ¢(p) in order to obtain
unique solutions to the decomposition problem defined by equations (B2).%® In our empirical example, we
chose the normalization f(q') = 1. This analysis shows why our multilateral tests were stated in terms of
ratios of quantity levels: any multilateral method cannot uniquely determine absolute levels of aggregate
quantity f(q); only relative levels can be uniquely determined.>*

Consider any multilateral method that generates a set of multilateral quantity levels, Q" = Q(P,Q), t =
1,...,T where P=[pl,....p"] and Q =[q',...,q"]. Test A8 becomes the following test:

(B3) Q(P,Q)/Q'(P,Q) = [Q'(P,Q)/Q(P,Q)Q(P,Q/Q(P,Q)] for 1 <, 1,5, t<T or
(B4) Q"/Q" = [Q7/Q"]I[Q"/Q™] for1 <,r,8,t<T.

Equations (B4) are obviously satisfied; hence so are equations (B3) so we have shown that any set of
multilateral quantity levels will satisfy the bilateral index Transitivity Test AS. However, it is not the case
that any set of multilateral quantity levels will satisfy the multilateral index Invariance Test T7.

For example, suppose we choose our multilateral quantity levels to be generated by the first Fisher star
index that generates the following multilateral quantity levels Qg":

(B5) Qri'=1;Qr'=Qr(p',pq',q") fort=2,3,...,T

where Qr(p',p',q',q") is the bilateral Fisher index that compares the level of the period t quantities q' to the
levels of the period 1 quantities q'.

52 Alternatively, we can change the decomposition problem defined by (B2) to find functions f(P,Q) and c'(P,Q) such
that p'-q' = f'(P,Q)c'(P,Q) for t = 1,...,T where the functions f(P,Q) and c'(P,Q) satisfy certain “reasonable” properties
such as Tests T1-T7 where f(P,Q) = Q'(P,Q) and ¢'(P,Q) =P'(P,Q) fort=1,...,T.

%3 This is similar to the situation in consumer theory where the utility aggregate f(q) cannot be defined without at least
one normalization that cardinalizes utility. Thus only relative levels of utility can be uniquely determined even if f(q)
is assumed to be linearly homogeneous.

5 This view is consistent with Balk’s (1996) analysis of multilateral indexes; i.e., any multilateral method can only
uniquely determine relative levels.
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Now interchange the data for periods 1 and 2. The new multilateral quantity levels (for the observations in
their original order) are proportional to the following levels:

(B6) Qr2' = Qr(p%p'.q%4q") ; Qr2? = 15 Q' = Qe(p’plgiq') for t=3.4,....T.

In general, it is not the case that the first Fisher star index satisfies Test T7; i.e., in general it will not be the
case that Qr1/Qri" = QrY/Qr" for all r and t.

Test T7 is a general multilateral test that, if satisfied, ensures that relative multilateral quantity levels are
invariant to the ordering of the observations. Below, we show how this test can be defined mathematically.

Consider a T by T permutation matrix Il that has elements that are equal to 0 or 1. Each row of IT has
exactly one component equal to 1 and each column of IT has exactly one component equal to 1. It can be
shown that the inverse of a permutation matrix IT™! exists and is also a permutation matrix. Let IT be an
arbitrary T by T permutation matrix. Then the T by T matrices, PIT and QII, are rearrangements of the
columns of the initial price and quantity matrices, P and Q.

Here is a restatement of Test T7. Let the initial quantity levels generated by a multilateral method be defined
as Q" = QY(P,Q) for t = 1,...,T. Let IT be an arbitrary T by T permutation matrix and use the multilateral
quantity level functions Q'(P,Q) to generate a new set of quantity levels Q™ defined as follows:

(B7) Q" = QY(PILQIN); t=1,...,T.
We want to compare the new quantity levels Q" to the initial quantity levels Q" but the ordering of the new quantity
levels is different due to the change in the ordering of the periods. We can rearrange the ordering of the new quantity

levels Q™" by applying the inverse of the permutation matrix IT to the row vector of the Q" and the resulting row
vector [Q',...,QT°] will be comparable to the initial row vector [Q!",...,QT"]. Define [Q",...,Q™] as follows:

(B8) [Q",....Q" = [Q",....Q™ T

Test T7 will be satisfied if Q“/Q” = Q"/Q™ for all periods r and t.

Note that Test T6 can be restated using permutation matrices as follows:

T6: Invariance to changes in the ordering of the commodities. Let I be a permutation matrix. Then
(B9) Q'(P,Q) = Q'IIPIIQ) fort=1,...,T.
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