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Abstract

Statistical agencies increasingly are able to collect detailed price and quantity information
from retailers on sales of consumer products. Thus elementary price indexes (which are
indexes constructed at the first stage of aggregation for closely related products) can now
be constructed using this price and quantity information, whereas previously, statistical
agencies had to construct elementary indexes using just retail outlet collected information
on prices alone. Thus superlative indexes can now be constructed at the elementary level,
which in theory, should lead to more accurate Consumer Price Indexes. However,
retailers frequently sell products at heavily discounted prices, which lead to large
increases in purchases of these products. This volatility in prices and quantities will
generally lead to a chain drift problem; i.e., when prices return to their “normal” levels,
quantities purchased are frequently below their “normal” levels and this leads to a
downward drift in a superlative price index. The paper addresses this problem and looks
at the likely bias in various index number formulae that are commonly used. The bias
estimates are illustrated using some scanner data on the sales of frozen juice products that
are available online.
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1. Introduction

Statistical agencies increasingly are approaching retail chains and asking them to provide
information on weekly values and quantities sold of scanner coded products and in many
countries, this information is being provided to the relevant agency. This detailed weekly
information on the value and quantity of sales by product means that it is possible to
construct index numbers in real time that require product information on prices and
quantities, such as the Fisher (1922) ideal index. The Consumer Price Index Manual® that
was published in 2004 recommended that chained superlative index numbers,® such as
the Fisher index, be used in this situation when detailed price and quantity information is
available in real time. However, experience with scanner data has shown that the use of
chained superlative indexes leads to chain drift; i.e., a growing divergence between the
chained index and its counterpart fixed base index.*

There are at least three possible real time solutions to the chain drift problem:

e Use a fixed base index;
e Use a multilateral index:®
e Use annual weights for a past year.

There are two problems with the first solution: (i) the results depend asymmetrically on
the choice of the base period and (ii) with new and disappearing products, the base period
prices and quantities may lose their representativeness; i.e., over long periods of time,
matching products becomes very difficult.® A problem with the second solution is that as
an extra period of data becomes available, the indexes have to be recomputed.” The

% See ILO, IMF, OECD, Eurostat, UN and the World Bank (2004).

% See Diewert (1976) on the concept of a superlative index. Basically, a superlative price index allows for
an arbitrary pattern of substitution effects between products.

* Fisher (1922; 293) realized that the chained Carli, Laspeyres and Young indexes were subject to upward
chain drift but for his empirical example, there was no evidence of chain drift for the Fisher formula.
However, Persons (1921) came up with an actual empirical example where the Fisher index exhibited
substantial downward chain drift. Frisch (1936; 9) seems to have been the first to use the term “chain drift”.
Both Frisch (1936; 8-9) and Persons (1928; 100-105) discussed and analyzed the chain drift problem.

> The use of multilateral indexes in the time series context dates back to Persons (1921) and Fisher (1922;
297-308), Gini (1931) and Balk (1980) (1981). Fisher (1922; 305) suggested taking the arithmetic average
of the Fisher “star” indexes whereas Gini suggested taking the geometric mean of the star indexes.

® Persons (1928; 99-100) has an excellent discussion on the difficulties of matching products over time.

" This is not a major problem. A solution to this problem is to use a rolling window of observations and use
the results of the current window to update the index to the current period. This methodology was
suggested by Ivancic, Diewert and Fox (2009) (2011) and is being used by the Australian Bureau of
Statistics (2016). Ivancic, Diewert and Fox (2011) suggested that the movement of the indexes for the last
two periods in the new window be linked to the last index value generated by the previous window.
However Krsinich (2016) in a slightly different context suggested that the movement of the indexes
generated by the new window over the entire new window period be linked to the previous window index
value for the second period in the previous window. Krsinich called this a window splice as opposed to the
IDF movement splice. De Haan (2015; 27) suggested that perhaps the linking period should be in the
middle of the old window which the Australian Bureau of Statistics (2016; 12) terms a half splice. lvancic,
Diewert and Fox (2010) also suggested that the average of all links for the last period in the new window to



problem with the third possible solution is that the use of annual weights will inevitably
result in some substitution bias. In any case, in this study, we will look at many of the
commonly used fixed base indexes as well as six multilateral indexes and two indexes
that use annual weights. We will develop approximate and exact relationships between
these indexes and indicate likely differences (or “biases”) between the indexes.

Statistical agencies are also using web-scraping to collect large number of prices as a
substitute for selective sampling of prices at the first stage of aggregation. Thus it is of
interest to look at elementary indexes that depend only on prices, such as the Carli (1804),
Dutot (1838) and Jevons (1865) indexes, and compare these indexes to superlative
indexes; i.e., under what conditions will these indexes adequately approximate a
superlative index.?

The two superlative indexes that we will consider in this study are the Fisher (1922) and
the Tornqvist® indexes. The reasons for singling out these two indexes as preferred
bilateral index number formulae are as follows: (i) both indexes can be given a strong
justification from the viewpoint of the economic approach to index number theory;™ (ii)
the Fisher index emerges as probably being the “best” index from the viewpoint of the
axiomatic or test approach to index number theory;* (iii) the Térnqvist index has a stron%
justification from the viewpoint of the stochastic approach to index number theory.*
Thus there are strong cases for the use of these two indexes when making comparisons of
prices between two periods when detailed price and quantity data are available.

When comparing two indexes, two methods for making the comparisons will be used: (i)
use second order Taylor series approximations to the index differences; (ii) the difference
between two indexes can frequently be written as a covariance and it is possible in many
cases to determine the likely sign of the covariance.™

When looking a scanner data from a retail outlet (or price and quantity data from a firm
that uses dynamic pricing to price its products or services'®), a fact emerges: if a product
or a service is offered at a highly discounted price (i.e., it goes on sale), then the quantity
sold of the product can increase by a very large amount. This empirical observation will
allow us to make reasonable guesses about the signs of various covariances that express
the difference between two indexes. If we are aggregating products that are close

the observations in the old window could be used as the linking factor. Diewert and Fox (2017) look at the
alternative methods for linking.

& We will also look at the properties of the CES price index with equal weights.

® The usual reference is Térnqvist (1936) but the index formula did not actually appear in this paper. It did
appear explicitly in Térnqvist and Térnqvist (1937). It was listed as one of Fisher’s (1922) many indexes:
namely number 123. It was explicitly recommended as one of his top five ideal indexes by Warren Persons
(1928; 86) so it probably should be called the Persons index.

% The economic approach to index number theory is due to Koniis (1924). See Diewert (1976) for
justifications for the use of these two indexes from the viewpoint of the economic approach to index
number theory.

1 See Diewert (1992) or Chapter 16 of the Consumer Price Index Manual.

12 See Theil (1967; 136-137) or Chapter 16 of the Consumer Price Index Manual.

3 This second method for making comparisons can be traced back to Bortkiewicz (1923).

1 Airlines and hotels are increasingly using dynamic pricing; i.e., they change prices frequently.



substitutes for each other, then a heavily discounted price may not only increase the sales
of the product but it may also increase the share of the sales in the list of products or
services that are in scope for the index.” It turns out that the behavior of shares in
response to discounted prices does make a difference in analyzing the differences
between various indexes: in the context of highly substitutable products, a heavily
discounted price will probably increase the market share of the product but if the products
are weak substitutes (which is typically the case at higher levels of aggregation), then a
discounted price will typically increase sales of the product but not increase its market
share. These two cases (strong or weak substitutes) will play an important role in our
analysis.

Sections 2 and 3 look at relationships between the fixed base and chained Carli, Dutot,
Jevons and CES elementary indexes that do not use share or quantity information.

Section 4 looks at the relationships between the Laspeyres, Paasche, Geometric
Laspeyres, Geometric Paasche, Fisher and Toérngvist price indexes. Section 5 investigates
how close the unweighted Jevons index is to the Geometric Laspeyres, Geometric
Paasche Pgp' and Térnqvist P1' price indexes.

Section 6 develops some relationships between the Toérnqgvist index and geometric
indexes that use average annual shares as weights.

Section 7 looks at the differences between fixed base and chained Térnqvist indexes.

Multilateral indexes make an appearance in section 8: the fixed base Tornqvist index is
compared to the GEKS and GEKS-Tornqvist (or CCDI) multilateral indexes.

Sections 9 and 10 compare Unit Value and Quality Adjusted Unit Value indexes to the
Fisher index while section 11 compares the Lowe index to the Fisher index.

Sections 12-14 look at various additional multilateral indexes: the Geary Khamis in
section 12, the Weighted Time Product Dummy index in section 13 and Similarity
Linked price indexes in section 14.

The Appendix evaluates all of the above indexes for a grocery store scanner data set that
is publically available. However, the data set had a number of missing prices and
quantities. Some of these missing prices may be due to lack of sales or shortages of
inventory. In addition, how should the introduction of new products and the
disappearance of (possibly) obsolete products be treated in the context of forming a
consumer price index? Hicks (1940; 140) suggested a general approach to this
measurement problem in the context of the economic approach to index number theory.
His approach was to apply normal index number theory but estimate (or guess at)
hypothetical prices that would induce utility maximizing purchasers of a related group of
products to demand 0 units of unavailable products. With these virtual (or reservation or
imputed) prices in hand, one can just apply normal index number theory using the

15 In the remainder of this study, we will speak of products but the same analysis applies to services.



augmented price data and the observed quantity data. In our empirical example in the
Appendix, we will use the scanner data that was used in Diewert and Feenstra (2017) for
frozen juice products for a Dominick’s store in Chicago for 3 years. This data set had 20
observations where gy, = 0. For these 0 quantity observations, Diewert and Feenstra
estimated positive Hicksian reservation prices for these missing price observations and
these imputed prices are used in our empirical example in the Appendix. However, it is
possible to use alternative positive reservation prices that do not rely on econometrics. In
section 15 below, we will discuss one of these alternative methods for constructing
reservation prices for observations when sales of a product are zero. We used an inflation
adjusted carry forward and backward methodology to construct alternative reservation
prices for the missing prices and compared selected indexes using the new reservation
prices to the corresponding indexes using the econometrically estimated reservation
prices. The resulting differences in our “best” index numbers for our example data set are
listed in section A.6 of the Appendix.

The Appendix lists the Dominick’s data along with the estimated reservation prices. The
Appendix also has tables and charts of the various index number formulae that are
discussed in the main text of the study.

Section 16 concludes.
2. Comparing CES Price Levels and Indexes

In this section, we will begin our analysis by considering alternative methods by which
the prices for N related products could be aggregated into a “representative” or aggregate
price for the products for a given period.

We introduce some notation that will be used in the rest of the paper. We suppose that we
have collected price and quantity data from a retail outlet on N closely related products
for T time periods.*® Typically, a time period is a month. Denote the price of product n in
period t as py, and the corresponding quantity during period t as gy, forn=1,...,Nand t =
1,...,T. Usually, pimn will be the period t unit value price for product n in period t; i.e., pn =
Vin/Oin Where vy, is the total value of product n that is sold during period t and q, is the
total quantity of product n that is sold during period t. We assume that g, > 0 and py, > 0
for all t and n.*’ The restriction that all products have positive prices associated with them
is a necessary one for much of our analysis since many popular index numbers are
constructed using logarithms of prices and the logarithm of a zero price is not well
defined. However, our analysis does allow for possible 0 quantities and values sold
during periods in the sample. Denote the period t strictly positive price vectors and
nonnegative and non zero quantity vectors as p' = [pew,....on] >> On and ' = [G,...,Gen] >

' The T periods can be regarded as a window of observations, followed by another window of length T
which has dropped the first period from the window and added the data of period T+1 to the window. The
literature on how to link the results of one window to the next window is discussed in Diewert and Fox
(2017). We will not discuss this linking problem in the present study.
7 In the case where gy, = 0, then vy, = 0 as well and hence py, = Vi/0:n is not well defined in this case. In the
case where g, = 0, we will assume that py, is a positive imputed price.



On respectively for t = 1,...,T where Oy is an N dimensional vector of zeros. The inner
product of the vectors p' and q' is denoted by p“q' = Zn-1" pwtem > 0. Define the period t
sales (or expenditure) share for product n as Sy, = pndw/p-q' forn=1,..,Nandt=1,.,T.
The period t sales share vector is defined as s' = [sq,...,sm] > Oy fort=1,...,T.

In most applications, the N products are closely related and they have common units of
measurement (by weight, or by volume or by “standard” package size). In this context, it
is useful to define the period t “real” share for product n of total product sales, S, =
qmllN-qt forn=1,..Nandt=1,..T where 1y is an N dimensional vector of ones.
Denote the period t real share vector as S'=[Sy,...,Sw] fort=1,...,T.

Define the generic product weighting vector as o = [ay,...,an]. We assume that o has
strictly positive components which sum to one; i.e., we assume that o satisfies:

(1) a-ln=1; o >>0Op.

Let p = [p1,....pn] >> Oy be a positive price vector. The corresponding mean of order r of
the prices p (with weights ) or CES price level, m, o(p) is defined as follows:™®

(2) My o(p) = [En=1" 0npn' 15 1 2 0;
= anlN (pn) “ 5r=0.

It is useful to have a special notation for m,,(p) when r = 1:
(3) pOL = Zn:]_N anpn = Ot'p .

Thus p, is an o weighted arithmetic mean of the prices pi,p2,....pn and it can be
interpreted as a weighted Dutot price level.*®

From Schlémilch’s (1858) Inequality,”® we know that m; o(p) = ms o(p) if r > s and m;4(p)
< mgq(p) if r <'s. However, we do not know how big the gaps are between these price
levels for different r and s. When r = 0, mg o(p) becomes a weighted geometric mean or a
weighted Jevons (1865) or Cobb-Douglas price level and it is of interest to know how
much higher the weighted Dutot price level is than the corresponding weighted Jevons
price level. Proposition 1 below provides an approximation to the gap between m;.(p)
and my o(p) for any r, including r = 0.

8 Hardy, Littlewood and Polya (1934; 12-13) refer to this family of means or averages as elementary
weighted mean values and study their properties in great detail. The function m, .(p) can also be interpreted
as a Constant Elasticity of Substitution (CES) unit cost function if r < 1. The corresponding utility or
production function was introduced into the economics literature by Arrow, Chenery, Minhas and Solow
(1961). For additional material on CES functions, see Feenstra (1994) and Diewert and Feenstra (2017).

19 The ordinary Dutot (1738) price level for the period t prices p' is defined as pp' = (1/N)Zn=" pw. Thus it is
equal to my ,(p') where o. = (1/N)1y.

% See Hardy, Littlewood and Polya (1934; 26) for a proof of this result.



Define the a weighted variance of p/p,, = [p1/Po,..-.PN/Po] Where pg, is defined by (3) as
follows:*

(4) Vary(p/po) = Tt an[(Pr/Pa) — 1]2 -

Proposition 1: Let p >> Oy, o >> Oy and o-1n = 1. Then m;(p)/my o(p) is approximately
equal to the following expression for any r:

(5) Mro(P)/Maa(p) ~ 1 + (V2)(r — 1)Var,(p/py)

where Var,(p/p.) is defined by (4). The expression on the right hand side of (5) uses a
second order Taylor series approximation to m, ,(p) around the equal price point p = py1n
where p, is defined by (3).%

Proof: Straightforward calculations show that the level, vector of first order partial
derivatives and matrix of second order partial derivatives of m,,(p) evaluated at the equal
price point p = p,1n are equal to the following expressions: m;,(Peln) = Po = O-P;
VoM a(Paln) = o VippMra(Peln) = (p) (r — 1)(a —aa’) where @ is a diagonal N by N
matrix with the elements of the column vector o running down the main diagonal and o."
is the transpose of the column vector o. Thus a.a” is a rank one N by N matrix.

Thus the second order Taylor series approximation to m; .(p) around the point p = py 1y is
given by the following expression:

(6) Mr.a(p) = Po + ct(p — Poln) + (“2)(P — Paln) (Pa) “(r — 1)(@ —cre”)(p — Poln)
= Pa + () (Pe) " (r = 1)(P — Paln) ' (Pe) (@~ )(p — paln) using (1) and (3)
= paf1 + (%)(r — 1)(Pe) (P — Puln) (& —00)(Pp — Paln)]
=my(p)[1 + (Y2)(r — 1)Vary(p/po)] using (2), (3) and (4).
Q.E.D.

The approximation (6) also holds if r = 0. In this case, (6) becomes the following
approximation:*

(7) Moa(p) = ITn=1" (Pn) ™
~ Myq(P)[1 — (Y2)Vara(p/po)]
= My o(p){1 — () Zn=1" on[(Pr/Po) — 11°}
= [2n=1N anpn]{1 - (%)ZnﬂN an[(Pr/Po) — 1]2}

2! Note that the o weighted mean of p/p,, is equal to Z,-," a,pa/ps = 1. Thus (4) defines the corresponding
weighted variance.

%2 For alternative approximations for the differences between mean of order r averages, see Vartia (1978;
278-279). Vartia’s approximations involve variances of logarithms of prices whereas our approximations
involve variances of deflated prices. Our analysis is a variation on his pioneering analysis.

% Note that mg,(p) can be regarded as a weighted Jevons (1865) price level or a Cobb Douglas (1928)
price level. Similarly, p, = my.(p) can be regarded as a weighted Dutot (1738) price level or a Leontief
(1936) price level.



N
< Zn:j_ anpn.

Thus the bigger is the variation in the N prices p,...,pn, the bigger will be Var,(p/p,) and
the more the weighted arithmetic mean of the prices, Z=1" owpn, Will be greater than the
corresponding weighted geometric mean of the prices, [To=1" (pn) * . Note that if all of the

pn are equal, then Var,(p/p,) will be equal to 0 and the approximations in (6) and (7)
become exact equalities.

Recall that the unit value price and quantity sold for product n during period t was
defined as py, and gy, forn=1,...,N and t = 1,...,T. At this point, it is useful to define the
Jevons (1865) and Dutot (1738) period t price levels for the prices in our window of
observations, p;' and pp', and the corresponding Jevons and Dutot price indexes, P,' and
Po, fort=1,..T:

(8) th = Zn:lN (1/N)ptn ,

) th = 1_[n=1N ptnllN ;

(10) Po' = po'/po’;

(11) PJt = th/le = 1_[nle (ptn/pln)l/N-

Thus the period t price index is simply the period t price level divided by the
corresponding period 1 price level. Note that the Jevons price index can also be written as
the geometric mean of the long term price ratios (pw/p1n) between the period t prices
relative to the corresponding period 1 prices.

The weighted Dutot and Jevons period t price levels using a weight vector o which
satisfies the restrictions (1), pp. and py', are defined by (12) and (13) and the
corresponding weighted Dutot and Jevons period t price indexes, Pp,' and Py',%* are

defined by (14) and (15) fort=1,...,T:

(12) poa’ = Zn=1" otaPin = My o (P ;

(13) pao = [Tn=1" (P) ™ = Mou(p') ;
(14) Ppo' = poa/poa’ = o-pYo-pt;

(15) P1o' = Pro’Ipsa’ = Tn=1" (Penl/Pn) “ -

Obviously, (12)-(15) reduce to definitions (8)-(11) if o = (1/N)1n. We can use the
approximation (7) for p = p* and p = p' in order to obtain the following approximate
relationship between the weighted Dutot price index for period t, Pp,, and the
corresponding weighted Jevons index, P,":

(16) I:)Joct = pJoct/pJ(xl ; t= 1,...,T
= Mo, (p')/Mo o (p?) using (2) and (13)

~ My o(PH{L — () Zn1" on[(PerfPo’) — 1Mo o(P )L — () Enet (o) — 117}

using (7) for p = p*and p = p* where p,' = a-p'and p,' = a-p*

% This type of index is frequently called a Geometric Young index; see Armknecht and Silver (2014; 4-5).
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= Ppo'{1 — (%2)Zn=1" on[(Pun/Pa’) — LI°H{L — (2)Zn=1" an[(Prn/Pe’) — 11°3
= Ppa{1 — (%)Var.(pp.)H{1 - () Var.(p'/p.")}.

In the elementary index context where there are no trends in prices in diverging directions,
it is likely that Vary(pY/p.)) is approximately equal to Var.(p'/psl). % Under these
conditions, the weighted Jevons price index Py, is likely to be approximately equal to the
corresponding weighted Dutot price index, Pp,'. Of course, this approximate equality
result extends to the case where o = (1/N)1y and so it is likely that the Dutot price
indexes Pp' are approximately equal to their Jevons price index counterparts, P;'.2°
However, if the variance of the deflated period 1 prices is unusually large (small), then

there will be a tendency for P,' to exceed (to be less than) Pp' for t > 1.2’

At higher levels of aggregation where the products may not be very similar, it is likely
that there will be divergent trends in prices over time. In this case, we can expect
Vary(p/p,) to exceed Vary(p'/p.’). Thus using (16) under these circumstances leads to
the likelihood that the weighted index Py, will be significantly lower than Pp,". Similarly,
under the diverging trends in prices hypothesis, we can expect the ordinary Jevons index
P, to be lower than the ordinary Dutot index Pp'.%®

We conclude this section by finding an approximate relationship between a CES price
index and the corresponding weighted Dutot price index Pp,'. This approximation result
assumes that econometric estimates for the parameters of the CES unit cost function
m; o(p) defined by (2) are available so that we have estimates for the weighting vector o
(which we assume satisfies the restrictions (1)) and the parameter r which we assume
satisfies r < 1. The CES period t price levels using a weight vector o which satisfies the
restrictions (1) and an r < 1, pceso, and the corresponding CES period t price indexes,
Pceser, are defined as follows fort=1,...,T:

% Note that the vectors p¥/p,’ and p,/p, are price vectors that are divided by their o weighted arithmetic
means. Thus these vectors have eliminated general inflation between periods 1 and t.

% The same approximate inequalities hold for the weighted case. An approximation result similar to (16)
for the equal weights case where o = (1/N)1y was first obtained by Carruthers, Sellwood and Ward (1980;
25).

" For our empirical example considered in Appendix 1, we found that the sample mean of the Pp' was
0.94581 while the sample mean of the P,' was 0.94956 so that in general, the Dutot price index was below
the corresponding Jevons index. However, the period 1 variance, Vary(p'/p,') (for o = (1/N)1y) was
unusually large (equal to 0.072) as compared to the sample average of the Var,(p'p..) (equal to 0.063) and
this explains why Pp' was generally below P, for our particular data set. In general, for highly substitutable
products, we expect the Jevons price index to lie below its Dutot counterpart. When we dropped the data
for the first year, we found that the resulting sample mean of the Pp' was 0.86080 while the sample mean of
the P,* was 0.86664 so that in this case, the Dutot price index was above the corresponding Jevons index (as
expected). The data for the first year in our sample was unusual due to the absence of products 2 and 4 for
most of the year.

%8 Furthermore, as we shall see later, the Dutot index can be viewed as a fixed basket index where the
basket is a vector of ones. Thus it is subject to substitution bias which will show up under the divergent
price trends hypothesis.

9 These restrictions imply that m, ,(p) is a linearly homogeneous, nondecreasing and concave function of
the price vector p. These restrictions must be satisfied if we apply the economic approach to price index
theory.
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(17) peesor = [Zn=t" P = mea(pY) ;
(18) Pcesor' = Peesar/Pcesar = Mro(p)/M;q(ph) .

Now use the approximation (6) for p = p* and p = p' in order to obtain the following
approximate relationship between the weighted Dutot price index for period t, Pp,', and
the corresponding period t CES index, Pcgsa, fort=1,...,T:

(19) Pcesoy' = Peesar/Peesar ;
= mr,a(pt)/mr,a(pl) USing (17) and (18)
~ [Myo(p)M1a(pPHIL + %) - 1)Vara(ppdI/L + (%) — D)Vara(p'/pe)]
= Poo {1+ ()(r ~1)Zn=1" on[(Peo/Pa) — 1°HHL + ()(r —1)Zn=1" anl(Pan/pa’) — 11}

where we used definitions (4), (12) and (14) to establish the last equality in (19). Again,
in the elementary index context with no diverging trends in prices, we could expect
Varg(p/p.)) = Var,(p*/p,t) for t = 2,...,T. Using this assumption about the approximate
constancy of the (weighted) variance of the deflated prices over time, and using (16) and
(19), we obtain the following approximations for t=2,3,...,T:

(20) I:)CESoc,rt = PJont = F’Doct .

Thus under the assumption of approximately constant variances for deflated prices, the
CES, weighted Jevons and weighted Dutot price indexes should approximate each other
fairly closely, E)rovided that the same weighting vector o is used in the construction of
these indexes.®

The parameter r which appears in the definition of the CES unit cost function is related to
the elasticity of substitution o; i.e., it turns out that o = 1 — r.** Thus as r takes on values
from 1 to —oo, o will take on values from 0 to +o. In the case where the products are
closely related, typical estimates for o range from 1 to 10 when CES preferences are
estimated. Thus if we substitute ¢ = 1 — r into the approximation (19), we obtain the
following approximations fort=1,...,T:

(21) Pces,r' = Poo' [1 = (#8)aVare(p'/pa)V[L - (%)oVara(p'/p, )]

The approximations in (21) break down for large and positive o (or equivalently, for very
negative r); i.e., the expressions in square brackets on the right hand sides of (21) will
pass through 0 and become meaningless as o becomes very large. The approximations
become increasingly accurate as o approaches O (or as r approaches 1). Of course, the
approximations also become more accurate as the dispersion of prices within a period
becomes smaller. For ¢ between 0 and 1 and with “normal” dispersion of prices, the

% Again, the approximate relationship Pcesar = Poa' May not hold if the variance of the prices in the base
period, Var,(p*/p,), is unusually large or small.
*! See for example, Feenstra (1994; 158) or Diewert and Feenstra (2017).
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approximations in (21) should be reasonably good. However, as ¢ becomes larger, the
expressions in square brackets will become closer to 0 and the approximations in (21)
will become more volatile and less accurate as o increases from an initial 0 value.

At higher levels of aggregation where the products are not similar, it is likely that there
will be divergent trends in prices over time and in this case, we can expect Var,(p/p.) to
exceed Varq(p'/p.l). In this case, the approximate equalities (20) will no longer hold. In
the case where the elasticity of substitution o is greater than 1 (so r < 0) and Var.(p/ps)
> Var,(p'/p,), we can expect that Pcesq. < Po,' and the gaps between these two indexes
will grow bigger over time as Var,(p/p.) grows larger than Var,(p'/p.).

In the following section, we will use the mean of order r function to aggregate the price
ratios pm/p1n iNto an aggregate price index for period t directly; i.e., we will not construct
price levels as a preliminary step in the construction of a price index.

3. Using Means of Order r to Aggregate Price Ratios
In the previous section, we compared various elementary indexes using approximate
relationships between price levels constructed by using means of order r to aggregate

prices. In this section, we will develop approximate relationships between price indexes
constructed by using means of order r defined over price ratios.

In what follows, it is assumed that the weight vector o satisfies conditions (1); i.e., a >>
On and a1y = 1. Define the mean of order r price index for period t (relative to period 1),
P:o, as follows fort=1,...,T:

(22) Py o' = [Zn=a™ on(Pu/pn) 1M r £ 0;
=[Tnt" (Pu/pi) ™ ;r=0.

When r = 1 and o. = (1/N)1y, then P, ' becomes the period t fixed base Carli (1804) price
index, P¢!, defined as follows fort=1,...,T:

(23) Pc' = Tt (UN)(Po/P1n)-

With a general o and r = 1, P,,' becomes the fixed base weighted Carli price index,
Pco' ¥ defined as follows fort=1,...,T:

(24) I::'C(xt = Z:nle an(ptn/pln)-

Using (24), it can be seen that the o weighted mean of the period t long term price ratios
Puw/P1n divided by Pc,' is equal to 1; i.e., we have fort=1,...,T:

%2 This type of index is due to Arthur Young (1812; 72) and so we could call this index the Young index,
Pyo-
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(25) z:n=1N O(n(ptn/plnPCoct) =1

Denote the o weighted variance of the deflated period t price ratios pu/pinPco’ as
Var,(p'/p*Pc,) and define it as follows fort=1,...,T:

(26) Vara(pp'Pca’) = Zn=1" an[(Pr/P1nPea’) — 117

Proposition 2: Let p >> Oy, a >> Oy and o1y = 1. Then Py /P’ = Pro/Pcd is
approximately equal to the following expression for any r fort=1,...,T:

(27) Py o IPcot = 1 + (¥)(r — 1)Var,(pY/p*Pcs)

where P, ! is the mean of order r price index (with weights o) defined by (22), Pc.' is the
o weighted Carli index defined by (24) and Var,(p'/p'Pc.) is the o weighted variance of
the deflated long term price ratios (pu/p1n)/Pc. defined by (26).

Proof: Replace the vector p in Proposition 1 by the vector [pu/pi1,Pe/Piz.....Pon/Pin]. >
Then the ratio m, o(p)/m1 ,(p) which appears on the left hand side of (5) becomes the ratio
Pro/P1o’ = Pro'/Pcy using definitions (22) and (24). The terms p, and Var,(p/p.) Which
appear on the right hand side of (5) become Pc,' and Var,(p'/p'Pc.)) respectively. With
these substitutions, (5) becomes (27) and we have established Proposition 2. Q.E.D.

It is useful to look at the special case of (27) when r = 0. In this case, using definitions
(22) and (15), we can establish the following equalities fort=1,...,T:

(28) PO,at = Hn:lN (ptn/pln) o= PJat

where Py, is the period t weighted Jevons or Cobb Douglas price index defined by (15) in
the previous section.>* Thus when r = 0, the approximations defined by (27) become the
following approximations fort=1,...,T:

(29) Paa'/Pcq' = 1 - (¥5)Var(p/p'Pes).

Thus the bigger is the o weighted variance of the deflated period t long term price ratios,
(Pu/P11)/Pcos..., (Pn/Pin)/Pco, the more the period t weighted Carli index Pc,' will exceed
the corresponding period t weighted Jevons index P,

When o = (1/N)1y, the approximations (29) become the following approximate
relationships between the period t Carli index P¢' defined by (23) and the period t Jevons
index P! defined by (11) fort=1,...T:%

% In Proposition 1, some prices in either period could be 0. However, Proposition 2 requires that all period
1 prices be positive.

% Again, recall that Armknecht and Silver (2014; 4) call this index the Geometric Young index.

% Results that are essentially equivalent to (30) were first obtained by Dalén (1992) and Diewert (1995).
The approximations in (27) and (29) for weighted indexes are new. Vartia and Suoperd (2018; 5) derived
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(30) Py/Pc' ~ 1 — (¥o)Varuny(p¥/p'Pc)
=1 - (A" WN)[(pu/p1Pc) — 112

Thus the Carli price indexes P! will exceed their Jevons counterparts Py (unless p' = Ap*
in which case prices in period t are proportional to prices in period 1 and in this case, Pc'
= P,). This is an important result since from an axiomatic perspective, the Jevons price
index has much better properties than the corresponding Carli indexes® and in particular,
chaining Carli indexes will lead to large upward biases as compared to their Jevons
counterparts.®’

The results in this section can be summarized as follows: holding the weight vector o
constant, the weighted Jevons price index for period t, Py, is likely to lie below the
corresponding weighted Carli index, Pc,', with the gap growing as the o weighted
variance of the deflated price ratios, (pu/p11)/Pco,.... (Pev/Pin)/Pcs, increases.®

In the following section, we turn our attention to weighted price indexes where the
weights are not exogenous constants but depend on observed sales shares.

4. Relationships between Some Share Weighted Price Indexes
In this section (and in subsequent sections), we will look at comparisons between price
indexes that use information on the observed expenditure or sales shares of products in

addition to price information. Recall that sy, = pntu/p-q' forn=1,..,.Nandt=1,...T.

The fixed base Laspeyres (1871) price index for period t, P.", is defined as the following
base period share weighted arithmetic average of the price ratios, pw/p1n, fort=1,...,T:

(31) P = Zn=1" s10(ptalPan).

It can be seen that P," is a weighted Carli index Pc,' of the type defined by (34) in the
previous section where o = s* = [511,512,...,5:n]. We will compare P." with its weighted
geometric mean counterpart, Pg ", which is a weighted Jevons index Pj,' where the

alternative approximations. The analysis in this section is similar to Vartia’s (1978; 276-289) analysis of
Fisher’s (1922) five-tined fork.

% See Diewert (1995) on this topic.

" The same upward bias holds for weighted Carli indexes relative to their weighted Jevons counterparts.
For our frozen juice data listed in Appendix A, the 3 year sample average of the Carli indexes was 0.96277
as compared to the corresponding sample average of the Jevons indexes which was 0.94956.

% Since the Jevons price index has the best axiomatic properties, this result implies that CPI compilers
should avoid the use of the Carli index in the construction of a CPI. This advice goes back to Fisher (1922;
29-30). Since the Dutot index will approximate the corresponding Jevons index provided that the products
are similar and there are no systematic divergent trends in prices, Dutot indexes can be satisfactory at the
elementary level. If the products are not closely related, Dutot indexes become problematic since they are
not invariant to changes in the units of measurement. Moreover, in the case of nonsimilar products,
divergent trends in prices become more probable and thus the Dutot index will tend to be above the
corresponding Jevons index due to substitution bias.
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weight vector is o = s'. Thus the logarithm of the fixed base Geometric Laspeyres price
index is defined as follows fort=1,...,T:%

(32) In Po' = Zn=1" S1n IN(Pw/pan).

Since P, ' and P, ' are weighted geometric and arithmetic means of the price ratios pu/pin
(using the weights in the period 1 share vector s%), Schlomilch’s inequality implies that
Pel' <P 'for t = 1,...,T. The inequalities (29), with o = s*, give us approximations to the
gaps between the Pg,' = Py, and the Pc,' = P.". Thus we have the following approximate
equalities for o =s'and t=1,..T:

(33) PeL'/PL" = 1 — (%) Var,(pp'PL) = 1 — (%) Zn=1" sunl(Pr/P1nPL) — 11°

Using our scanner data set on 19 frozen fruit juice products listed in the Appendix for 39
months, we found that Var,(pY/p*Pc,) for t > 2 varied between 0.0024 and 0.0627 with a
mean of 0.0234. Thus there was a considerable amount of variation in these variance
terms. The sample mean of the ratios P, /P." was 0.9873 so that Pg." was below P.' by
1.27 percentage points on average. The sample mean of the error terms on the right hand
sides of the approximations defined by (33) was 0.9883 which is only below the sample
mean of the ratios Pg /P, by 0.1 percentage points. The correlation coefficient between
the ratios Pg /P." and the corresponding error terms on the right hand sides of (33) was
0.9950. Thus the approximate equalities in (33) were quite close to being equalities.

The fixed base Paasche (1874) price index for period t, P, is defined as the following
period t share weighted harmonic average of the price ratios, pw/pin, fort=1,...,T:

(34) Pp' = [Zn=1" Sin(Prn/P1n) T

We will compare Pp' with its weighted geometric mean counterpart, Pgp', which is a
weighted Jevons index Py, where the weight vector is o = s'. Thus the logarithm of the
fixed base Geometric Paasche price index is defined as follows fort=1,...,T:

(35) In Pp" = Zp=1" s IN(Pen/Pn).

Since Pgp' and Pp' are weighted geometric and harmonic means of the price ratios pi/pin
(using the weights in the period t share vector s'), Schlomilch’s inequality implies that Pp'
< Pgp' for t = 1,..., T. However, we cannot apply the inequalities (29) directly to give us an
approximation to the size of the gap between Pgp' and Pp'. Viewing definition (34), it can
be seen that the reciprocal of Pp' is a period t share weighted average of the reciprocals of
the long term price ratios, pi1/pu, P12/Pr2, ..., Pan/Pv. Thus using definition (34), we have
the following equations and inequalities for o =s'and t=1,...,T:

(36) [Pp']™ = Zn=1" Stn(P1n/Pin)

% Vartia (1978; 272) used the terms “geometric Laspeyres” and “geometric Paasche” to describe the
indexes defined by (32) and (35).
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2 [To=1" (Pan/Prn) ™
= [Per]™ using definitions (35)

where the inequalities in (36) follow from Schlomilch’s inequality; i.e., a weighted
arithmetic mean is always equal to or greater than the corresponding weighted geometric
mean. Note that the first equation in (36) implies that the period t share weighted mean of
the reciprocal price ratios, pi/pm, is equal to the reciprocal of Pp'. Now adapt the
approximate equalities (29) in order to establish the following approximate equalities for
t=1,..T:

(37) [PeeT Y[PRT ™" = 1 — (%) Zn=1" sl (P1n/pen [PPT ) — 112
The approximate equalities (37) may be rewritten as follows fort=1,...,T:
(38) Pgp' = Ppl/{1 — () Zn=1" Sn[(P1nPp/pn) — 1]°}.

Thus fort = 1,...,T, we have Pgp' > Pp' (and the approximate equalities (38) measure the
gaps between these indexes) and Pg ' < P.' (and the approximate equalities (33) measure
the gaps between these indexes). Later we will show that the inequalities Pgp' < P, ' are
likely if the N products are close substitutes for each other.

Using our scanner data set listed in the Appendix, we found that the variance terms on
the right hand sides of (38), Zn=1" su[(PPrpm) — 1]% for t > 2 varied between 0.0026
and 0.0688 with a mean of 0.0330. Thus these variances were bigger than the
corresponding variances in (33) by one percentage point on average. This means that on
average, Pg /P " > Pp'/Pgp’ or on average for our sample, Pg 'Pgp' > P Pp', which in turn
implies that on average, P > P¢' for our sample.*® The sample mean of the ratios Pgp'/Pp'
was 1.0169 so that Pgp' was above Pp' by 1.69 percentage points on average. The sample
mean of the error terms 1/{1 — (*2)Zn=1" Su[(P1nPr/ptn) — 1]°} on the right hand sides of
the approximations defined by (38) was 1.0169 which is identical to the sample mean of
the ratios Pgp/Pp. The correlation coefficient between the ratios Pgp/Pp' and the
corresponding error terms on the right hand sides of (38) was 0.9922. Thus the
approximate equalities in (38) were quite close to being equalities.

Suppose that prices in period t are proportional to the corresponding prices in period 1 so
that p' = Ap* where A is a positive scalar. Then it is straightforward to show that Pp' =
Pep' = PaL' = P.' = A; and the error terms for equation t in (34) and (39) are equal to 0.

Define the period t fixed base Fisher (1922) and Tornqvist* price indexes, P¢' and P+, as
the following geometric means fort=1,...,T:

(39) PFt = [PLI Ppt]llz ,
(40) P' = [PoL' Pep]*? .

0 p.tand P+' are defined by (39) and (40) below.
! See Térnquist (1936) and Térnqvist and Térnqvist (1937) and Theil (1967; 136-137).
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Thus P¢' is the geometric mean of the period t fixed base Laspeyres and Paasche price
indexes while P'is the geometric mean of the period t fixed base geometric Laspeyres
and geometric Paasche price indexes. Now use the approximate equalities in (34) and
(38) and substitute these equalities into (40) in order to obtain the following approximate
equalities between P1'and P¢' for ft = 1,...,T:

(41) PTt = [PGLt PGPt]l/Z
~ [PLt PPt]1/2 S(pl,pt,Sl,St)

PFt 8(p1,pt,Sl,St)

t ol ot

where the approximation error function (p',p',s*,s') is defined as follows fort=1,...,T:

(42) g(p* p's"s)
={1- (1/2)2n=1N Sln[(ptn/plnPLt) - 1]2}1/2/{1 - (1/2)zn=1N Stn[(plnPPt/ptn) - 1]2}1/2-

Thus P;' is approximately equal to P¢ for t = 1,..T. But how good are these
approximations? We know from Diewert (1978) that P+ = Pr(p',p',s*,s") approximates P¢'
= Pe(pt,p'st,sY) to the second order around any point where p' = p* and s' = s*.** We also
know that the approximations in (33) and (38) are fairly good, at least for our scanner

data set. Thus it is likely that the error terms g(p,p',s*,s') are close to 1.

Using our scanner data set listed in the Appendix, we found that the sample mean of the
ratios P+'/P¢' was 1.0019 so that Pt was above P¢' by 0.19 percentage points on average.
The sample mean of the error terms &(p',p's’s') defined by (42) was 1.0025. The
correlation coefficient between the ratios Pt/Ps' and the corresponding error terms
e(pt,p',st,s’) on the right hand sides of (41) was 0.9891. Thus the approximate equalities
in (41) were quite close to being equalities. However, if the products were highly
substitutable and if prices and shares trended in opposite directions, then we expect that
the base period share weighted variance Zn=1" sin[(Pw/p1nPL) — 1]° will increase as t
increases and we expect the period t share weighted variance Zp-1" su[(P1Pr'/pwm) — 1]° to
increase even more as t increases because as py becomes smaller, [(piPe/pn) — 1]°
becomes bigger and the share weight sy, will also increase. Thus P+ will tend to increase
relative to Pg as time increases under these conditions. The more substitutable the
products are, the greater will be this tendency.

Our tentative conclusion at this point is that the approximations defined by (33), (38) and
(41) are good enough to provide rough estimates of the differences in the six price
indexes involved in these approximate equalities. Empirically, we found that the variance

“2 This result can be generalized to the case where p' = Ap* and s' = s".

** However, the Diewert (1978) second order approximation is different from the present second order
approximations that are derived from Proposition 2. Thus the closeness of &(p*,p',s’,s") to 1 depends on the
closeness of the Diewert second order approximation of P1' to P¢' and the closeness of the second order
approximations that were used in (33) and (38), which use different Taylor series approximations. Vartia
and Suoperd (2018) used alternative Taylor series approximations to obtain relationships between various

indexes.
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terms on the right hand sides of (38) tended to be larger than the corresponding variances
on the right hand sides of (33) and these differences led to a tendency for the fixed base
Fisher price indexes P¢' to be slightly smaller than the corresponding fixed base Térnqvist

Theil price indexes P1'.%*

We conclude this section by developing an exact relationship between the geometric
Laspeyres and Paasche price indexes. Using definitions (32) and (35) for the logarithms
of these indexes, we have the following exact decomposition for the logarithmic
difference between these indexes fort=1,... T:*

(43) InPgp' — INPgL" = Zn=1" Sty IN(Pw/P1n) = Zn=1" S1n IN(Per/P1n)
= 2= [t — S1n][INPtn — INP1a].

Define the vectors Inp' = [Inpu,Inpe....,Inpn] for t = 1,...,T. It can be seen that the right
hand side of equation t equations (43) is equal to [s' — s*]-[Inp' — Inp'], the inner product
of the vectors x = s'— s* and y = Inp' — Inp*. Let x" and y~ denote the arithmetic means of
the components of the vectors x and y. Note that x™ = (1/N)1x-x = (UN)1n[s' — s'] =
(I/N)[1 - 1] = 0. The covariance between x and y is defined as Cov(x,y) = (1/N)[x —
X ANy = YIn] = (I/N) x-y — X'y = (1/N) x-y*® since x" is equal to 0. Thus the right
hand side of (43) is equal to N Cov(x,y) = N Cov(s' — s*,Inp' — Inp'); i.e., the right hand
side of (43) is equal to N times the covariance of the long term share difference vector, s'
— s, with the long term log price difference vector, Inp' — Inp*. Hence if this covariance is
positive, then InPgp' — INPg.' > 0 and Pgp' > P, ". If this covariance is negative, then Pgp'
< Pg.'. We argue below that for the case where the N products are close substitutes, it is
likely that the covariances on the right hand side of equations (43) are negative fort > 1.

Suppose that the observed price and quantity data are approximately consistent with
purchasers having identical Constant Elasticity of Substitution preferences. CES
preferences are dual to the CES unit cost function m,,(p) which is defined by (2) above
where o satisfies (1) and r < 1. It can be shown*’ that the sales share for product n in a
period where purchasers face the strictly positive price vector p = [py,....pn] is the
following share:

(44) sn(p) = Otnpnr/Ei:lN aipi'; n=1,..,N.
Upon differentiating s,(p) with respect to p,, we find that the following relations hold:

(45) olnsn(p)/Alnp, = r[1-sy(p)] ; n=1,...,N.

* Vartia and Suoperé (2018) also found a tendency for the Fisher price index to lie slightly below their
Tornqvist counterparts in their empirical work.

*® Vartia and Suoperé (2018; 26) derived this result and noticed that the right hand side of (43) could be
interpreted as a covariance. They also developed several alternative exact decompositions for the difference
InPgp' — INPg,". Their paper also develops a new theory of “excellent” index numbers.

*® This equation is the covariance identity which was first used by Bortkiewicz (1923) to show that
normally the Paasche price index is less than the corresponding Laspeyres index.

%" See Diewert and Feenstra (2017) for example.



19

Thus 2olnsy(p)/dlnp, < 0 if r < 0 (or equivalently, if the elasticity of substitution c=1—r
is greater than 1) and olnsy(p)/dlnp, > O if r satisfies 0 < r < 1 (or equivalently, if the
elasticity of substitution satisfies 0 < o < 1). If we are aggregating prices at the first stage
of aggregation where the products are close substitutes and purchasers have common
CES preferences, then it is likely that the elasticity of substitution is greater than 1 and
hence as the price of product n decreases, it is likely that the share of that product will
increase. Hence we expect the terms [Sn — Sin][INpm — Inp1n] to be predominantly
negative; i.e., if p1, is unusually low, then Inpy — Inpy, is likely to be positive and sy — Sin
is likely to be negative. On the other hand, if py, is unusually low, then Inpy, — Inpa, is
likely to be negative and sy, — 15, IS likely to be positive. Thus for closely related products,
we expect the covariances on the right hand sides of (43) to be negative and for Pgp' to be
less than Pg. We can combine this inequality with our previously established
inequalities to conclude that for closely related products, it is likely that Pp' < Pgp' < P1' <
PoL' < P.'. On the other hand, if we are aggregating at higher levels of aggregation, then it
is likely that the elasticity of substitution is in the range 0 < o < 1,® and in this case, the
covariances on the right hand sides of (43) will tend to be positive and hence in this case,
it is Ijé<e|y that Pgp' > PgL'. We also have the inequalities Pp' < Pgp' and Pg.' < P.'in this
case.

We turn now to some relationships between weighted and unweighted (i.e., equally
weighted) geometric price indexes.

5. Relationships between the Jevons, Geometric Laspeyres, Geometric Paasche and
Torngvist Price Indexes

In this section, we will investigate how close the unweighted Jevons index P;' is to the
geometric Laspeyres Pg. ', geometric Paasche Pgp' and Térnqvist Pt price indexes.

We first investigate the difference between the logarithms of Pg ' and P, Using the
definitions for these indexes, we have the following log differences fort=1,...,T:

(46) InPg.' — InPy' = =™ [510 — (1/N)][INptn — INP1n]
= NCov(s' — (1/N)1y, Inp' - Inp})
= &t

In the elementary index context where the N products are close substitutes and product
shares in period 1 are close to being equal, it is likely that € is positive; i.e., if In p, is
unusually low, then sy, is likely to be unusually high and thus it is likely that s;, — (1/N) >

“8 See Shapiro and Wilcox (1997) who found that ¢ = 0.7 fit the US data well at higher levels of
aggregation. See also Armknecht and Silver (2014; 9) who noted that estimates for  tend to be greater than
1 at the lowest level of aggregation and less than 1 at higher levels of aggregation.

%% See Vartia (1978; 276-290) for a similar discussion about the relationships between P, Pp', P&!, Pg.', Pp'
and P+'. Vartia extended the discussion to include period 1 and period t share weighted harmonic averages
of the price ratios, pm/pin. See also Armknecht and Silver (2014; 10) for a discussion on how weighted
averages of the above indexes could approximate a superlative index at higher levels of aggregation.
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0 and Inpy, — Inp1, minus the mean of the log ratios In(pw/p1n) is likely to be greater than 0
and hence & is likely to be greater than 0, implying that Pg.' > P,'. However, if N is small
and the shares have a high variance, then if product n goes on sale in period 1, we cannot
assert that sy, is likely to be greater than 1/N and hence we cannot be confident that & is
likely to be greater than 0 and hence we cannot confidently predict that P ' will be
greater than P;'.

There are three simple sets of conditions that will imply that Pg ' = Py% (i) the covariance
on the right hand side of (46) equals 0; i.e., Cov(s' — (1/N)1y, Inp' — Inp®) = 0; (ii) period
t price proportionality; i.e., p' = Ap* for some A, > 0; (iii) equal sales shares in period 1;
i.e., st = (1/N)1y.

Now look at the difference between the logarithms of Pgp' and P,'. Using the definitions
for these indexes, fort=1,...,T, we have:

(47) InPgp' — InPy' = 2ozt [0 — (L/N)][INPn — INp1n]
= NCov(s' — (1/N)1y, Inp' - Inph)
= T'lt.

In the elementary index context where the N products are close substitutes and the shares
s' are close to being equal, then it is likely that n, is negative; i.e., if In py is unusually
low, then sy, is likely to be unusually high and thus it is likely that sy, — (1/N) > 0 and Inp,
— Inp1, minus the mean of the log ratios In(pw/p1n) is likely to be less than 0 and hence
is likely to be less than 0 implying that Pgp' < Py'. However if N is small and the period t
shares s are not close to being equal, then again, we cannot confidently predict the sign
of the covariance in (47).

There are three simple sets of conditions that will imply that Pgp' = Py% (i) the covariance
on the right hand side of (47) equals 0; i.e., Cov(s' — (1/N)1y, Inp' — Inp*) = 0; (ii) period
t price proportionality; i.e., p' = Ap* for some A; > 0; (iii) equal sales shares in period t;
i.e., s'= (1/N)1.

Using the definitions for Pt and Py, the log difference between these indexes is equal to
the following expression fort=1,...,T:

(48) InP1' = InPy' = Ty [(Y2)stn + (¥2)S20 — (L/N)][INPen — INPas]
= NCov[(¥)s' + (*2)s* — (1/N)1y, Inp' — Inp*]
= (N/2)Cov(s' — (1/N)1n, Inp' = Inpt) + (N/2)Cov(s* — (1/N)1y, Inp' = InpY)
= (Y2)ec + (Ve

As usual, there are three simple sets of conditions that will imply that P+' = P%: (i) the
covariance on the right hand side of (48) equals 0; i.e., Cov[(*4)s' + (*4)s' — (1/N)1y,Inp' —
Inp'] = 0 = (B)e + ()1, or equivalently, Cov(s' — (1/N)1y, Inp' — Inp') = — Cov(s' —
(1/N)1y, Inp' = InpY); (ii) period t price proportionality; i.e., p' = A" for some A > 0; (iii)
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the arithmetic average of the period 1 and t sales shares are all equal to 1/N; i.e., (*)s' +
(#)s* = (1/N)1y.

If the trend deflated prices pw/A: are distributed independently across time and
independently of the sales shares s, then it can be seen that the expected values of the &;
and n; will be 0 and hence Pt = Py for t = 1,...,T. Thus it can be the case that the ordinary
Jevons price index is able to provide an adequate approximation to the superlative
Torngvist price index in the elementary price index context. However, if the shares are
trending and if prices are trending in divergent directions, then P;* will not be able to
approximate P+'. To illustrate this point, assume that shares and the logarithms of prices
are trending linearly over time; i.e., make the following assumptions:

(49) s'=s' + B(t=1) : Inp' = Inp* + y(t-1) ; t=2,3,..., T

where B = [B1,....Bn] = [B1r--BN] @nd y = [y1,...,y n] @re constant vectors and 3 satisfies the
additional restriction:

(50) B-1 = 0.

The restriction (50) is required to ensure that the shares s' sum to unity.*® Substitute
assumptions (49) into equations (46) and we obtain the following equations for t =
2,3,...,T:

(51) InPg.' — InPy' = (s — (1/N)1y)-(Inp' — InpY)
= (s" = (UN)1n)-y(t-1).

Thus if the inner product of the vectors (s* — (1/N)1y) and y is not equal to 0, InPg." and
InP," will diverge at a linear rate as t increases.”® In a similar fashion, substitute equations
(49) into equations (47) and we obtain the following equations fort = 2,3,..., T:

(52) InPgp' — InPy" = [s' = (1/N)1n]-[Inp" - Inp*]
= [s" + B(t-1) — (U/N)1n]y(t-1)
= [s" = (UN)IN]-y(t-1) + B-y(t-1)°.

Thus if the inner product of the vectors P and v is not equal to 0, InPgp' and InP;" will
diverge at a quadratic rate as t increases.”

Substituting (49) into equations (48) leads to the following equations fort = 2,3,...,T:

%% We also require that T be small enough so that each s' > Oy.

%L If the period 1 shares are not all equal and if the rates of growth of log prices differ, then note that we
cannot use elementary economic considerations to predict the sign of the inner product (s* — (1/N)1y)-y and
thus we cannot predict whether P, will be greater or less than Pg,".

%2 Again, we cannot predict the sign of the inner product [s* — (1/N)1y]-y but if the products are highly
substitutable, it is likely that B-y < 0. Hence if t is large enough, the quadratic term B-y(t-1)? on the right
hand side of (52) will dominate the linear term in t—1 and Pgp' will be less than P, under assumptions (49).
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(53) InP1' = InPy' = [(#4)s' + (Y2)s' — (1/N)1n]-[Inp' = Inp*]
= [s" = (UN)IN]-y(t-1) + ()R y(t-1)*

Thus if the inner product of the vectors B and y is not equal to 0, InP<" and InPy" will
diverge at a quadratic rate as t increases.

If all prices are growing at the same geometric rate so that y = A1y where X is a scalar,
then using (50), we have B-y = AB-1y = 0. We also have [s* — (L/N)1n]y = A[s* —
(1/N)1n]-1n = A[1 — 1] = 0. Thus if all prices grow at the same geometric rate, P)' = Pg ' =
Pep' = P1'. Thus in order to for P,' to diverge from P+, we require divergent rates of price
growth.

Assume that shares and log prices are trending linearly approximately so that
assumptions (49) and (50) hold approximately. If the N products are highly substitutable,
then it is likely that B and y are negatively correlated so that B-y < 0. In this case, if , > 0
(so that the share of product n is growing over time), then it is likely that y, — (1/N)y-1n <
0 so that the price of product n is falling relative to the average growth rate of product
prices. In this case, the quadratic term in t on the right hand side of (53), (¥2)B-y(t-1)%,
will eventually dominate the linear term in t, [s* — (1/N)1n]-y(t-1), and so for large t, P+
will tend to be less than P,'. If the products are not close substitutes, then it is likely that
B-y > 0 and hence for large t, Pt will tend to be greater than P, If t is small, then we
cannot be sure that the quadratic term in t—1 will dominate the linear term on the right
hand side of (53) and thus we cannot assert that P+ will tend to be greater than P,', since
the sign of the linear term is uncertain.

The results in this section can be summarized as follows: the unweighted Jevons (and
Dutot) indexes, Py and Pp', can provide a reasonable approximation to a fixed base
superlative index like P1' provided that the expenditure shares do not systematically trend
with time and prices do not systematically grow at diverging rates. If these assumptions
are not satisfied, then it is likely that the Jevons index will have some substitution bias;
P, is likely to exceed P1' as t becomes large if the products are close substitutes® and P’
is likely to be less than P1" as t becomes large if the products are not close substitutes.

6. Relationships between Superlative Fixed Base Indexes and Geometric Indexes
that use Average Annual Shares as Weights

We consider the properties of weighted Jevons indexes where the weight vector is an
annual average of observed monthly shares. Recall that the weighted Jevons (or Cobb
Douglas) price index Py' was defined by (15) in section 2 as Py’ = [lnt"
(pen/p1n) “ where the product weighting vector o satisfied the restrictions a >> Oy and

%% For our empirical example, P,' ended up below P+, contrary to our expectations. However, for small t, the
linear term in (t-1) on the right hand side of (53) can dominate the quadratic term in (t—1)%
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o-1y = 1. The following counterparts to the covariance identities (46)-(48) hold for t =

1,...,T where the Geometric Young index or weighted Jevons index Py, has replaced P,":>

(54) InPgL" — INPyo" = Zn=a™ [S10 — ][NP — INP1s]
= NCov(s' - a, Inp' = InpY);
(55) InPgp' — NPy = Tn=a™ [Stn — an][INPtn — INP1s]
= NCov(s' - a, Inp' - Inp");
(56) InP1" = InPyg' = Tpat™ [(¥2)Stn + (Y2)S10 — atn] [INPt — INP10]
= NCoV[(%2)s' + (2)s* — a, Inp' — Inp*]
= ()[INPeL! = INP3,] + (¥)[INPas' — INPy. .

Define a as the arithmetic average of the first T~ observed share vectors s":
(57) o=y (LTS

In the context where the data consists of monthly periods, T will typically be equal to
12; i.e., the elementary index under consideration is the weighted Jevons index Pj,' where
the weight vector o is the average of the observed expenditure shares for the first 12
months in the sample.

The decompositions (54)-(56) will hold for the o defined by (57). For a large T , o will
be close to a constant vector. If the N products are highly substitutable, it is likely that
Cov(s' — a, Inp' — Inp*) > 0 and Cov(s' — a, Inp' — Inp') < 0 and hence it is likely that Pg,'
> Py,  and Pep' < Py, If the products are not close substitutes, then it is likely that Pg, ' <
P, and Pgp' > Py, If there are no divergent trends in prices, then it is possible that the
average share price index Pj' could provide an adequate approximation to the
superlative Térnqvist index Pr'.

Note that t takes on the values t = 1,...,T in equations (54)-(56). However, annual share
indexes that are implemented by statistical agencies are not constructed in exactly this
manner. The practical month to month indexes that are constructed by statistical agencies
using annual shares of the type defined by (57) do not choose the reference month for
prices to be month 1; rather they chose the reference month for prices to be T~ + 1, the
month that follows the first year.>® Thus the reference year for share weights precedes the
reference month for prices. In this case, the logarithm of the month t > T~ + 1 annual
share weighted Jevons index, InPy,', is defined as follows where o is the vector of annual
average share weights defined by (57):

(58) InPy,' = St an[INprn — INPresan] ; t=T+1,T +2,...T.

> The relationship (56) was obtained by Armknecht and Silver (2014; 9); i.e., take logarithms on both sides
of their equation (12) and we obtain the first equation in equations (56).

> For our empirical example, T" = 13 since we aggregated weekly data for a year into 13 “months” where
each month consisted of 4 consecutive weeks.

% In actual practice, the reference month for prices can be many months after T~
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The following counterparts to the identities (54)-(56) hold for t = T +1,T +2,...,T where o
is defined by (57) and P, is defined by (58):

(59) InPGLt - InPJat = Zr1=1N [ST*+1,n - 0Cn] [Inptn_lin*+1,n]
= NCov(s" *=q, Inp'=Inp"*h);
(60) INPgp' — NPy = Tn=1™ [St—0tn] [INPn=INPT+1.0]
= NCov(s' - a, Inp' = Inp"™"™*);
(61) InPt' = INPy" = Znaa™ [(Y2)stn+(¥2)ST*41,1—0n] [INPr—INPT1.0]
= NCoV[(*2)s'+(¥2)s" —a, Inp'=Inp™ *}]
= (%)[INPeL=INPs,] + (%) [INPep=InPy, 1.

If the N products are highly substitutable, it is likely that Cov(s" "—a, Inp'=Inp" *}) > 0
so that Pg.' > Py.". It is also likely that Cov(s'—c., Inp'—Inp" %) < 0 and hence it is likely
that Pgp' < Py, in the highly substitutable case. If the products are not close substitutes,
then it is likely that Pg.' < Py,' and Pgp' > Py,". If there are no divergent trends in prices,
then it is possible that the average share price index P,,' could provide an adequate
approximation to the superlative Térnqvist index Pt'. However, if there are divergent
trends in prices and shares and the products are highly substitutable with each other, then
we expect the covariance in (60) to be more negative than the covariance in (59) is

positive so that P will tend to be less than the annual shares geometric index Py,">’

As usual, there are three simple sets of conditions that will imply that Pt = P,.": (i) the
covariance on the right hand side of (61) equals O; i.e., Cov[(*4)s+(¥)s' "-a,
Inp—Inp™**] = 0 or equivalently, Cov(s" "*~a., Inp'-Inp"™™**) = — Cov(s'-a., Inp'—Inp™"*?);
(i) period t price proportionality (to the prices of the price reference period); i.e., p' =
Ap' Tt for some A > O; (iii) the arithmetic average of the period T +1 and t sales shares
are all equal to o i.e., (¥2)s' + (*4)s' ™ = a. This last condition will hold if the shares s'

are constant over time and a is defined by (57).

Suppose that there are linear trends in shares and divergent linear trends in log prices; i.e.,
suppose that assumptions (49) and (50) hold. We look at the implications of these
assumptions for the exact relationships (54)-(56). Substituting (49) into equations (56)
leads to the following equations fort=2,3,...,T:

(62) InP1' — InPy, = [(¥2)s'+(%2)s'— a]-[Inp'=Inp]
= [s" - o]¥(t-1) + (A)B-y(t-1)°
= - (A)By(T -1)(t-1) + ()By(t-1)° using (49) and (57)
= (Y2)By(t-T )(t-1).

Thus if the inner product of the vectors B and y is not equal to 0, InP+* and InP,,! will
diverge at a quadratic rate as t increases. Under these trend assumptions, the average

" Qur frozen juice data were consistent with the products being highly substitutable. Thus for the 26
periods running from “month” 14 to 39, the arithmetic means for the Pgp', P, Py, Pol' were 0.81005,
0.83100, 0.83338 and 0.85270 respectively, which is consistent with our a priori expectations.
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share geometric index Py,' will be subject to some substitution bias (as compared to P+
which controls for substitution bias™®), which will grow over time.>®

Note that in real life, new products appear and existing products disappear. Our analysis
can take this fact into account in theory: we are assuming that we have somehow
calculated reservation prices for products that are not available in the current period.
However, product churn means that shares are not constant over time; i.e., product churn
will lead to (nonsmooth) trends in product shares. Superlative indexes like P¢' and Pt can
deal with new and disappearing products in a way that is consistent with consumer theory,
provided that suitable reservation prices have been either estimated or approximated by
suitable rules of thumb.

7. To Chain or Not to Chain

In the above discussions, we have focussed on direct indexes that compare the prices of
period t with the prices of period 1. But it is also possible to move from period 1 prices to
period t prices by jumping from one period to the next and cumulating the jumps. If the
second method is used, the resulting period t price index is called a chained index. In this
section, we will examine the possible differences between direct and chained Tornqvist
price indexes.

It is convenient to introduce some new notation. Denote the Térnqvist price index that
compares the prices of period j to the prices of period i (the base period for the
comparison) by P+(i,j). The logarithm of P+(i,j) is defined as follows for i,j = 1,...,N:

(63) InP1(i,j)) = (1/2)Zn_=1'\' (Sin + Sjn)(INpjn — INpipn)
= (%)(s' + §)-(Inp’ — Inp’).

The chained Toérnqvist price index going from period 1 to T will coincide with the
corresponding direct index if the indexes P+(i,j) satisfy the following multiperiod identity
test which is due to Walsh (1901; 389), (1921; 540):

(64) P+(1,2)P1(2,3)... P+(T-1,T)P(T,1) = 1.

The above test can be used to measure the amount that the chained indexes between
periods 1 and T differ from the corresponding direct index that compares the prices of
period 1 and T; i.e., if the product of indexes on the left hand side of if (64) is different
from unity, then we say that the index number formula is subject to chain drift and the
difference between the left and right hand sides of (64) serves to measure the magnitude
of the chain drift problem.® In order to determine whether the Térnqvist price index

% See Diewert (1976) on this point.

% As was the case in the previous section, if all prices grow at the same geometric rate, then P,,' = Pg, ' =
Pgp = P\

% Walsh (1901; 401) was the first to propose this methodology to measure chain drift. It was independently
proposed later by Persons (1921; 110) and Szulc (1983; 540). Fisher’s (1922; 284) circular gap test could
also be interpreted as a test for chain drift.



26

formula satisfies the multiperiod identity test (64), take the logarithm of the left hand side
of (64) and check whether it is equal to the logarithm of 1 which is 0. Thus substituting
definitions (63) into the logarithm of the left hand side of (64) leads to the following
expressions:™

(65) INP1(1,2) + INP(2,3) + ...+ INP(T—1,T) + InP+(T,1)
= Y%= (S1n+S20)(INP2n—INP1n) + ¥2Zn=1" (S2n+S30) (INP3n—INp20n) + ..
+ %50 (ST_1,0STn) (INPTR=INPT_1,0) + Y%Zn=t (STo+S1n)(INP1n—INprn)
= %% 021" (S1n—San)INPan + YoZn=1" (San—San)INP3n + ... + %Zn=" (St_20—S70)INPT_10
+ S ne1 (STn=S20)INP1n + ¥2Zn=1" (ST-1.0—S10)INPTA.

In general, it can be seen that the Tornqgvist price index formula will be subject to some
chain drift i.e., the sums of terms on the right hand side of (65) will not equal 0 in general.
However there are four sets of conditions where these terms will sum to 0.

The first set of conditions makes use of the first equality on the right hand side of (65). If
the prices vary in strict proportion over time, so that p' = Ap* for t = 2,3,....T, then it is
straightforward to show that (64) is satisfied.

The second set of conditions makes use of the second equality in equations (65). If the
shares s' are constant over time,®? then it is obvious that (64) is satisfied.

The third set of conditions also makes use of the second equality in (65). The sum of
terms Zpet" (Si—San)Inpzn is equal to (s'—s°):Inp? which in turn is equal to
(s*=s%)-(Inp>~Inp*) = NCov(s'=s> Inp?) where Inp* = (1/N) Zn-1" Inpzn, the mean of the
components of Inp?. Thus the N sets of summations on the right hand side of the second
equation in (65) can be interpreted as constants time the covariances of a difference in
shares (separated by one or more time periods) with the logarithm of a price vector for a
time period that is not equal to either of the shares in the difference in shares. Thus if
Cov(s'=s*Inp?) = Cov(s’=s*Inp®) = .. = Cov(s' >=s",Inp"™) = Cov(s'=s%Inp') =
Cov(s' *=s',Inp") = 0, then (64) will be satisfied. These zero covariance conditions will
be satisfied if the log prices of one period are uncorrelated with the shares of all other
periods. If the time period is long enough and there are no trends in log prices and shares,
so that prices are merely bouncing around in a random fashion,®® then these zero
covariance conditions are likely to be satisfied to a high degree of approximation and thus
under these conditions, the Tornqvist Theil price index is likely to be largely free of chain
drift. However, in the elementary index context where retailers have periodic highly
discounted prices, the zero correlation conditions are unlikely to hold. Suppose that
product n goes on sale during period 2 so that Inpz, is well below the average price for
period 2. Suppose product n is not on sale during periods 1 and 3. If purchasers have
stocked up on product n during period t, it is likely that s3, will be less than s;, and thus it

® persons (1928; 101) developed a similar decomposition using the bilateral Fisher formula instead of the
Tornqvist formula.

%2 If purchasers of the products have Cobb-Douglas preferences, then the sales shares will be constant.

8 Szulc (1983) introduced the term “price bouncing” to describe the behavior of soft drink prices in Canada
at the elementary level.
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is likely that Cov(s'—s> Inp?) < 0. Now suppose that product n is not on sale during period
2. In this case, it is likely that Inp,, is greater than the average log price during period 2.
If product n was on sale during period 1 but not period 3, then s;, will tend to be greater
than sz, and thus Cov(s'—s? Inp?) > 0. However, if product n was on sale during period 3
but not period 1, then sy, will tend to be less than ss, and thus Cov(s'-s* Inp?) < 0. These
last two cases should largely offset each other and so we are left with the likelihood that
Cov(s'=s*Inp?) < 0. Similar arguments apply to the other covariances and so we are left
with the expectation that the chained Toérnqvist index used in the elementary index
context is likely to drift downwards relative to its fixed base counterpart.®*

Since the Fisher index normally approximates the Tornqvist fairly closely, we expect
both the chained Fisher and Tornqvist indexes to exhibit downward chain drift. However,
in our empirical example, the above expectation that the Fisher index is subject to
downward chain drift was not realized: there was substantial upward chain drift for both
indexes. Feenstra and Shapiro (2003) also found upward chain drift in the Térnqgvist
formula using an alternative scanner data set. Persons (1928; 100-105) had an extensive
discussion of the chain drift problem with the Fisher index and he gave a numerical
example on page 102 of his article which showed how upward chain drift could occur.
We have adapted his example in Table 1 below.

Table 1: Prices and Quantities for Two Products and the Fisher Fixed Base and
Chained Price Indexes

t t t

p. | P a' | 9 P Pech'

2 100 | 1 | 1.00000 | 1.00000

10 25 | 80 | 3.55553 | 4.27321

AIWIN(F |~

2
1

10| 1| 40| 40| 4.27321 | 4.27321
1
2

5 50 | 20 | 2.45676 | 2.96563

Product 1 is on sale in period 1 and goes back to a relatively high price in periods 2 and 3
and then goes on sale again but the discount is not as steep as the period 1 discount.
Product 2 is at its “regular” price for periods 1-3 and then rises steeply in period 4.
Products 1 and 2 are close substitutes so when product 1 is steeply discounted, only 1 unit
of product 2 is sold in period 1 while 100 units of product 1 are sold. When the price of
product 1 increases fivefold in period 2, demand for the product falls and purchasers
switch to product 2 but the adjustment to the new higher price of product 1 is not
complete in period 2: in period 3 (where prices are unchanged from period 2), purchasers
continue to substitute away from product 1 and towards product 2. It is this incomplete
adjustment that causes the chained index to climb above the fixed base index in period

% Fisher (1922; 284) found little difference in the fixed base and chained Fisher indexes for his particular
data set which he used to compare 119 different index number formulae. Fisher (1922; noted that the Carli,
Laspeyres and share weighted Carli chained indexes showed upward chain drift. However, Persons (1921;
110) showed that the Fisher chained index ended up about 4% lower than its fixed base counterpart for his
agricultural data set covering 10 years. This is an early example of the downward chain drift associated
with the use of the Fisher index.
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3.% Thus it is not always the case that the Fisher index is subject to downward chain drift
but we do expect that “normally”, this would be the case.

The fourth set of conditions that ensure that there is no chain drift are assumptions (49)
and (50); i.e., the assumption that shares and log prices have linear trends. To prove this
assertion, substitute equations (49) into either one of the two right hand side equations in
(65) and we find that the resulting sum of terms is 0.% This result is of some importance
at higher levels of aggregation where aggregate prices and quantities are more likely to
have smooth trends. If the trends are actually linear, then this result shows that there will
be no chain drift if the Térngvist Theil index number formula is used to aggregate the
data.®” However, when this formula is used at the elementary level when there are
frequent fluctuations in prices and quantities, chain drift is likely to occur and thus the
use of a fixed base index or a multilateral index is preferred under these conditions.

The main advantage of the chain system is that under conditions where prices and
quantities are trending smoothly, chaining will reduce the spread between the Paasche
and Laspeyres indexes.?® These two indexes each provide an asymmetric perspective on
the amount of price change that has occurred between the two periods under
consideration and it could be expected that a single point estimate of the aggregate price
change should lie between these two estimates. Thus at higher levels of aggregation, the
use of either a chained Paasche or Laspeyres index will usually lead to a smaller
difference between the two and hence to estimates that are closer to the “truth”.

Hill (1988; 136-137), drawing on the earlier research of Szulc (1983), noted that it is not
appropriate to use the chain system when prices oscillate (or “bounce” to use Szulc’s
(1983; 548) term). This phenomenon can occur in the context of regular seasonal
fluctuations or in the context of periodic heavily discounting of prices. However, in the
context of roughly monotonically changing prices and quantities, Hill recommended the
use of chained symmetrically weighted indexes.®® The Fisher and Térnquist price index
indexes are examples of symmetrically weighted indexes.

An alternative to the use of a fixed base index is the use of a multilateral index. A
problem with the use of a fixed base index is that it depends asymmetrically on the choice
of the base period. If the structure of prices and quantities for the base period is unusual
and fixed base index numbers are used, then the choice of the base period could lead to
“unusual” results. Multilateral indexes treat each period symmetrically and thus avoid

% persons (1928; 102) explained that it was incomplete adjustment that caused the Fisher chained index to
climb above the corresponding fixed base index in his example.

® This result was first established by Alterman, Diewert and Feenstra (1999; 61-65).

% This transitivity property carries over to an approximate transitivity property for the Fisher and Walsh
index number formulae using the fact that these indexes approximate the Tornqvist Theil index to the
second order around an equal price and quantity point; see Diewert (1978) on these approximations.

%8 See Diewert (1978; 895) and Hill (1988) for additional discussion on the benefits and costs of chaining.
% Vartia and Suopera (2018) also recommend the use of symmetrically weighted index numbers.
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this problem. In the following section, we will introduce some possible multilateral
indexes that are free of chain drift (within our window of T observations).”

8. Relationships between the Térngvist Index and the GEKS and CCDI Multilateral
Indexes

It is useful to introduce some additional notation at this point. Denote the Laspeyres,
Paasche and Fisher price indexes that compare the prices of period j to the prices of
period i (the base period for the comparison) by Py (i,J), Pe(i,)) and Pg(i,j) respectively.
These indexes are defined as follows for r,t = 1,...,N:

(66) PL(rt) = plq/p’-q'
(67) Po(r.0) = pqlip"q' :
(68) Pe(rt) = [PL(r,t)Pp(r,t)]llz .

The Fisher indexes have very good axiomatic properties and hence are preferred indexes
from the viewpoint of the test or axiomatic approach.”

Obviously, one could choose period 1 as the base period and form the following sequence
of price levels relative to period 1: Pe(1,1) = 1, Pe(1,2), Pe(1,3), ..., Pe(1,T). But one could
also use period 2 as the base period and use the following sequence of price levels:
Pe(2,1), Pe(2,2) = 1, Pg(2,3), ..., Pe(2,T). Each period could be chosen as the base period
and thus we end up with T alternative series of Fisher price levels. Since each of these
sequences of price levels is equally plausible, Gini (1931) suggested that it would be
appropriate to take the geometric average of these alternative price levels in order to
determine the final set of price levels. Thus the GEKS price levels "*for periods t =
1,2,...,T are defined as follows:

(69) peeks' = [[Tr=1" Pe(r,t)]"".

Note that all time periods are treated in a symmetric manner in the above definitions. The
GEKS price indexes Pgeks' are obtained by normalizing the above price levels so that the
period 1 index is equal to 1. Thus we have the following definitions for Pgexs' for t =
1,..T:

(70) Pges' = Poexs/Peeks

It 1s straightforward to verify that the GEKS price indexes satisfy Walsh’s multiperiod
identity test which becomes the following test in the present context:

" Jvancic, Diewert and Fox (2009) (2011) advocated the use of multilateral indexes adapted to the time
series context in order to control chain drift. Balk (1980) (1981) also advocated the use of multilateral
indexes in order to address the problem of seasonal commodities.

! See Diewert (1992) on the axiomatic properties of the Fisher index.

2 Eltets and Kéves (1964) and Szulc (1964) independently derived the GEKS price indexes by an
alternative route. Thus the name GEKS has the initials of all four primary authors of the method. Ivancic,
Diewert and Fox (2009) (2011) suggested the use of the GEKS index in the time series context.
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(71) [Peeks’/Peexs 1[Poexs /Poexs’]...[Peeks /Poexs' 1[Peeks /Peeks ] = 1.

Thus the GEKS indexes are not subject to chain drift within the window of T periods
under consideration.

Recall definition (63) which defined the logarithm of the Térnqvist price index, InP+(i,j),
that compared the prices of period j to the prices of period i. The GEKS methodology can
be applied using P+(r,t) in place of the Fisher Pg(r,t) as the basic bilateral index building
block. Thus define the period t GEKS Térnquist price level, peekst, for t = 1,...,T as
follows:

(72) peekst' = [[T=1" Pr(r,0)1""

The GEKST price indexes Pgexst' are obtained by normalizing the above price levels so
that the period 1 index is equal to 1. Thus we have the following definitions for Pgexst'
fort=1,..T:

(73) PaeksT = PeeksT/PGEKST -

Since P+(r,t) approximates Pg(r,t) to the second order around an equal price and quantity
point, the Pgexst' will usually be quite close to the corresponding Pgexs' indexes.

It is possible to provide a very simple alternative approach to the derivation of the GEKS
Tornqist price indexes.” Define the sample average sales share for product n, s.,, and
the sample average log price for product n, Inp.n, as follows forn=1,...,N:

(74) Sn =21’ (UT)Stn;
(75) INpan = Zi=1 " (UT)INPyy -

The logarithm of the CCDI price level for period t, Inpccoi|, is defined by comparing the

prices of period t with the sample average prices using the bilateral Térnqvist formula;
i.e., fort=1,..,T, we have the following definitions:

(76) |I’]pCCD|t = anlN 1/2(Sm + S.n)(lnpm - Inp.n).

The CCDI price index for period t, Pcepy', is defined as the following normalized CCDI
price level fort=1,...,T:

(77) Peeot' = peeni/pecor” -

Using the above definitions, the logarithm of the CCDI price index for period t is equal to
the following expressions fort=1,...,T:

" This approach is due to Inklaar and Diewert (2015). It is an adaptation of the distance function approach
used by Caves, Christensen and Diewert (1982) to the price index context.
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(78) InPccor’ = Inpecor' — Inpecor”

= Zn=1™ (¥2)(Stn + Sen) (NPt — INPan) = Szt (¥2)(S1n + Sen)(INP1n — INPar)
INPT" + Sy (%2)(Stn — Sen) (INP1n = INPan) — Zn=1 (¥2)(S10 = Sen) (NP1 — INPap)
INPgeksT

where the last equality follows by direct computation or by using the computations in
Inklaar and Diewert (2015).”* Thus the CCDI multilateral price indexes are equal to the
GEKS Torngvist multilateral indexes defined by (73). Define s* = [S.1,..., Sen] as the
vector of sample average shares and Inp® = [Inp.s,...,Inp.n] as the vector of sample
average log prices. Then the last two terms on the right hand side of the penultimate
equality in (80) can be written as (¥2)NCov(s' — s°,Inp* — Inp®) — (¥2)NCov(s' — s°,Inp" —
Inp®). For our empirical example, the sample average of these two sets of covariance
terms turned out to be 0 with variances equal to 0.00024 and 0.00036 respectively. Thus
it is likely that InPccoi’ = InP1* for each t. Moreover, under the assumptions of linear
trends in log prices and linear trends in shares, assumptions (49) and (50), Alterman,
Diewert and Feenstra (1999) showed that the period t bilateral Térnqvist price index, Pr',
is equal to its chained counterpart for any t.”> This result implies that Pt = Pecpl' =
Peekst' for t = 1,...,T under the linear trends assumption. Thus we expect the period t
multilateral index, Pgexst' = Pcepi' to approximate the corresponding fixed base period t
Tornquist price index, P+, provided that prices and quantities have smooth trends.

Since P approximates P!, we expect that the following approximate equalities will hold
under the smooth trends assumption fort=1,...,T:

(79) Pe' = P1' ~ Pgexs' = Peekst' = Pecor'

The above indexes will be free from chain drift within the window of T periods;  i.e., if
prices and quantities for any two periods in the sample are equal, then the price index will
register the same value for these two periods.

9. Unit Value Price and Quantity Indexes

As was mentioned in section 2, there is a preliminary aggregation over time problem that
needs to be addressed; i.e., exactly how should the period t prices and quantities for
commodity n, p,' and gy, that are used in an index number formula be defined? During
any time period t, there will typically be many transactions in a specific commodity n at a
number of different prices. Hence, there is a need to provide a more precise definition for
the “average” or “representative” price for commodity n in period t, p,". Starting with

™ The second from last equality was derived in Diewert and Fox (2017; 17).

™ See the discussion below equation (65). Note that the assumption of linear trends in shares is not
consistent with the existence of new and disappearing products.

"® See de Haan (2015) and Diewert and Fox (2017) for discussions of the problems associated with linking
the results from one rolling window multilateral comparison to a subsequent window of observations.
Empirically, there does not appear to be much chain drift between the indexes generated by subsequent
windows.
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Drobisch (1871), many measurement economists and statisticians advocated the use of
the unit value (total value transacted divided by total quantity) as the appropriate price p,'
for commodity n and the total quantity transacted during period t as the appropriate
quantity, g."; e.g., see Walsh (1901; 96) (1921; 88), Fisher (1922; 318) and Davies (1924;
183) (1932; 59). If it is desirable to have g,' be equal the total quantity of commodity n
transacted during period t and also desirable to have the product of the price p,' times
quantity g,' to be equal the value of period t transactions in commodity n, then one is
forced to define the aggregate period t price for commodity n, p.', to be the total value
transacted during the period divided by the total quantity transacted, which is the unit
value for commodity n.”’

There is general agreement that a unit value price is an appropriate price concept to be
used in an index number formula if the transactions refer to a narrowly defined
homogeneous commodity. Our task in this section is to look at the properties of a unit
value price index when aggregating over commodities that are not completely
homogeneous. We will also look at the properties of the companion quantity index in this
section.

The period t unit value price level, puyv', and the corresponding period t unit value price
index, Puv/!, are defined as follows fort=1,...,T:

(80) puv' =p“q/ing';

(81) PUvt = Puvt/ puv1
= [p"qY/In-qVIp"q1nG"]
= [p"q¥p"q'VQuv!

where the period t unit value quantity index, Quy', is defined as follows fort=1,...,T:
(82) QUVt = 1N-qt/1N-ql.

It can be seen that the unit value price index satisfies Walsh’s multiperiod identity test
and thus Py\/' is free of chain drift.”®

We will look at the relationship of the unit value quantity indexes, Qu', with the
corresponding Laspeyres, Paasche and Fisher fixed base quantity indexes, Q.', Qp' and
Q¢ defined below fort=1,....T:

(83) QLt = pl'qt/pl'ql = Zn:1N Sln(Qtn/qm) ,
(84) Qp'=p"qYp"q" = [Zn=1" Stn(Gn/Gan) 17 ;
(85) Q' = [Q'QrT"2.

" For additional discussion on unit value price indexes, see Balk (2008; 72-74) and Diewert and von der
Lippe (2010).
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For the second set of equations in (83), we require that q;, > 0 for all n and for the second
set of equations in (84), we require that all g > 0. Recall that the period t sales share
vector s' = [Sy,...,s] was defined at the beginning of section 2. The period t quantity
share vector S' = [Sy,...,Sin] was also defined in section 2 as follows fort=1,...,T:

(86) S'=q'/1n-q' .
Below, we will make use of the following identities (87), which hold fort=1,...,T:

(87) Zn=1" [puv' — Pun]tin = Zntzl'j [(pt-gtllN-ctf) —tpt?]qtn using definitions (80)
(P-a/1n-9)Ing —p-q
0.

The following relationships between Quy' and Q. hold fort = 1,...,T:

(88) Quv' — Q' = [In-q71na"] - [p"q7p"q'] using (82) and (83)
= Sn1 S1n(Gn/G1n) — Znet S1n(Gn/an) using (86) and (83)
= anlN [S1n — S1n](Qtn/0l1n)
= NCov(S' - s',q'q")

where the vector of period t to period 1 relative quantities is defined as q'/q" = [qu/qu1,
Oi/O12...,Gi/q1n]. As usual, there are 3 special cases of (88) which will imply that Quy' =
Q. (i) S* = s so that the vector of period 1 real quantity shares S is equal to the period 1
sales share vector s*. This condition is equivalent to p* = A;1y so that all period 1 prices
are equal. (i) 9" = Aq* for t = 2,3,...,T so that quantities vary in strict proportion over time.
(iii) Cov(S* — s',q¥q') = 0.

There are two problems with the above bias formula: (i) it is difficult to form a judgement
on the sign of the covariance Cov(S' — s*,q¥q") and (ii) the decomposition given by (88)
requires that all components of the period 1 quantity vector be positive.®’ It would be
useful to have a decomposition that allowed some quantities (and sales shares) to be
equal to 0. Consider the following alternative decomposition to (89) fort=1,...,T:

(89) Quv' - QL' = [1n-qY1n-a"] - [p-q7p"q"] using (82) and (83)
= Zn=1 [(G/In-GY) = (PrnG/p™q1)]
=0 [(VAnGY) = (Pan/p™q")] Gt
=% [(p971nG") = Panl[Gu/p™q']
=T [puv’ — pinl[G/p™q'] using (80) fort=1
= =1 [Puv' = Pinl[Gin — 91nQuv' VPt using (87) fort=1
= Quv' Zh=t" [pUV1 — 1l [(G/Quv') — (11n]/p1'q1
= Quv' Zn=1" sua[(Puv/P1n) — 11[(Gn/G2nQuv’) — 1] if gin>0foralln

" For similar bias formulae, see Balk (2008; 73-74) and Diewert and von der Lippe (2010).

8 \We are assuming that all prices are positive in all periods (so if there are missing prices they must be
replaced by positive imputed prices) but we are not assuming that all quantities (and expenditure shares)
are positive.
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=Quv' &'
where the period t error term g ' is defined fort = 1,...,T as:
(90) e1' = Zn=1" [puv' — pral [(@0/Quv') — Gunl/p™g*
If g0 > 0 forn = 1,...,N, then g "is equal to Z=1" s1a[(Puv*/P1n) — 11[(Gen/G2nQuv') — 11.

Note that the terms on the right hand side of (89) can be interpreted as (N/p*-q") times the
covariance Cov(puv'In—p*, q—Quv'ql) since In-(q'—Quv'gt) = 0. If the products are
substitutes, it is likely that this covariance is negative, since if py, is unusually low, we
would expect that it would be less than the period 1 unit value price level pyy* so that
puv' — pin > 0. Furthermore, if pi, is unusually low, then we would expect that the
corresponding s, is unusually high, and thus it is likely that qu, is greater than gm/Quy'
and so gy — 91.Quv' < 0. Thus the N terms in the covariance will tend to be negative
provided that there is some degree of substitutability between the products.® However,
looking at formula (90) for ., it can be seen that all terms on the right hand side of (90)
do not depend on t, except for the N period t deflated product quantity terms, gu/Quy' for
n = 1,..,N. Hence if there is a great deal of variation in the period t quantities g, then
0u/Quv' — G could be positive or negative and thus the tendency for €' to be negative
will be a weak one. Thus our expectation is that the error term ¢, " is likely to be negative
and hence Quv' < Q' for t > 2 but this expectation is a weak one.

Our scanner data set listed in the Appendix uses estimated reservation prices for products
that were absent in any period. Note that the period t unit value price and quantity
indexes, Puyv' and Quyv' defined by (81) and (82) above are well defined using reservation
prices and O quantities for the unavailable products. However, Py, and Quy' do not
depend on the estimated reservation prices; i.e., the definitions of Puy' and Quy' zero out
the estimated reservation prices. However, the error term ¢, ' defined above by (90) does
not zero out the estimated reservation prices for products that are absent in period 1 but
present in period t. This makes sense, since Q.' = p*-q'/p*-q" will depend on the products n
that are absent in period 1 but are present in period t and in defining €., we are
comparing Quyv' (does not depend on pi,) to Q' (does depend on pin). Thus a unit value
price index in general cannot be consistent with the (Hicksian) economic approach to
index number theory if there are new or disappearing products in the sample of products.
This same point applies to the use of several multilateral indexes in the context of
changes in the availability of products as we shall see later.®

8 Note that this error term is homogeneous of degree 0 in the components of p*, g* and g. Hence it is
invariant to proportional changes in the components of these vectors.

% The results in previous sections looked at responses of product shares to changes in prices and with data
that are consistent with CES preferences, the results depended on whether the elasticity of substitution was
greater or less than unity. In the present section, the results depend on whether the elasticity of substitution
is equal to O or greater than O; i.e., it is the response of quantities (rather than shares) to lower prices that
matters.

8 An examination of formula (90) shows that if there are many missing products in period 1, this will tend
to increase the probability that €, " is negative.
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As usual, there are 3 special cases of (89) which will imply that Quv' = QL% (i) p* = Al
so that all period 1 prices are equal; (i) ' = Aq* for t = 2,3,...,T so that quantities vary in
strict proportion over time; (iii) Cov(puv'in — pt.q" — Quv'q") = 0. These conditions are
equivalent to our earlier conditions listed below (88).

If we divide both sides of equation t in equations (89) by Quyv', we obtain the following
system of identities fort=1,...,T:

(91) QL/Quv' =1 ¢
where we expect £, to be a small negative number in the elementary index context.

The identities in (89) and (91) are valid if we interchange prices and quantities. The
quantity counterparts to puy' and Pyy' defined by (80) and (81) are the period t Dutot
quantity level qp' and quantity index Qp' * defined as gp' = p'-q¥/1n-p' = a'q' (Where o' =
p'/1n-p' is a vector of period t price weights for ") and Qp' = quv'/quv* = [p"q¥p'-q']/Po"
where we redefine the period t Dutot price level as pp' = 1n-p' and the period t Dutot price
index as Pp' = pp'/pp" = 1n-pY/1n-p* Which coincides with our earlier definition (10) for Pp'.
Using these definitions and interchanging prices and quantities, equations (91) become
the following equations fort=1,...,T:

(92) PL/Pp' = 1- "
where the period t error term g." is defined fort = 1,...,T as:

(93) e.” =Zn=1" [Ap" — Gunl[(Pr/PD) — Penl/p™0"

If p1, is unusually low, then it is likely that it will be less than py/Pp' and it is also likely
that g;n, will be unusually high and hence greater than the average period 1 Dutot quantity
level, go. Thus the N terms in the definition of " will tend to be negative and thus 1 —
e, will tend to be greater than 1. Thus there will be a tendency for Pp' < P,' for t > 2 but

again, this expectation is a weak one.

It can be verified that the following identities hold for the period t Laspeyres, Paasche
and unit value price and quantity indexes fort=1,...,T:

(94) pt.qt/pl.ql — PUVtQUVt — PPtQLt — PLtQPt-
Equations (94) imply the following identities fort=1,...,T:

(95) Puv'/Pp' = QLYQuv!
=1- 8|_t

8 Balk (2008; 7) called Q' a Dutot-type quantity index.
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where the last set of equations follow from equations (91). Thus we expect that Puy' > Pp'
for t = 2,3,...,T if the products are substitutes and . is negative.

We now turn our attention to developing an exact relationship between Quy' and the
Paasche quantity index Qp'. Using definitions (82) and (84), we have fort=1,...,T:

(96) [QuvT™ - [QeT™ = [1n-a/1n-gT - [p"q'/p"q]] using (82) and (84)
= Zn=1N [Stn - Stn] [qln/qtn]
= NCov(S' -s',q'/q")

where the second set of equalities in (96) follows using (88) and (86), assuming that g, >
Oforn=1,...,N.

As usual, there are 3 special cases of (96) which will imply that Quv' = Qp": (i) S' = s' so
that the vector of period t real quantity shares S' is equal to the period t sales share vector
s. This condition is equivalent to p' = Ay so that all period t prices are equal. (ii) ' =
MO Ior t = 2,3,...,T so that quantities vary in strict proportion over time. (iii) NCov(S'
—s'.q'/q") = 0.

Again, there are two problems with the above bias formula: (i) it is difficult to form a
judgement on the sign of the covariance NCov(S' —s',g'/q") and (ii) the decomposition
given by (96) requires that all components of the period t quantity vector be positive. We
will proceed to develop a decomposition that does not require the positivity of g'. The
following exact decomposition holds fort=1,...,T:

97) [Quv'T™ - [Qe™ = [In-a/1n-aT - [p“a/p"q]
= Tt [(G2n/In-T) = (PrnClan/p™q)]
=S [(UAn-0") = (P/p )]0
=1 [(04971n-0") — Pl [Aan/P"]
= =1 [pov' = pnd[an/p"q1] using (80) fort=t
= Sn1 [Puv = Pl [Gn — G/ QuH)]/p" using (87) fort =t
= [QuvT™ Zn=t" [Puv' — Pinl[(G2nQuv) — dnl/p"dt
= [Quv'T ™ Zn=1 snl(PuvPm) — 11[(91nQuv/tn) — 1] if g > 0 for all n
= [QuvT " &'

where the period t error term &' is defined as follows fort=1,...,T:

(98) &p' = Zn=1" [puv' — penl[(A1nQuv) — Al /pq>

% Note that this error term is homogeneous of degree 0 in the components of p', g* and g". Thus for A > 0,
we have ep(p'ahaY) = er(Ap',aLa") = er(p',2q%") = ep(p',q",Aq"). Note also that ep' is well defined if some
quantities are equal to 0 and &p' does depend on the reservation prices py, for products n that are not present
in period t. If product n is missing in period t, then it is likely that the reservation price py, is greater than
the unit value price level for period t, puy', and since gy, = 0, it can be seen that the nth term on the right
hand side of (98) will be negative; i.e., the greater the number of missing products in period t, the greater is
the likelihood that &' is negative.
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If gy > 0 forn=1,...,N, then &' is equal t0 Zn=1" su[(Puv'/Pem) — 11[(01nQuva) — 1].

Note that the terms on the right hand side of (97) can be interpreted as (N/p“q') times the
covariance Cov(puv'ln — p',a* - [Quv'Tq") since 1n-(q* — [Quv'Tq") = 0. If the products
are substitutable, it is likely that this covariance is negative, since if py, is unusually low,
we would expect that it would be less than the period t unit value price pyy' so that puy' —
pm > 0. If py, is unusually low, then we also expect that the corresponding g, is unusually
high, and thus it is likely that gy, is greater than g1,Quv' and o g1,Quv' — G < 0. Thus the
N terms in the covariance will tend to be negative. Thus our expectation is that the error
term &p' < 0 and [Quv']™ < [Qp'] ™ or Quv' > Qp' fort>2.%

There are 3 special cases of (97) which will imply that Quv' = Qp%: (i) p' = Ay SO that all
period t prices are equal; (ii) q' = A«q® for t = 2,3,...,T so that quantities vary in strict
proportion over time; (iii) Cov(puv'In — p'.q* — [Quv']q") = 0. These conditions are
equivalent to our earlier conditions listed below (96).

If we divide both sides of equation t in equations (97) by [Quv']™", we obtain the
following system of identities fort=1,...,T:

(99) Qp/Quv' = [1 — &'™

where we expect &' to be a small negative number if the products are substitutable. Thus
we expect Qp' < Quv' < Q. 'fort=2,3,....T.

Equations (97) and (99) are valid if we interchange prices and quantities. Using the
definitions for the Dutot price and quantity levels and indexes t and interchanging prices
and quantities, equations (99) become Pp' /P’ = [1 — &1 where &" = 201" [0p" —
Gl [(P1nP0") — pl/p"q' for t = 1,...,T. If py, is unusually low, then it is likely that it will be
less than pw/Pp’ and it is also likely that gy, will be unusually high and hence greater than
the average period t Dutot quantity level gp". Thus the N terms in the definition of &"
will tend to be negative and hence a tendency for [1 — &5" | * to be less than 1. Thus there
will be a tendency for Pp' < Pp' for t > 2.

Equations (94) imply the following identities fort =1,...,T:

(100) Puv/P." = Qp'1Quv!
=[1-e]"

where the last set of equations follow from equations (99). Thus we expect that Pp' < Pyy!
<P/'fort=2.3,..T if the products are substitutes.

¥ Our expectation that &' is negative is more strongly held than our expectation that . is negative.
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Equations (95) and (100) develop exact relationships for the unit value price index Puy'
with the corresponding fixed base Laspeyres and Paasche price indexes, P.' and Pp'.
Taking the square root of the product of these two sets of equations leads to the following
exact relationships between the fixed base Fisher price index, P¢, and its unit value
counterpart period t index, Puy', fort=1,...,T:

(101) Puv' = PE{(1 — e)/( 1 — ")}

where g, " and &' are defined by (90) and (98). If there are no strong (divergent) trends in
prices and quantities, then it is likely that ¢ ' is approximately equal to &' and hence
under these conditions, it is likely that Puy' = Pg'; i.e., the unit value price index will
provide an adequate approximation to the fixed base Fisher price index under these
conditions. However, with diverging trends in prices and quantities (in opposite
directions), we would expect the error term &' defined by (98) to be more negative than
the error term g ' defined by (90) and thus under these conditions, we expect the unit
value price index Puy' to have a downward bias relative to its Fisher price index
counterpart P¢.%’

However, for our empirical example, the unit value price indexes did not approximate
their Fisher counterparts very well: the sample averages of the Pyy' and P¢' were 1.0126
and 0.9745 respectively. The sample averages of the ¢ ' and &' were —0.1147 and
—0.0316 respectively so on average, these error terms were negative as anticipated but the
average magnitude of the &, ' was very much larger than the average magnitude of the ¢p".
The reason for the large differences in the averages of the & " and &' can be traced to the
fact that products 2 and 4 had 0 quantities for observations 1-8. An examination of
formula (90) for . shows that if some qs, are equal to 0 and the corresponding imputed
prices pi, are greater than the unit value price for observation 1, puy', then the nth term in
the sum of terms on the right hand side of can become negative and large in magnitude,
which can explain why the average magnitude of the &' was very much larger than the
average magnitude of the ep'. Thus we dropped the data for year 1 and started our indexes
at the beginning of year 2. The resulting computations showed that the unit value price
indexes approximated their Fisher counterparts much more closely: the new sample
averages for the Pyy' and P¢' were 0.7963 and 0.8309 which is in line with our a priori
expectations (that the unit value price index was likely to have a downward bias relative
to its fixed base Fisher index counterpart). The new sample averages of the &' and &p'
were 0.0046 and — 0.0873 respectively.

It is possible that unit value price indexes can approximate their Fisher counterparts to
some degree in some circumstances but these approximations are not likely to be very

8 The Dutot price index counterparts to the exact relations (101) are P' = Po'{(1 — &.")/( 1 — &)} for t
=1,..,T. Thus with diverging trends in prices and quantities (in opposite directions), we would expect the
error term &' to be more negative than the error term g and hence we would expect Pp' > P for t > 2.
Note that the Dutot price index can be interpreted as a fixed basket price index where the basket is
proportional to a vector of ones. Thus with divergent trends in prices and quantities in opposite directions,
we would expect the Dutot index to exhibit substitution bias and hence we would expect Pp' > P! for t > 2.
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accurate. If the products are somewhat heterogeneous and there are some divergent trends
in price and quantities, then the approximations are likely to be poor.®® They are also
likely to be poor if there is substantial product turnover.

10. Quality Adjusted Unit Value Price and Quantity Indexes

In the previous section, the period t unit value quantity level was defined by quv' = 1n-'
= Y1 G for t = 1,...,T. The corresponding period t unit value quantity index was
defined by (82) for t = 1,...,T: Quv' = 1n-q71n-q". In the present section, we will consider
quality adjusted unit value quantity levels, quv.', and the corresponding quality adjusted
unit value quantity indexes, Quv.., defined as follows fort=1,...,T:

(102) quve' = o' ;
(103) QUVont = qUVat/qUVal = Oc-qt/(x-ql

where a = [oy,...,an] IS @ vector of positive quality adjustment factors. Note that if
consumers value their purchases of the N products according to the linear utility function
f(q) = a-q, then the period t quality adjusted aggregate quantity level quve' = o.-q' can be
interpreted as the aggregate (sub) utility of consumers of the N products. Note that this
utility function is linear and thus the products are perfect substitutes, after adjusting for
the relative quality of the products. The bigger ay is, the more consumers will value a
unit of product n over other products. The period t quality adjusted unit value price level
and price index, puve and Puvs, are defined as follows fort=1,...,T:

(104) pquftE Iot-q‘/guwt = pt-qtt/at-qtl: o
(105) Puva = puve/Puve =[p-q/p™q1/Quv -

It is easy to check that the quality adjusted unit value price index satisfies Walsh’s
multiperiod identity test and thus is free from chain drift.® Note that the Pyy,,' and Quve'
do not depend on the estimated reservation prices; i.e., the definitions of Py, and Quvi.
zero out any reservation prices that are applied to missing products. Thus a quality
adjusted unit value price index in general cannot be consistent with the (Hicksian)
economic approach to index number theory if there are new or disappearing products in
the sample of products under consideration.

We will start out by comparing Quv.' to the corresponding Laspeyres, Paasche and Fisher
period t quantity indexes, Q.', Qp' and Q¢". The algebra in this section follows the algebra

® The problem with unit value price indexes is that they correspond to an additive quantity level. If one
takes the economic approach to index number theory, then an additive quantity level corresponds to a linear
utility function which implies an infinite elasticity of substitution between products, which is too high in
general.

% The term “quality adjusted unit value price index” was introduced by Dalén (2001). Its properties were
further studied by de Haan (2004) and de Haan and Krsinich (2018). Von Auer (2014) considered a wide
variety of choices for the weight vector a (including o = p* and o = p') and he looked at the axiomatic
properties of the resulting indexes.
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in the preceding section. Thus the counterparts to the identities (87) in the previous
section are the following identities fort=1,...,T:

(106) Zn=1" [onPuve’ — Puldin = Zn=1" [on(p"q70-q") = pw]din using definitions (104)
(p"q/o-q)a-q - p-q'
0.

The difference between the quality adjusted unit value quantity index for period t, Quva
and the Laspeyres quantity index for period t, Q.', can be written as follows fort=1,...,T:

(107) Quva' — QL' = [e-q'erq'] - [p*q"p*q'] using (83) and (103)
= Zne1 [(onbin/o-qY) — (Prnlin/P 0]
= Zna1 [(an/orq?) — (Pro/P™0H)] G
= Zne1 [(anpq'erq") = o] [Gen/p™0']

= %=1 [onPuve” — Punl[Gn/p '] using (104) fort=1
= %=1 [onPuva’ = Pinl[Gn — GnQuve I/p™q" using (106) for t = 1
= Quva' Zn=1" anlPuve’ — (P1n/on)][(Ain/Quve) — Gunl/p™g*

= Quve ELa

where the period t error term g, is defined fort = 1,...,T as:

(108) 10! = Znt™ atnlPuvet — (Pun/on) 1[G/ Quve) — Ganl/pta-. %

Assuming that o, > 0 for n = 1,...,N, the vector of period t quality adjusted prices p,' is
defined as follows fort=1,...,T:

(109) pat = [Ptras-+» PiNo] = [Pra/o,Pro/0t,...,Pend o]

It can be seen that puve: — (P1n/ow) is the difference between the period 1 unit value price
level, puve', and the period 1 quality adjusted price for product n, pin/o.. Define the
period t quality adjusted quantity share for product n (using the vector a of quality
adjustment factors) as follows fort=1,...Tandn=1,...,N:

(110) Stna = anqtn/a‘qt.

The vector of period t quality adjusted real product shares (using the vector a of quality
adjustment factors) is defined as Sy’ = [Stre, Stz Stne] fOr t = 1,...,T. It can be seen that
these vectors are share vectors in that their components sum to 1; i.e., we have for t =
1,...T:

% This error term is homogeneous of degree 0 in the components of p*, g* and q'. Hence it is invariant to
proportional changes in the components of these vectors. Definition (108) is only valid if all o, > 0. If this
is not the case, redefine €.,' as Zp=1" [0wPuva’ — P[0 — G1:Quval/p®-q* and with this change, the
decomposition defined by the last line of (107) will continue to hold. It should be noted that ' does not
have an interpretation as a covariance between a vector of price differences and a vector of quantity
differences.
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(111) 1n-So' = 1.

Using the above definitions, we can show that the period t quality adjusted unit value
price level, puv. defined by (104) is equal to a share weighted average of the period t
quality adjusted prices pma = pw/on defined by (109); i.e., for t = 1,...,T, we have the
following equations:

(112) puve' = p“q/o-q' using (104)
= 2n:lN (ptn/OLn)(OCthn)/O’Jqt
= Znt=1N tStnaptnoc using (109) and (110)
= Sa Pa. -

Now we are in a position to determine the likely sign of .,' defined by (108). If the
products are substitutable, it is likely that ., is negative, since if p1, is unusually low,
then it is likely that the quality adjusted price for product n, pin/a, is below the weighted
average of the quality adjusted prices for period 1 which is puva’ = Sa’-pa’ Using (112)
for t = 1. Thus we expect that puve" — (Pin/an) > 0. If p1n is unusually low, then we would
expect that the corresponding g1 is unusually high, and thus it is likely that g, is greater
than Gu/Quve: and so gu/Quve’ — Gin < 0. Thus the sum of the N terms on the right hand
side of (108) is likely to be negative. Thus our expectation®® is that the error term g.,' < 0
and hence Quvo' < Q' fort> 2.

As usual, there are 3 special cases of (108) which will imply that Quv' = Q% (i) ps =
A1y so that all period 1 quality adjusted prices are equal; (i) q' = A«q* for t = 2,3,..., T so
that quantities vary in strict proportion over time; (iii) the following sum of price
differences times quantity differences equals 0; i.e., Zn=1" [onPuve — P1nl[(Gn/Quve’) —
qln] =0.

If we divide both sides of equation t in equations (108) by Quv', we obtain the following
system of identities fort=1,...,T:

(113) QL/Quve' =1 — &1’
where we expect ., to be a small negative number if the products are substitutes.

The difference between reciprocal of the quality adjusted unit value quantity index for
period t, [Quve'] and the reciprocal of the Paasche quantity index for period t, [Qp'] %,
can be written as follows fort=1,...,T:

(114) [Quvel " = [QeT * = [0-qY/0q'] — [p“q/p"q]] using (84) and (103)
=S [(anqln/a'qt) - (ptnqln/pt‘qt)]

%1 As in the previous section, this expectation is not held with great conviction if the period t quantities have
a large variance.
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= Zn=1" [(on/oq’) = (P/p"0)]d1n

= Sna1 [(onp™qYorq’) — pel[Gun/ptq]

= Zne1" [onPuva’ — Pinl[Gzn/p] using (104)
=T [OlnpUVoct — Ptn][01n — (Qtn/QUVott)]/pt'qt using (106)
= [Quva'T ™ Zn=t" an[puve — (Pu/on)][(G2:Quve’) — Gnl/pa"

= [Quval™ rd'
where the period t error term ep,,' is defined for t = 1,...,T as:

(115) ep' = Zn=1" otn[Puve’ — (Pu/on)1[(A1nQuve) — dul/p"-q".>

If the products are substitutable, it is likely that p,' is negative, since if py, is unusually
low, then it is likely that the period t quality adjusted price for product n, pw/o, is below
the weighted average of the quality adjusted prices for period t which is puve' = Sa" P
using (112). Thus we expect that puve — (Pin/on) > 0. If py is unusually low, then we
would expect that the corresponding g is unusually high, and thus it is likely that g, is
greater than g1,Quve' and so q1.Quva' — G < 0. Thus the sum of the N terms on the right
hand side of (115) is likely to be negative. Thus our expectation is that the error term ep,,'
< 0 and hence [Quvq']™ < [QLY ™ for t> 2. Assuming that €., is also negative, we have
Qr' < Quve' < Q. fort=2,...,T as inequalities that are likely to hold.

As usual, there are 3 special cases of (114) which will imply that Quva' = Qg (i) po’ =
ALy so that all period t quality adjusted prices are equal; (i) q' = Aq* fort=2,3,...,T so
that quantities vary in strict proportion over time; (iii) the following sum of price
differences times quantity differences equals zero: i.e., Zn=1" [oPuve — Pul[(A1nQuve) —
qtn] =0.

If we divide both sides of equation t in equations (114) by [Quv']™, we obtain the
following system of identities fort=1,...,T:

(116) Qp'/Quva’ = [1 — epa]™
where we expect p,,' to be a small negative number if the products are substitutes.

Equations (113) and (116) develop exact relationships for the quality adjusted unit value
quantity index Quv With the corresponding fixed base Laspeyres and Paasche quantity
indexes, Q. and Qp". Taking the square root of the product of these two sets of equations
leads to the following exact relationships between the fixed base Fisher quantity index,
QF, and its quality adjusted unit value counterpart period t quantity index, Quv,., for t =
1,...T:

% This error term is homogeneous of degree 0 in the components of p', g* and g'. Hence it is invariant to
proportional changes in the components of these vectors. Definition (115) is only valid if all a,, > 0. If this
is not the case, redefine ep,' s Zn-1" [aPuve — Pull(G1nQuve) — Gwl/p“q" and with this change, the
decomposition defined by the last line of (114) will continue to hold..



43

(117) Q' = Quva{(1 — eLa)/( 1 — epa)}

where g.,' and ep,' are defined by (108) and (115). If there are no strong (divergent)
trends in prices and quantities, then it is likely that e, is approximately equal to &p,' and
hence under these conditions, it is likely that Quvs' = Qf'; i.e., the quality adjusted unit
value quantity index will provide an adequate approximation to the fixed base Fisher
price index under these conditions. However, if there are divergent trends in prices in
quantities (in opposite directions), then it is likely that ep, will be more negative than .,
and hence it is likely that Q' < Quve' for t = 2,...,T; i.e., with divergent trends in prices
and quantities, the quality adjusted unit value quantity index is likely to have an upward
bias relative to its Fisher quantity index counterparts.”

Using equations (105), we have the following counterparts to equations (94) for t =
1,...T:

(118) p“a'/p" 9" = Puva Quvo = PpQL' = PL'Qs"
Equations (113), (116) and (118) imply the following identities fort=1,...,T:

(119) Puve/Pp' = QLQuve' = 1 — &L4';
(120) Puve /P = Qp'Quve' = [1 - &poT

We expect that €' and ep,' will be predominantly negative if the products are substitutes
and thus in this case, the quality adjusted unit value indexes Pyv,' should satisfy the
inequalities Pp' < Pyve <P 'fort=2,3,...T.

Taking the square root of the product of equations (119) and (120) leads to the following
exact relationships between the fixed base Fisher price index, P¢', and its quality adjusted
unit value counterpart period t index, Puy', fort =1,...,T:

(121) Puve' = PE{(1 — eLo)/( 1 — pa)}H2

where g,' and ep,' are defined by (108) and (115). If there are no strong (divergent)
trends in prices and quantities, then it is likely that g, is approximately equal to &p,' and
hence under these conditions, it is likely that Puve' =~ Pg'; i.e., the quality adjusted unit
value price index will provide an adequate approximation to the fixed base Fisher price
index under these conditions. However, if there are divergent trends in prices and
quantities, then we expect ep,' to be more negative than e.,' and hence there is an
expectation that Pyy,' < Pg' for t = 2,...,T; i.e., we expect that normally Pyy,' will have a

% As was the case in the previous section, if there are missing products in period 1, the expected inequality
Puve' < P¢ may be reversed, because ¢, ' defined by (108) may become significantly negative if some qy, =
0 while their corresponding reservation prices p, > 0.
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downward bias relative to P.** However, if there are missing products in period 1, then
the bias of Puy,,' relative to P¢' is uncertain.

11. Relationships between Lowe and Fisher Indexes

We now consider how a Lowe (1823) price index is related to a fixed base Fisher price
index. The framework that we consider is similar to the framework developed in section
6 above for the annual share weighted Jevons index, Py,". In the present section, instead
of using the average sales shares for the first year in the sample as weights for a weighted
Jevons index, we use annual average quantities sold in the first year as a vector of
quantity weights for subsequent periods. Define the annual average quantity vector q° =
[q1,....qn ] for the first T" periods in the sample that make up a year, q , as follows:*

(122)q = (UT)Z=1" g

As was the case in section 6, the reference year for the weights precedes the reference
month for the product prices. Define the period t Lowe (1823) price level and price index,
PLo and PLo' by (123) and (124) respectively fort = T +1,T +2,...,T:

(123) pLo =p“a;
(124) Pl_ot = pLot/pLOT*+l — pt_a/pT*+l_a

V\ihere the constant price weights vector a is defined as the annual average weights vector
q defined by (122); i.e., we have:

(125) a=q .

The period t Lowe quantity level, g, agd thg corresponding period t Lowe quantity
index, Q.o are defined as follows fort =T +1,T +2,...,T:

(126) gro' = p*q¥/pLo’ = p"q7/p"ct = Zn=1" (Pin0tn)(Ctnotn)/p"-0t *°

(127) QLOt = qLot/qLOT*+1 — [pt'qt/pT*+l'qT*+l]/PLOt-

% Recall that the weighted unit value quantity level, quy,' is defined as the linear function of the period t
quantity data, o-q". If T > 3 and the price and quantity data are consistent with purchasers maximizing a
utility function that generates data that is exact for the Fisher price index Q¢', then Quy.' will tend to be
greater than Q' (and hence Pyy,' will tend to be less than P¢') for t > 2. See Marris (1984; 52), Diewert
(1999; 49) and Diewert and Fox (2017; 26) on this point.

% |f product n was not available in the first year of the sample, then the nth component of g, q,", will equal
0 and hence the nth component of the weight vector a defined by (125) will also equal 0. If product n was
also not available in periods t > T" + 1, then looking at definitions (123) and (124), it can be seen that P, o'
will not depend on the reservation prices p,, for these subsequent periods where product n is not available.
Thus under these circumstances, the Lowe index cannot be consistent with the (Hicksian) economic
approach to index number theory since Koniis (1924) true cost of living price indexes will depend on the
reservation prices.

% This last inequality is only valid if all o, > 0.
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It can be seen that the Lowe price index defined by (124) is equal to a weighted Dutot
price index; see definition (14) above. It is also structurally identical to the quality
adjusted unit value quantity index Quv.' defined in the previous section, except the role
of prices and quantities has been reversed. Thus the identity (107) in the previous section
will be valid if we replace Quve' by PLo, replace Q.' by P,' and interchange prices and
quantities on the right hand side of (107).%” The resulting identities are the following ones
fort=T +1,T+2,..,T:

(128) Pro' — PLt = Spet™ [0 P/ ™) = (Punlresan/p’ g7 )]
— anlN [((Xn/(x'pT*+l) _ (qT*+1,n/pT*+1'qT*+1)]ptn
=5 [( 0anT*+1 qT*+l/ o pT* 1) Ares ] [P /pT*+1_qT*+1]
= %ot [onbio = OresallPu/p’ q" using (126) for t = T™+1
= z3n=1N [anQLoT* H_ QT*+1 ol[Ptn — PresinPLollp’ gt %
- P|_0 Zn= 1 [(XnQLo — Qr*+1,n] [(ptn/PLo) pT*+1 n]/pT 1, T +
= I:)Lo 2= 1 0Cn[QLo - (qT*+1 n/(xn)][(ptn/PLo) Pr*+1, n]/p

- I:)Lo SLOL

T*+1 g

where the period t error term &' is now defined for t = T +1,...,T as follows:

T*+1 T*+1 99

(129) SLont = anlN O(n[qLoT*Jrl - (qT*+l,n/0Ln)] [(ptn/PLo) Pr*+1, n]/p

If the products are substitutable, it is likely that e, is negative, since if presin iS

unusually low, then it is likely that (pm/PLo) — Pr=s1n > 0 and that gre+10/on is unusually
large and hence is greater than q.o', which is a weighted average of the period T +1
quantity ratios, Qres11/0t1, Qre+12/0,..., Qr=s1n/an Using definition (126) for t = T +1.
Thus the sum of the N terms on the right hand side of (129) is likely to be negative. Thus
our expectation'® is that the error term ¢,,' < 0 and hence P o' <P ' fort> T~ + 1.

The a, can be interpreted as inverse quality indicators of the utility provided by one unit
of the nth product. Suppose purchasers of the N commodities have Leontief preferences
with the utility function f(g1,92,...,qn) = min  {g/an : N =1,2,...,.N}. Then the dual unit
cost function that corresponds to this functional form is c(pl,pz, APN) = Znet’ Pain = ProL.
If we evaluate the unit cost function at the prices of period t, p', we obtain the Lowe price
level for period t defined by (123); i.e., pLo' = p“a. Thus the bigger o, is, the more units
of g, it will take for purchasers of the N commodities to attain one unit of utility. Thus
the o, can be interpreted as inverse indicators of the relative utility of each product.

" We also replace period 1 by period T"+1.

% This step follows using the following counterpart to (106): Zp-1" [onGio’ - — OrestnlPressn = 0.

% Note that this error term is homogeneous of degree 0 in the components of p™*%, q'** and p'. Hence it is
invariant to proportional changes in the components of these vectors. Definition (129) is only valid if all o,
> 0. If this is not the case, redefine &, s Zn=1" [0nlio = Gresrn][(Pr/PLo) — Presnl/p’ q" * and with
this change, the decomposition defined by the last line of (128) will continue to hold.

1% This expectation is not held with great conviction if the period t prices have a large variance.
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As usual, there are 3 special cases of (128) which will imply that P.o'=P.% (i) q" ™ =Aq"
for some A > 0 so that the period T +1 quantity vector ' ** is proportional to the annual
average quantity vector q for the base year; (ii) p' = Ap' ™ for some A > 0 for t =
T'+1,...,T so that prices vary in strict proportion over time; (iii) the sum of terms Z,=,"
[OCHQLoT*Jr1 — Qr*+1,n] [(ptn/PLot) — Pr*+1,n] = 0.

If we divide both sides of eguation t in equations (128) by P.", we obtain the following
system of identities fort=T +1,...,T:

(130) PLY/PLo =1 — &L
where we expect ., to be a small negative number.

We turn now to developing a relationship between the Lowe and Paasche price indexes.
The difference between reciprocal of the Lowe price index for period t, [PLo™ and the

reciprocal of the Paasche price index for period t, [Ps'] ™, can be written as follows for t =
T+1,...T:

(131) [Pio]™ =[PP = [ocp” Hoep] - [q-p" "/q"p1]
= Zn=t' [(0npressafoep’) = (Gupreaa/p'q)]
= Zp=1 [(an/oep') = (G/P"q)]pressn
= 2o [(0p"qoeq) — Gl [Prece.o/p"]
= St [onbio’ — Gen] [PTe+1n/P"q] using (126)
= anlN [OanLot - qtn] [pT*+1 n (ptn/PLo )]/Pt rio
= [PLot]_1 anlN [OCnQLot - Qtn] [pT*+1,nPLo ptn]/p q
= [PLot]_1 anlN O(nl:qLot - (qtn/an)] [pT*+1,nPLot - pm]/pt-qt ifall o, >0
= [PLo]™ epo

where the period t error term ep,,' is defined for t = T+1,...Tas:

(132) i'IPozt = anlN OCnI:CILot - (Qtn/an)] [pT*+1,nPLo ptn]/pt t 102

If the products are substitutable, it is likely that p,' is negative, since if py, is unusually
low, then it is likely that it will be less than the inflation adjusted nth component of the
period T +1 price, pre+1..PLo" If pm is unusually low, then it is also likely that the period t
quality adjusted quantity for product n, gw/ct, is above the weighted average of the
quality adjusted quantities for period t which is g o". Thus the sum of the N terms on the
right hand side of (132) is likely to be negative. Thus our expectation is that the error
term ep,’ < 0 and hence [PLo] ™ < [P for t> 2. Assuming that &' is also negative, we
have Pp' < PLo' < P for t = T +2,T +3,...,T as inequalities that are likely to hold.

191 This step follows using the following counterpart to (106): - [ocnqL0 0n]Pm = 0.

192 This error term is homogeneous of degree 0 in the components of g', p* " and p'. Hence it is invariant to
proportional changes in the components of these vectors. Definition (132) is only valid if all o, > 0. If this
is not the case, redefine epy' as Tpe1" [0nlie — Gnl[P=+1nPLo’ — Pwl/P-g' and with this change, the
decomposition defined by the last line of (131) will continue to hold.
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As usual, there are 3 special cases of (131) which will imply that P.o' = Pp% (i) ' = Aq"
for some A > 0 so that the period t quantity vector ' is proportional to the annual average
quantity vector q" for the reference year prior to the reference month; (ii) p' = Ap" " for t
= T'+2,T°+3,...,T so that prices vary in strict proportion over time; (iii) the sum of terms

z:n=1N [O(nqLot - Qtn] [pT*+1,nPL0t - ptn] =0.

If we divide both sides of equation t in equations (131) by [Pi.']™, we obtain the
following system of identities fort=1,...,T:

(133) Pel/Po’ = [1 - gpq ]
where we expect ¢p,, to be a negative number.

Equations (130) and (133) develop exact relationships for the Lowe price index Py, with
the corresponding fixed base Laspeyres and Paasche price indexes, P.' and Pp'. Taking
the square root of the product of these two sets of equations leads to the following exact
relationships between the fixed base Fisher price index, P, and the corresponding Lowe
period t price index, P.o', for t= T +1,....T:

(134) Pe' = PLo{ (1 — eLo)/( 1 — epe) }2

where g.,' and ep,' are defined by (129) and (132). If there are no strong (divergent)
trends in prices and quantities, then it is likely that €, is approximately equal to &p,' and
hence under these conditions, it is likely that P.' = P¢'; i.e., the Lowe price index will
provide an adequate approximation to the fixed base Fisher price index under these
conditions. However, if there are divergent trends in prices in quantities (in diverging
directions), then it is likely that ep,' Will be more negative than g.,' and hence it is likely
that P¢' < Po' for t = T'+2,....T; i.e., with divergent trends in prices and quantities, the
Lowe price index is likely to have an upward bias relative to its Fisher Price index
counterpart.

In section 6 above, we defined a weighted Jevons index (or Geometric Young index), P},
that set the vector of weights o equal to the average expenditure shares in the first year of
our sample. For our frozen juice data listed in the Appendix, Py, was compared to the
geometric Paasche, Laspeyres and Térnqvist price indexes, Pgp', PoL' and Pt respectively,
for the 26 periods running from “month” 14 to 39. The resulting means for the Pgp', P+,
P!, P! were 0.81005, 0.83100, 0.83338 and 0.85270 respectively. In the present
section, we compare the Lowe price indexes, P., to the unit value index Pyy' and to the
fixed base Térnquist, Fisher, Laspeyres and Paasche price indexes, P, P, P! and Pp'
respectively for the same 26 periods which follow the first year in our sample. The
resulting means for the P, Puv', P, P&, P.' and Pp' were 0.83772, 0.79634, 0.83100,
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0.83094, 0.86329 and 0.80014 respectively.’® Thus on average, the Lowe indexes P,
were 0.68 percentage points above the corresponding Fisher indexes Pg. This is a
substantial upward bias.

In the following section, we show that the Geary Khamis multilateral indexes can be
regarded as quality adjusted unit value price indexes and hence the analysis in section 10
on quality adjusted unit value price indexes can be applied to these multilateral indexes.

12. Geary Khamis Multilateral Indexes

The GK multilateral method was introduced by Geary (1958) in the context of making
international comparisons of prices. Khamis (1970) showed that the equations that define
the method have a positive solution under certain conditions. A modification of this
method has been adapted to the time series context and is being used to construct some
components of the Dutch CPI; see Chessa (2016).

The GK system of equations for T time periods involves T price levels pek'.....pek " and
N quality adjustment factors ay,...,an."** Let p' and g' denote the N dimensional price and
quantity vectors for period t (with components py, and qi as usual). Define the total
consumption vector g over the entire window as the following simple sum of the period
by period consumption vectors:

(135)q=Xw1' @

where g = [1,02,...,qn]. The equations which determine the GK price levels pgk®,...,pek
and quality adjustment factors ay,...,an (Up to a scalar multiple) are the following ones:

(136) o = 1! [Gu/Gnl[Pe/Pek] ; n=1,.N:
(137) pek' = p“aYorq' = o=t [onGen/oeq][Pn/own] ; t=1,.T

where a = [oy,...,an] IS the vector of GK quality adjustment factors. The sample share of
period t’s purchases of commodity n in total sales of commodity n over all T periods can
be defined as Sy = qu/g forn = 1,...,Nand t = 1,....T. Thus an = Zi=1" Sulpu/Pek] is a
(real) share weighted average of the period t inflation adjusted prices pw/ pek' for product
n over all T periods. The period t quality adjusted sum of quantities sold is defined as the
period t GK quantity level, ek’ = 0-q' = Zn=1 anGe. "> This period t quantity level is
divided into the value of period t sales, pq' = Zn=1" P, in order to obtain the period t
GK price level, pek'. Thus the GK price level for period t can be interpreted as a quality
adjusted unit value index where the o, act as the quality adjustment factors.

193 The mean of the error terms ¢, ' was —0.0309 and the mean of the error terms &p' was —0.0488. Thus on
average, both error terms were negative and the &' tended to be more negative than the &', which is
consistent with our expectations.

1941 the international context, the o, are interpreted as international commodity reference prices.

195 Khamis (1972; 101) also derived this equation in the time series context.
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Note that the GK price level, pek' defined by (137) does not depend on the estimated
reservation prices; i.e., the definition of pgk' zeros out any reservation prices that are
applied to missing products and thus Pgk' also does not depend on reservation prices.
Thus the GK price indexes in general cannot be consistent with the (Hicksian) economic
approach to index number theory if there are new or disappearing products in the sample
of products under consideration.

It can be seen that if a solution to equations (136) and (137) exists, then if all of the
period price levels pgk' are multiplied by a positive scalar A say and all of the quality
adjustment factors a,, are divided by the same A, then another solution to (136) and (137)
is obtained. Hence, the a, and pek' are only determined up to a scalar multiple and an
additional normalization is required such as pek* = 1 or oz = 1 is required to determine a
unique solution to the system of equations defined by (136) and (137).1% It can also be
shown that only N + T — 1 of the N + T equations in (136) and (137) are independent.

A traditional method for obtaining a solution to (136) and (137) is to iterate between
these equations. Thus set a = 1y, a vector of ones and use equations (137) to obtain an
initial sequence for the Pgk'. Substitute these Pgk' estimates into equations (136) and
obtain o, estimates. Substitute these o, estimates into equations (137) and obtain a new
sequence of Pgk' estimates. Continue iterating between the two systems until convergence
is achieved.

An alternative method is more efficient. Following Diewert (1999; 26),%" substitute

equations (71) into equations (70) and after some simplification, obtain the following
system of equations which will determine the components of the a vector:

(138) [IN - C]OL =0n

where Iy is the N by N identity matrix, Oy is a vector of zeros of dimension N and the C
matrix is defined as follows:

(139) C = q\—l Zt:]_T Stth = Zt:lT St q—l th — Zt:]_T St StT

where § is an N by N diagonal matrix with the elements of the total window purchase

vector g running down the main diagonal and §* denotes the inverse of this matrix, s' is
the period t expenditure share column vector, q' is the column vector of quantities
purchased during period t, S is the period t real sample product share row vector
[St1,Se2,...Sin] where Sy, = qun/g, forn=1,..,Nand t = 1,...,T and g, is the nth element of
the sample q defined by (135).

The matrix Iy — C is singular which implies that the N equations in (138) are not all
independent. In particular, if the first N-1 equations in (138) are satisfied, then the last

105 See Diewert and Fox (2017) for various solution methods.
197 See also Diewert and Fox (2017; 33) for additional discussion on this solution method.
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equation in (138) will also be satisfied. It can also be seen that the N equations in (138)
are homogeneous of degree one in the components of the vector a. Thus to obtain a
unique b solution to (138), set aw equal to 1, drop the last equation in (138) and solve the
remaining N-1 equations for ouy,a,...,an-1. This is the solution method we used in this
study.

Using equations (137), it can be seen that the GK price index for period t is equal to Pg'
= per/pek’ = [p-qYa-q/[pt-q'/o-g'] for t = 1,...,T and thus these indexes are quality
adjusted unit value price indexes with a particular choice for the vector of quality
adjustment factors a.. Thus these indexes lead to corresponding additive quantity levels
gek' that correspond to the linear utility function, f(q) = 0-q.'®® As we saw in section 10,
this type of index can approximate the corresponding fixed base Fisher price index
provided that there are no systematic divergent trends in prices and quantities. However,
if there are diverging trends in prices and quantities (in opposite directions), then we
expect the GK price indexes to be subject to some substitution bias with the expectation
that the GK price index for period t > 2 to be somewhat below the corresponding Fisher
fixed base price index.

When we calculated the GK price indexes for our empirical example over our 3 years of
data, we found that the average value of the GK price indexes was 0.99764 while the
corresponding average values for the fixed base Fisher and Tornqvist indexes were
0.97434 and 0.97607 so that on average, Pek' was about 2 percentage points above the
corresponding P& and P+'. This is a substantial upward bias instead of the expected
downward bias. However, our data for the first year are not representative for the
remaining two years; i.e., products 2 and 4 were missing for the first 2/3 of the first year
and this affects the GK indexes. When we dropped the first year of data from our sample
and calculated GK, fixed base Fisher, Tornqvist, Laspeyres, Paasche and unit value price
indexes for the remaining two years of our sample, the sample average values for Pgk,
P, P1', PLY, Pp' and Pyy' were 0.81966, 0.83094, 0.83100, 0.86329, 0.80014 and 0.79634
respectively. Thus for the smaller sample, Pgk' was about 1 percentage point below the
corresponding P& and Py, which is in line with our a priori expectations. Note that the
average sample value for the unit value price index for the smaller sample was 0.79634,
well below the corresponding P¢' and Pt averages, which is also in line with our a priori
expectations. Thus we expect GK and quality adjusted unit value price indexes to
normally have a downward bias relative to their Fisher and Tornqvist counterparts,
provided that there are no missing products, the products are highly substitutable and
there are divergent trends in prices and quantities.

13. Weighted Time Product Dummy Multilateral Indexes

The time product dummy multilateral indexes are motivated by the following model of
price behavior:

1% Thus the GK price indexes will be exactly the correct price indexes to use if purchasers maximize utility
using a common linear utility function. Diewert (1999; 27) and Diewert and Fox (2017; 33-34) show that
the GK price indexes will also be exactly correct if purchasers maximize a Leontief, no substitution utility
function. These extreme cases are empirically unlikely.
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(140) ptn = TOnem ; t=1,..,T;n=1,..,N.

The parameter r; can be interpreted as the time product dummy price level for period t, o,
can be interpreted as a commodity n quality adjustment factor and ey, is a stochastic error
term with mean that is assumed to be 1. Define the logarithms of py, and ep as yi, = Inpn,
and &y, = Iney, for t = 1,...,T; n = 1,...,,N, define the logarithm of w; as p; = Inn; for t =
1,...,T and define the logarithm of a, as B, = Ina, for n = 1,...,N. Then taking logarithms
of both sides of (140) leads to the following linear regression model:

(141) Yy = pt + Pn + & ; t=1,.T:n=1,.,N.

The p; and B, can be estimated by solving a least squares minimization problem.*® This
is Summer’s (1973) country product dummy multilateral method adapted to the time
series context.

Rao (1995)*° suggested the following weighted by economic importance version of
Summer’s method: find the p; and B, which solve the following weighted least squares
minimization problem:

42) min, ST See™ sl — pr— B

The first order necessary (and sufficient) conditions for solving (142) are the following T
equations (143) and the N equations (144):

(143) pt + Z:n:lN SmPn = z:nle StnYin ; t=1,..T;
(144) St Stnpt + (St Stn)Bn = et StYin | n=1,..,
Looking at equations (143) and (144), it can be seen that solutions p; and B, to these
equations do not depend on any reservation prices; i.e., if yy is the logarithm of a
reservation price, it is always multiplied by the 0 share sy, in the above equations. Thus as
was the case with unit value and GK price indexes, any reservation prices are multiplied
by 0 shares or quantities, which nullifies their effect on the resulting indexes. Thus if
there are missing products in the sample, the weighted time product dummy price indexes
cannot be consistent with the Hicksian economic approach to index number theory.

For our empirical example in the Appendix, we used equations (143) and (144) to solve
for the T log price levels p; and the N log quality adjustment factors B,."** The resulting

199 A normalization on the parameters such as By = 0 (which corresponds to ay = 1) is required to identify
the parameters.

119 See also Diewert (2004) (2005) (2012) and Rao (1995) (2005) on the WTPD method. Balk (1980; 70)
suggested the use of the weighted time product dummy method to the time series context but used different
weights. Ivancic, Diewert and Fox (2009) applied the method using the weights in (142) in the time series
context.

1 Equations (143) and (144) are linearly dependent; see Diewert and Fox (2017). Thus we dropped one of
these equations and set By = 0, which means we set ay = 1.
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solution for p; is equal to the logarithm of the period t weighted time product dummy
price level, pwrep', and the solution for By, is the logarithm of the quality adjustment
factor for product n, a,. Thus we have:

(145) pweo = exp[pd ;t=1,...T; an=exp[Bs] ; n=1,...N.

Using definitions (145) and the definitions y:, = Inpy, equations (143) can be rewritten as
follows:

(146) Inpwrep’ = Zn=1" stn(INPtn — Bn) = Zn=1" SnlN(Pen/otn) ; t=1,..T,

Thus the period t weighted time product dummy price level, pwrep', is equal to the
following quality adjusted weighted Jevons price level:

(147) pwrep' = Y, (p, /a,)™; t=1,..T.

Equations (144) and definitions (145) can be used to derive the following expressions for
the logarithms of the product quality adjustment parameters:**2

(148) Inaty = P = Ze=1 " SN (Pen/pwrep)/ et Stn n=1,..N.

Thus By is equal to a share weighted average of the logarithms of the sample prices for
product n, deflated by the weighted time product dummy price levels for each period; i.e.,
Bn is equal to a weighted average (over t) of the logarithms of the inflation adjusted
prices for product n, pu/pwrep"

Once the WTPD price levels have been defined, the weighted time product dummy price
index for period t is defined as Pwrpp' = pwreo/pwren” and the logarithm of Pwrep' is
equal to the following expression:

(149) InPwrpp’ = Znet" Sen(INPtn — Br) — Zn=t” S1a(INP1n — Br) ; t=1,..T.

With the above expression for InPwrpp' in hand, we can compare InPwrep' to InP+'. Using
(149) and definition (40), we can derive the following expressions fort=1,2,...,T:

(150) InI:)WTPDt - InI:)Tt = 1/Zznle (Stn - Sln)(lnptn - Bn) + 1/Zznle (Stn - Sln)(lnpln - Bn)

Since Zn1" (Sm — Su) = O for each t, the two sets of terms on the right hand side of
equation t in (150) can be interpreted as normalizations of the covariances between s' — s
and Inp" — B for the first set of terms and between s' — s* and Inp* — B for the second set of
terms. If the products are highly substitutable with each other, then a low pt, will usually

Y2 1f py, is a reservation price, then the nth term on the right hand side of equation t in (147) becomes
(Pw/ow)® = 1 and the t™ term on the right hand side of equation n in (148) becomes 0. Thus any effect of
differing reservation prices on the WTPD price levels and quality adjustment factors is nullified.
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imply that Inpy, is less than the average log price B, and it is also likely that sy, is greater
than si, so that (St — Sin)(Inpm — Pn) is likely to be negative. Hence the covariance
between s' — s* and Inp' — B will tend to be negative. On the other hand, if ps, is unusually
low, then Inpy, will be less than the average log price B, and it is likely that sy, is greater
than sy, so that (S; — Sin)(Inpin — Bn) is likely to be positive. Hence the covariance
between s' — s* and Inp' — B will tend to be positive. Thus the first set of terms on the
right hand side of (150) will tend to be negative while the second set will tend to be
positive. If there are no divergent trends in log prices and sales shares, then it is likely
that these two terms will largely offset each other and under these conditions, Pwrep' is
likely to approximate P' reasonably well. However, with divergent trends and highly
substitutable products, it is likely that the first set of negative terms will be larger in
magnitude than the second set of terms and thus Pwrep' is likely to be below P1' under
these conditions.

For our empirical example in the Appendix, Pwrep' ended up being above P1' on average
rather than below: the average value for Pyrpp' for our sample was 0.99504 while the
average value for Pt was 0.97607. The sample averages for the two sets of covariance
terms on the right hand sides of equations (150) were —0.0172 and 0.0362. Thus these
covariances had the expected signs but the second set of covariances were unusually
large and outweighed the negative first set of covariances, which led to Pwrpp' being
above P+' on average. A problem with the data for the first year is the fact that products 2
and 4 were not available for the first 8 “months” of the first year and this fact can lead to
some counterintuitive results.* Thus when the indexes were recalculated after dropping
the first year of data, Pwrep' ended up being below P1' on average as was expected: the
average value for Pyrep' for our truncated sample was 0.82075 while the average value
for P' was 0.83100. The sample averages for the two sets of covariance terms on the
right hand sides of equations (150) were —0.0195 and 0.0067.

To sum up, the weighted time product indexes can be problematic in the elementary
index context with price and quantity data available when compared to a fixed base
superlative index (that uses reservation prices):

e |f there are no missing products and the products are strong substitutes, the
indexes will tend to have a downward bias.

e |f there are missing products in period 1, the indexes may have a significant
upward bias.

e If there are missing products, the weighted time product dummy indexes do not
depend on reservation prices.

14. Relative Price Similarity Linked Indexes

3 The missing products in period 1 mean that s;, will be equal to zero for n = 2 and 4 and thus the terms sy,
— sy, for these n will be unusually large, which in turn will usually cause the second covariance term on the
right hand side of (150) to become unusually large. Remember that we are using reservation prices for the
missing products; i.e., p1, > 0 for n = 2 and 4 and these p1, will tend to be greater than B, for these n.
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The GEKS multilateral method treats each set of price indexes using the prices of one
period as the base period as being equally valid and hence an averaging of the parities
seems to be appropriate under this hypothesis. Thus the method is “democratic” in that
each bilateral index number comparison between any two periods gets the same weight in
the overall method. However, it is not the case that all bilateral comparisons of price
between two periods are equally accurate: if the relative prices in periods r and t are very
similar, then the Laspeyres and Paasche price indexes will be very close to each other and
hence it is likely that the “true” price comparison between these two periods (using the
economic approach to index number theory) will be very close to the bilateral Fisher
index between these two periods. In particular, if the two price vectors are exactly
proportional, then we want the price index between these two periods to be equal to the
factor of proportionality and the direct Fisher index between these two periods satisfies
this proportionality test. On the other hand, the GEKS index comparison between the two
periods would not in general satisfy the proportionality test. The above considerations
suggest that a more accurate set of price indexes could be constructed if initially a
bilateral comparison was made between the two countries which had the most similar
relative price structures. At the next stage of the comparison, look for a third period
which had the most similar relative price structure to the first two periods and link in this
third country to the comparisons of volume between the first two countries and so on. At
the end of this procedure, a pathway through the periods in the window would be
constructed, that minimized the sum of the relative price dissimilarity measures. In the
context of making comparisons of prices across countries, this method of linking
countries with the most similar structure of relative prices has been pursued by Hill
(1997) (1999a) (1999b) (2009), Diewert (2009) (2013) and Hill, Rao, Shankar and
Hajargasht (2017). Hill (2001) (2004) also pursued this similarity of relative prices
approach in the time series context. The conclusion is that similarity linking using Fisher
ideal quantity indexes as the bilateral links is an alternative to GEKS which has some
advantages over it. Both methods are consistent with the economic approach to index
number theory.

A key aspect of this methodology is the choice of the measure of similarity (or
dissimilarity) of the relative price structures of two countries. Various measures of the
similarity or dissimilarity of relative price structures have been proposed by Allen and
Diewert (1981), Kravis, Heston and Summers (1982; 104-106), Hill (1997) (2009),
Sergeev (2001) (2009), Aten and Heston (2009) and Diewert (2009).

In this study, we will use the following weighted asymptotic linear index of relative price
dissimilarity, Aar, suggested by Diewert (2009):

(151) AAL(pr1pt1qr’qt)

=Yn=t' (U2)(Smtsu){(PenlPE(P’P', 0,0 )Pm) + (Pe(P’,P', 0" )ProfPn) — 23
where Pe(p",pLa",a) = [p“a'p qp"q" p"q¥? is the bilateral Fisher price index linking
period t to period r and p', q, s and p', ¢, s are the price, quantity and share vectors for
periods r and s respectively. This measure turn out to be nonnegative and the bigger

Aa(p"p40",q") is, the more dissimilar are the relative prices for periods r and t. Note that
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if p' = Ap' for some positive scalar so that prices are proportional for the two periods, then
Aac(p",p',d",g") = 0. Note also that all prices need to be positive in order for Aa (p",p%,q",q")
to be well defined. This is not a problem for our empirical example since we used
estimated reservation prices for the missing prices in our sample. In the following section,
we will replace our econometrically estimated reservation prices with inflation adjusted

carry forward or carry backward prices for the missing prices.

The straightforward method for constructing Similarity Linked Fisher price indexes
proceeds as follows. Set the similarity linked price index for period 1, Ps* = 1. The period
2 index is set equal to Pe(p*,p?q,q°), the Fisher index linking the period 2 prices to the
period 1 prices. Thus Ps? = Pr(p',p%,q%,q%)Ps. For period 3, evaluate the dissimilarity
indexes AaL(p',p,q%,0°) and AaL(p?p°,0°,0°) defined by (151). If Aac(p*,p®.0-0°) is the
minimum of these two numbers, define Ps® = Pe(p*,p%,q",q%)Ps™. If AaL(p%p°.0%q°) is the
minimum of these two numbers, define Ps® = Pe(p?,p®,q%,°)Ps?. For period 4, evaluate the
dissimilarity indexes Aa (p".p*.q".q"%) for r = 1,2,3. Let r" be such that Aa (p".p*.q".q") =
min ; {AaL(p"p*.a",g"; 1 = 1,2,3}.1* Then define Ps* = Pe(p”,p*.q",q")Ps". Continue this
process in the same manner; i.e., for period t, let r" be such that Aa (p"”,p',q",q") = min ;
{Aa (P pLa 05 r = 1,2,...,t-1} and define Ps' = Pe(p”,p',q",q")Ps". This procedure allows
for the construction of similarity linked indexes in real time.

We implemented the above procedure with our scanner data set and compared the
resulting similarity linked index, Ps', to our other indexes that are based on the use of
superlative indexes and the economic approach to index number theory. The comparison
indexes are the fixed base Fisher and Térnqvist indexes, P¢' and Pt', and the multilateral
indexes, Pgexs' and Pcepr'. The sample means for these five indexes, Ps', P¢', Pr', Peks'
and Pccp)' were 0.97069, 0.97434, 0.97607, 0.97414 and 0.97602. Thus on average, Ps'
was about 0.5 percentage points below Pt' and Pccp)' and about 0.35 percentage points
below P¢' and Peexs'. These are fairly significant differences.**

As we have seen in previous sections, anomalous results can sometimes be due to the fact
that products 2 and 4 were missing for the first 8 months in our sample. Thus we
recalculated the above 5 indexes using just the data for the last two years in our sample.
The resulting sample means for the five indexes, Ps', P&, P!, Peeks' and Pcepl' were
0.83049, 0.83094, 0.83100, 0.83100 and 0.83100. Thus on average, Ps' was only about
0.05 percentage point below the comparison indexes, which were tightly clustered.™®

There is a problem with the above “real time” implementation of the similarity linking
methodology: for the first year of observations, the allowable set of bilateral links is
highly restricted. Thus the method, which relies on linking price vectors which are as
close to being proportional as possible, could be generalized to allow for a preliminary
phase where the first year or so of data is linked simultaneously as is done when making
international comparisons. Thus for our Modified Similarity Linked Fisher price indexes,

14 If the minimum occurs at more than one r, choose r” to be the lowest of this minimizing periods.
15 The final values for the 5 indexes were as follows: 0.92575, 0.95071, 0.95482, 0.94591 and 0.94834.
18 The final values for the 5 indexes were as follows: 0.83048, 0.84277, 0.84144, 0.84470 and 0.85513.
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Psm', we first constructed a Phase 1 minimum spanning tree that linked all of the months
in year 1 of our sample plus one additional month.™’ Once these indexes were defined for
our first year plus one month of data, for Phase 2, the remaining links for Pgy' were
constructed in a real time fashion as in the original method.™® Of course, the Phase 1
indexes cannot be implemented in real time (and this is a minor disadvantage of the
Modified Method) but the Phase 2 indexes can of course be implemented in real time.

We implemented the above procedure with our scanner data set and compared the
resulting modified real time similarity linked index, Psy', to its real time counterpart, Ps'
The sample means for these two indexes were 0.96464 and 0.97069 respectively. Thus on
average, Psy' was about 0.6 percentage points below Ps'. However, the two indexes
ended up at the same level at the end of the sample period, 0.92575. This can happen
because the links used by the two indexes are the same starting from month 2 in year 2
and it turns out that about %2 of the links for the first year remained unchanged and thus
later indexes linked to these initial identical links will generate identical indexes for
subsequent periods.**°

As a further modification of the Modified Similarity Linking method, we looked at the
effects of changing the measure of relative price dissimilarity to the following modified
weighted asymptotic linear index of relative price dissimilarity that compares the prices

of period t relative to the prices of the base period r, Aam(p",p',d",q"), defined as follows:

(152) AALm(pr.pt,’giqt)
= =1 Sn{ (Pe/PE(P P, 0)Prm) + (PE(P'P

t oAb

q,0)Pm/Pen) — 2}

The difference between the measures of relative price dissimilarity defined by (151) and
(152) is that the original measure (151) uses the average share weights of the base and
current period, (1/2)(sm+*St), Whereas the modified measure uses only the share weights
of the current period, s, It seems appropriate to use the symmetric dissimilarity measure
defined by (151) in Phase 1 of the modified similarity linking procedure (thus leading to
indexes that are invariant to the choice of the base period for the Phase 1 observations)
but the use of the measure defined by (152) may be appropriate in Phase 2, since the
focus is on linking the prices of the current period t to past prices of period r <t (which
introduces an asymmetric perspective) and thus the current period share weights should
be given a more prominent role than past weights which may not be representative for the

1171 there are seasonal products in our sample, this allows the prices in month 1 of the first year to be

linked directly to the prices of month 1 in the second year of our sample. Our “months” consisted of 4
consecutive weeks of data which means there were 13 “months” in each of our 3 years of data. The
minimum spanning tree for the first 14 “months” of our sample consisted of the following bilateral Fisher
price index links: 1-12; 1-8; 8-9; 9-11; 9-13; 9-3; 3-4; 3-2; 2-14; 14-7; 14-10; 10-6; 6-5.

18 Thus for periods t > 14, let r” be such that A (p™,p"q",q") = min ; {Aa(p".p*q"0%); r = 1,2,....t-1} and
define Psy' = Pe(p”.,p'.q",q")Psu”-

9 We calculated the Similarity Linked and Modified Similarity Linked Fisher price indexes after dropping
the data for year 1 in our sample. The resulting means for Pgy' and Ps' were 0.83014 and 0.83049. Thus the
modified indexes were below their real time counterpart indexes by 0.035 percentage points on average. Pg'
and Psy, ended up at 0.83048 and 0.82116 respectively. Thus using the Modified Method can make a small
but significant difference.
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current period. We implemented this modification of the modified method but the use of
the new measure of relative price dissimilarity defined by (152) did not lead to a change
in the pattern of bilateral links in Phase 2 of the new modified procedure and thus the
new modified indexes coincided with the old modified indexes.

It appears that the similarity linked indexes, Ps' and Psy', generate lower rates of inflation
than their superlative index counterparts, P¢', P1', Pcexs' and Pcepi' and that there is a

tendency for Psy' to be below Pg'.*?°

What are some of the advantages and disadvantages of using either Ps', Psy', Pe', P1',
Poeks' OF Pcepr as target indexes for an elementary index in a CPI1? All of these indexes
are equally consistent with the economic approach to index number theory. The problem
with the fixed base Fisher and Tornqvist indexes is that they depend too heavily on the
base period. Moreover, sample attrition means that the base must be changed fairly
frequently leading to a potential chain drift problem. The GEKS and CCDI indexes also
suffer from problems associated with the existence of seasonal products: it makes little
sense to include bilateral indexes between all possible periods in a window of periods in
the context of seasonal commodities. The similarity linked indexes address both the
problem of sample attrition and the problem of seasonal commodities. Moreover,
Walsh’s multiperiod identity test is always satisfied using this methodology.

However, similarity linked price indexes suffer from at least two problems:

e A measure of price dissimilarity must be chosen and there may be many
“reasonable” choices of a measure which can lead to uncertainty about the choice
of the measure and hence uncertainty about the resulting indexes.

e The measures of weighted price dissimilarity suggested in Diewert (2009) require
that all prices in the comparison of prices between two periods be positive.

Hopefully, over time, price statisticians will come to a consensus on what “standard”
relative price dissimilarity measure should be used and the first problem will be
addressed. In order to address the second problem, one could use econometric methods to
estimate reservation prices for products that are not present in some periods as we have
done for our empirical example. But it is a difficult econometric exercise to estimate
reservation prices and so a simpler method is required in order to construct imputed
prices for missing products in a scanner data set. In the following section, we suggest
such a method.

120 Recall the identity (65) in section 7 above. In that section, we argued that it is likely that the direct
Tornqvist index is likely to have an upward bias relative to its chained counterpart if the products are
highly substitutable. The same property is likely to hold if we use Fisher indexes in place of the Térnqvist
index. Thus it is likely that the similarity linked indexes using a superlative index number formula will
yield a lower measure of inflation than any fixed base superlative index and hence, the similarity linked
indexes using a superlative index number formula are likely to generate lower rates of price inflation than
the multilateral GEKS and CCDI indexes. The same logic explains why the modified similarity linked
indexes will generate index levels that are equal to or less than the corresponding unmodified real time
similarity linked indexes.
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15. Inflation Adjusted Carry Forward and Backward Imputed Prices

When constructing elementary indexes, statistical agencies often encounter situations
where a product in an elementary index disappears. At the time of disappearance, it is
unknown whether the product is temporarily unavailable so typically, the missing price is
set equal to the last available price; i.e., the missing price is replaced by a carry forward
price. Thus carry forward prices are used in place of reservation prices, which are much
more difficult to construct. An alternative to the use of a carry forward price is an
inflation adjusted carry forward price; i.e., the last available price is escalated at using
the maximum overlap index between the period when the product was last available and
the current period where an appropriate index number formula is used.™ In this section,
we use inflation adjusted carry forward and carry backward prices in place of the
reservation prices for our scanner data set and compare the resulting indexes with our
earlier indexes that used the econometrically estimated reservation prices that were
constructed by Diewert and Feenstra (2017) for our data set.

Products 2 and 4 were missing from our scanner data set for observations 1-8. Let Pgo(r,t)
be the maximum overlap*?? bilateral Fisher price index for month t relative to the base
month r. Define the inflation adjusted carry backward prices for products 2 and 4 for the
missing months, pr, as follows forr = 1,2,...,8 and n = 2,4 as follows:

(153) pm = pgn/PFO(r,g).

Product 12 was missing from our sample for months 10 and 20-22. Define the inflation
adjusted carry forward price for product 12 for the missing month 10 as follows:

(154) p1o,12 = P9,12Pro(9,10).

Define the inflation adjusted carry forward prices for product 12 for the missing months
20-22 as follows for t = 20, 21, 22:

(155) pt12 = P19,12Pro(19,1).

For our scanner data set, the means for the 8 reservation prices for product 2 and 4 were
0.13500 and 0.14642 respectively while the corresponding means for the carry backward
prices were 0.16339 and 0.15670. Thus on average, the carry backward prices were
higher than the reservation prices for these products, contrary to our expectations. All
prices are in dollars per ounce.

The mean of the 4 reservation prices for product 12 was 0.0862 while the corresponding
mean for the carry forward prices was 0.0838. Thus for product 12, on average the carry

121 Triplett (2004; 21-29) calls these two methods for replacing missing prices the link to show no change
method and the deletion method. See Diewert, Fox and Schreyer (2017) for a more extensive discussion on
the problems associated with finding replacements for missing prices.

122 A maximum overlap index is a bilateral index that is defined using only the products that are present in
both periods being compared.
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forward imputed prices were lower than the corresponding econometrically determined
reservation prices, which is more in line with our expectations.*?®

Here are the sample averages for the unweighted Jevons, Dutot, fixed base Carli and
chained Carli for our data set using inflation adjusted carry forward and backward prices
(with the corresponding averages using reservation prices in parentheses): P;* = 0.9420
(0.9496); Pp® = 0.9361 (0.9458); Pc* = 0.9565 (0.9628); Pcch® = 1.1544 (1.1732).*%* Thus
there are some significant differences between the unweighted carry forward and
reservation price indexes.

We turn now to the differences in weighted indexes. A priori, we expect smaller
differences in the carry forward and reservation price weighted indexes because the share
of sales of frozen juice products for the missing products is quite small on average.*® The
sample averages for the fixed base Fisher, Térnqvist, Laspeyres, Paasche, Geometric
Laspeyres, Geometric Paasche, and Unit Value indexes for our data set using inflation
adjusted carry forward and backward prices (with the corresponding averages using
reservation prices in parentheses) are as follows: Pg* = 0.9716 (0.9743); Pt = 0.9738
(0.9761); P." = 1.0430 (1.0431); Pp* = 0.9067 (0.9117); P, = 1.0296 (1.0297); Pgp® =
0.9221 (0.9263); Puy" = 1.0126 (1.0126)."?° Thus there are some differences between the
carry forward indexes and the corresponding reservation price indexes but they are not as
large as was the case for the unweighted index comparisons.

We turn our attention to the 6 multilateral indexes that we considered above. The sample
averages for the GEKS, CCDI, GK, Weighted Time Product Dummy, Similarity Linked
and Modified Similarity Linked indexes using inflation adjusted carry forward and
backward prices (with the corresponding averages using reservation prices in
parentheses) are as follows: Pgeks” = 0.9714 (0.9742); Pccpi” = 0.9737 (0.9760); Pk’ =
0.9976 (0.9976); Pwreo’ = 0.9950 (0.9950); Ps" = 0.9689 (0.9707); Py’ = 0.9689
(0.9646)."2" Thus on average, use of inflation adjusted carry forward and carry backward
prices compared to the use of reservation prices led to no change in Pex' and Pwrep),
lower average prices for Pgexs', Pccpr and Ps' and higher average prices for Pgy'. Our
tentative conclusion here is that for products that are highly substitutable, the use of

123 Reservation prices should be higher than the average of the prices of products that are actually available
in order to induce purchasers to buy 0 units of the unavailable product.

124 The carry forward index values for the 4 indexes for the final month in our sample were as follows:
0.91712 (0.92689); 0.91057 (0.92334); 0.94292 (0.95090); 1.40769 (1.44006) with the corresponding
reservation price indexes in parentheses.

125 The sample sales shares of products 2, 4 and 12 are 0.0213, 0.0275 and 0.0248 respectively.

126 Recall that the unit value price index does not depend on the reservation prices. The carry forward index
values for the 7 indexes for the final month in our sample were as follows: 0.9480 (0.9507); 0.9528
(0.9548); 1.0403 (1.0403); 0.8638 (0.8689); 1.0168 (1.0168); 0.8923 (0.8966); 1.0000 (1.0000) with the
corresponding reservation price indexes in parentheses.

127 Recall that Pgk' and Pyrep' do not depend on the reservation prices. The carry forward index values for
the 6 multilateral indexes Pgexs', Pecor's Pax', Pwreo’ Ps' and Pgy', for the final month in our sample were as
follows: 0.9425 (0.9459); 0.9455 (0.9483); 0.9616 (0.9616); 0.9645 (0.9645); 0.9294 (0.9258); 0.9294
(0.9258) with the corresponding reservation price indexes in parentheses. Thus at the end of the sample
period, P! and Pyrpp' Were about 2 percentage points above Pgexs' and Pecp,' and these indexes ended up
about 2 percentage points above Pg' and Pgy". Thus the choice of index number formula matters!
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carry inflation adjusted forward and backward prices for missing products will probably
generate weighted indexes that are comparable to their counterparts that use
econometrically estimated reservation prices.'?® This conclusion is only tentative and
further research on the use of reservation prices is required. It is not easy to estimate
reservation prices and the estimated reservation prices are subject to a considerable
amount of sampling error and so the ability to substitute inflation adjusted carry forward
and backward prices for reservation prices without substantially impacting the indexes is
an important result.

When only price information is available, it is not clear that the above methodology can
be adapted to this situation where quantity and value data are not available. Until more
research is done, the use of the Time Product Dummy model is recommended for this
situation.

16. Conclusion
Some of the more important results in each section of the paper will be summarized here.

e If there are diverging trends in product prices, the Dutot index is likely to have an
upward bias relative to the Jevons index; see section 2.

e The Carli index is likely to have an upward bias relative to the Jevons index. The
same result holds for the weighted Carli (or Young) index relative to the
corresponding weighted Jevons index; see section 3.

e The useful relationship (41) implies that the Fisher index P¢' will be slightly less
than the corresponding fixed base Tornqvist index P+, provided that the products
in scope for the index are highly substitutable and there are diverging trends in
prices; see section 4. Under these circumstances, the following inequalities
between the Paasche, Geometric Paasche, Tornqvist, Geometric Laspeyres and
Laspeyres indexes are likely to hold: Pp' < Pgp' < P' < Pg ' < P L

e The covariance identity (48) provides an exact relationship between the Jevons
and Torngvist indexes. Some conditions for equality and for divergence between
these two indexes are provided at the end of section 5.

e In section 6, a geometric index that uses annual expenditure sales of a previous
year as weights, Py, is defined and compared to the Tornqvist index, P+
Equation (61) provides an exact covariance decomposition of the difference
between these two indexes. If the products are highly substitutable and there are
diverging trends in prices, then it is likely that Pt < Py,

e Section 7 derives an exact relationship (65) between the fixed base T6rnqvist
index, P1', and its chained counterpart, Prch'. This identity is used to show that it
is likely that the chained index will “drift” below its fixed base counterpart if the
products in scope are highly substitutable and prices are frequently heavily
discounted. However, a numerical example shows that if quantities are slow to
adjust to the lower prices, then upward chain drift can occur.

128 As we have seen, this conclusion did not hold for unweighted indexes.
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Section 8 introduces two multilateral indexes, Pgeks' and Pccpl'. The exact
identity (78) for the difference between Pccpt' and P+' is derived. This identity
and the fact that P¢' usually closely approximates Pt' lead to the conclusion (79)
that typically, P¢', P1', Peexs' and Pcepi will approximate each other fairly closely.
Section 9 introduces the Unit Value price index, Puy', and shows that if there are
diverging trends in prices, it is likely that Puy' < P¢. However, this conclusion
does not necessarily hold if there are missing products in period 1. Section 10
derives similar results for the Quality Adjusted Unit Value index, Puv,.

Section 11 looks at the relationship of the Lowe index, P, with other indexes.
The Lowe index uses the quantities in a base year as weights in a fixed basket
type index for months that follow the base year. In using annual weights of a
previous year, this index is similar in spirit to the geometric index P, that was
analyzed in section 6. The covariance type identities (128) and (131) are used to
suggest that it is likely that the Lowe index lies between the fixed base Paasche
and Laspeyres indexes; i.e., it is likely that Pp' < P! < P.". The identity (134) is
used to suggest that the Lowe index is likely to have an upward bias relative to
the fixed base Fisher index; i.e., it is likely that P < P.,'. However, if there are
missing products in the base year, then these inequalities do not necessarily hold.
Section 12 looks at an additional multilateral index, the Geary Khamis index,
Pek' and shows that Pek! can be interpreted as a quality adjusted unit value index
and hence using the analysis in section 10, it is likely that the Geary Khamis
index has a downward bias relative to the Fisher index; i.e., it is likely that Pgk' <
Pe'. However, if there are missing products in the first month of the sample, the
above inequality will not necessarily hold.

Another multilateral index is introduced in section 13: the Weighted Time
Product Dummy index, Pwrpp'. The exact identity (150) is used to show that it is
likely that Pwrpep' is less than the corresponding fixed base Fisher index, Pg,
provided that the products are highly substitutable and there are no missing
products in period 1.

It turns out that the following price indexes are not affected by reservation prices:
Puv', Puve, Pek' and Pyrep'. Thus these indexes are not consistent with economic
approach to dealing with the problems associated with new and disappearing
products and services.

The final multilateral index is introduced in section 14: Similarity Linked price
indexes. A real time version of the method is introduced, Ps', along with a
modified version, Psy', that requires a year of “training” data before the
introduction of the real time indexes.

For our empirical example, Ps' and Psy' ended up about 2 percentage points
below Pgeks' and Pecpi which in turn finished about 1 percentage point below P!
and P1' and finally Pek! and Pwrep' finished about 1 percentage point above P!
and P+"; see Chart 8 in the Appendix. All 8 multilateral indexes captured the trend
in product prices quite well. More research is required in order to determine
whether these differences are significant.

It is difficult to calculate reservation prices using econometric techniques. Thus
section 15 looked at methods for replacing reservation prices by inflation
adjusted carry forward and backward prices which are much easier to calculate.
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e For our empirical example, the replacement of the reservation prices by carried
prices did not make much difference to the multilateral indexes. If the products in
scope are highly substitutable for each other, then we expect that this invariance
result will hold (approximately). However, if products with new characteristics
are introduced, then we expect that the replacement of econometrically estimated
reservation prices by carried prices would probably lead to an index that has an
upward bias.

Conceptually, the Modified Similarity linked indexes seem to be the most attractive
solution for solving the chain drift problem since they can deal with seasonal
commodities and as well, Walsh’s multiperiod identity test will always be satisfied.

The data used for the empirically constructed indexes are listed in the Appendix so that
the listed indexes can be replicated and so that alternative solutions to the chain drift
problem can be tested out by other statisticians and economists.

Appendix: Data Listing and Index Number Tables and Charts
A.1 Data Listing

Here is a listing of the “monthly” quantities sold of 19 varieties of frozen juice (mostly
orange juice) from Dominick’s Store 5 in the Greater Chicago area, where a “month”
consists of sales for 4 consecutive weeks. The weekly unit value price and quantity sold
data were converted into “monthly” unit value prices and quantities.?® Finally, the
original data came in units where the package size was not standardized. We rescaled the
price and quantity data into prices per ounce. Thus the quantity data are equal to the
“monthly” ounces sold for each product.

Table Al: “Monthly” Unit Value Prices for 19 Frozen Juice Products

t pi' P, ps' Ps’ ps' D' p;' Pg' [

0.122500 | 0.145108 | 0.147652 | 0.148593 | 0.146818 | 0.146875 | 0.147623 | 0.080199 | 0.062944

0.118682 | 0.127820 | 0.116391 | 0.128153 | 0.117901 | 0.146875 | 0.128833 | 0.090833 | 0.069167

0.120521 | 0.128608 | 0.129345 | 0.148180 | 0.131117 | 0.143750 | 0.136775 | 0.090833 | 0.048803

0.126667 | 0.128968 | 0.114604 | 0.115604 | 0.116703 | 0.143750 | 0.114942 | 0.088523 | 0.055842

0.126667 | 0.130737 | 0.140833 | 0.141108 | 0.140833 | 0.143304 | 0.140833 | 0.090833 | 0.051730

0.120473 | 0.113822 | 0.157119 | 0.151296 | 0.156845 | 0.161844 | 0.156342 | 0.090833 | 0.049167

0.164607 | 0.144385 | 0.154551 | 0.158485 | 0.156607 | 0.171875 | 0.152769 | 0.084503 | 0.069167

XN (WIN|F-

0.142004 | 0.160519 | 0.174167 | 0.179951 | 0.174167 | 0.171341 | 0.163333 | 0.089813 | 0.069167

©

0.135828 | 0.165833 | 0.154795 | 0.159043 | 0.151628 | 0.171483 | 0.160960 | 0.089970 | 0.067406

10 | 0.129208 | 0.130126 | 0.153415 | 0.158167 | 0.152108 | 0.171875 | 0.158225 | 0.078906 | 0.067897

11 | 0.165833 | 0.165833 | 0.139690 | 0.136830 | 0.134743 | 0.171875 | 0.136685 | 0.079573 | 0.058841

12 | 0.165833 | 0.165833 | 0.174167 | 0.174167 | 0.174167 | 0.171875 | 0.174167 | 0.081902 | 0.079241

13 | 0.113739 | 0.116474 | 0.155685 | 0.149942 | 0.145633 | 0.171875 | 0.146875 | 0.074167 | 0.048880

129 In practice, statistical agencies will not be able to produce indexes for 13 months in a year. There are
two possible solutions to the problem of aggregating weekly data into monthly data: (i) aggregate the data
for the first 3 weeks in a month or (ii) split the weekly data that spans two consecutive months into imputed
data for each month.
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0.120882

0.125608

0.141602

0.147428

0.142664

0.163750

0.144911

0.090833

0.080000

15

0.165833

0.165833

0.147067

0.143214

0.144306

0.155625

0.147546

0.088410

0.080000

16

0.122603

0.118536

0.135878

0.137359

0.137480

0.155625

0.138146

0.084489

0.080000

17

0.104991

0.104659

0.112497

0.113487

0.110532

0.141250

0.113552

0.082500

0.067104

18

0.088056

0.091133

0.118440

0.120331

0.117468

0.141250

0.124687

0.085000

0.065664

19

0.096637

0.097358

0.141667

0.141667

0.141667

0.141250

0.141667

0.082500

0.080000

20

0.085845

0.090193

0.120354

0.122168

0.113110

0.136250

0.124418

0.085874

0.051003

21

0.094009

0.100208

0.121135

0.122500

0.121497

0.125652

0.121955

0.090833

0.085282

22

0.084371

0.087263

0.120310

0.123833

0.118067

0.125492

0.124167

0.085898

0.063411

23

0.123333

0.123333

0.116412

0.118860

0.113085

0.126250

0.118237

0.085891

0.049167

24

0.078747

0.081153

0.125833

0.125833

0.125833

0.126250

0.125833

0.090833

0.049167

25

0.088284

0.092363

0.098703

0.098279

0.088839

0.126250

0.100640

0.090833

0.049167

26

0.123333

0.123333

0.092725

0.096323

0.095115

0.126250

0.095030

0.090833

0.049167

27

0.101331

0.102442

0.125833

0.125833

0.125833

0.126250

0.125833

0.090833

0.049167

28

0.101450

0.108416

0.092500

0.097740

0.091025

0.126250

0.096140

0.054115

0.049167

29

0.123333

0.123333

0.118986

0.119509

0.115603

0.126250

0.118343

0.096922

0.049167

30

0.094038

0.095444

0.109096

0.113827

0.106760

0.126250

0.113163

0.089697

0.049167

31

0.130179

0.130000

0.110257

0.115028

0.112113

0.134106

0.110579

0.093702

0.049167

32

0.103027

0.103299

0.149167

0.149167

0.149167

0.149375

0.149167

0.098333

0.049167

33

0.148333

0.148333

0.089746

0.097110

0.091357

0.149375

0.094347

0.098333

0.049167

34

0.115247

0.114789

0.123151

0.123892

0.127177

0.149375

0.125362

0.094394

0.049167

35

0.118090

0.120981

0.121191

0.129477

0.128180

0.149375

0.132934

0.096927

0.049167

36

0.132585

0.131547

0.129430

0.128314

0.121833

0.134375

0.128874

0.070481

0.049167

37

0.114056

0.115491

0.138214

0.140090

0.139116

0.146822

0.142770

0.077785

0.053864

38

0.142500

0.142500

0.134677

0.133351

0.133216

0.148125

0.132873

0.108333

0.054167

39

0.121692

0.123274

0.095236

0.102652

0.093365

0.148125

0.101343

0.090180

0.054167
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P19

0.062944

0.075795 | 0.080625

0.087684

0.109375

0.113333

0.149167 | 0.122097

0.149167

0.124492

0.069167

0.082500 | 0.080625

0.112500

0.109375

0.113333

0.119996 | 0.109861

0.130311

0.117645

0.043997

0.082500 | 0.078546

0.106468

0.100703

0.110264

0.134380 | 0.109551

0.131890

0.114933

0.055705

0.082500 | 0.080625

0.099167

0.099375

0.111667

0.109005 | 0.106843

0.108611

0.118333

0.051687

0.071670 | 0.080625

0.094517

0.099375

0.111667

0.105168 | 0.106839

0.105055

0.076942

0.049167

0.078215 | 0.080625

0.115352

0.114909

0.130149

0.099128 | 0.134309

0.118647

0.088949

0.069167

0.069945 | 0.080625

0.124167

0.118125

0.131667

0.102524 | 0.128471

0.102073

0.160833

0N || [WIN|F |~

0.069167

0.082500 | 0.080625

0.107381

0.121513

0.138184

0.164245 | 0.141978

0.164162

0.136105

0.067401

0.082500 | 0.074375

0.112463

0.128125

0.141667

0.163333 | 0.153258

0.163333

0.118979

0.067688

0.082500 | 0.100545

0.132500

0.128125

0.141667

0.133711 | 0.152461

0.133806

0.118439

0.060008

0.082500 | 0.080625

0.120362

0.134151

0.144890

0.163333 | 0.151033

0.163333

0.120424

0.079325

0.071867 | 0.080625

0.093144

0.136875

0.148333

0.144032 | 0.148107

0.146491

0.160833

0.064028

0.069934 | 0.067280

0.118009

0.136875

0.148333

0.163333 | 0.143125

0.163333

0.131144

0.080000

0.078491 | 0.075211

0.131851

0.130342

0.143013

0.123414 | 0.152937

0.130223

0.122899

0.080000

0.082500 | 0.080625

0.093389

0.128125

0.141667

0.117955 | 0.147024

0.119786

0.128929

0.080000

0.086689 | 0.080625

0.100592

0.128125

0.141667

0.114940 | 0.143125

0.126599

0.124620

0.065670

0.088333 | 0.072941

0.115559

0.110426

0.139379

0.107709 | 0.143125

0.109987

0.145556

0.064111

0.091286 | 0.069866

0.088224

0.105625

0.105529

0.089141 | 0.130110

0.095463

0.140000

0.080000

0.094167 | 0.088125

0.080392

0.105625

0.131667

0.086086 | 0.118125

0.091020

0.109424

0.048613

0.094167 | 0.096177

0.080643

0.105625

0.131667

0.125000 | 0.114706

0.125000

0.110921

0.085114

0.080262 | 0.064774

0.080245

0.099375

0.125000

0.104513 | 0.114795

0.104228

0.134014

0.062852

0.086115 | 0.083132

0.087551

0.101493

0.127366

0.086484 | 0.118125

0.088325

0.126667

0.049167

0.095833 | 0.090625

0.089110

0.099375

0.125000

0.086263 | 0.118125

0.095750

0.100780

0.049167

0.095833 | 0.090625

0.090167

0.099375

0.125000

0.111859 | 0.114330

0.112296

0.118333

0.049167

0.095833 | 0.090625

0.072861

0.099375

0.125000

0.125000 | 0.113823

0.125000

0.084817

0.049167

0.095833 | 0.090625

0.086226

0.099375

0.125000

0.086088 | 0.114190

0.091864

0.118333

0.049167

0.077500 | 0.076875

0.081764

0.099375

0.125000

0.113412 | 0.114231

0.113241

0.110346

0.049167

0.077500 | 0.076875

0.104167

0.099375

0.125000

0.085803 | 0.118125

0.086154

0.084604

0.049167

0.077500 | 0.076875

0.086713

0.099375

0.125000

0.087410 | 0.118125

0.086196

0.085034

0.049167

0.077500 | 0.076875

0.104167

0.099375

0.125000

0.084953 | 0.114826

0.085156

0.083921

0.049167

0.077500 | 0.076875

0.095613

0.099375

0.125000

0.087372 | 0.125809

0.087775

0.088304

0.049167

0.077500 | 0.076875

0.112500

0.099375

0.067046

0.091827 | 0.143125

0.088937

0.103519

0.049167

0.077500 | 0.076875

0.104721

0.099375

0.125000

0.131399 | 0.143125

0.130253

0.127588

0.049167

0.077500 | 0.076875

0.088935

0.099375

0.125000

0.123037 | 0.143125

0.123573

0.132500

0.049167

0.077500 | 0.076875

0.112500

0.099375

0.125000

0.125832 | 0.137837

0.125681

0.112286
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36 | 0.049167 | 0.077500 | 0.076875 | 0.089456 | 0.099375 | 0.125000 | 0.139240 | 0.141242 | 0.144390 | 0.127323

37 | 0.053865 | 0.084549 | 0.083343 | 0.107198 | 0.119368 | 0.151719 | 0.146126 | 0.154886 | 0.146332 | 0.120616

38 | 0.054167 | 0.085000 | 0.084375 | 0.127500 | 0.123125 | 0.156667 | 0.129577 | 0.138823 | 0.130850 | 0.114177

39 | 0.054167 | 0.085000 | 0.084375 | 0.102403 | 0.123125 | 0.156667 | 0.115965 | 0.149219 | 0.114947 | 0.136667

The actual prices p,' and p4' are not available for t =1,2,...,8 since products 2 and 4 were
not sold during these months. However, in the above Table, we filled in these missing
prices with the imputed reservation prices that were estimated by Diewert and Feenstra
(2017). Similarly, p12' was missing for months t = 12, 20, 21 and 22 and again, we
replaced these missing prices with the corresponding estimated imputed reservation
prices in Table Al. The imputed prices appear in italics in the above Table.

Table A2: “Monthly” Quantities Sold for 19 Frozen Juice Products

t t t t t

ar' Q' a3 Ja Js ° 9z Js o'

1704 0.000 | 792 0.000 | 4428 | 1360 | 1296 | 1956 | 1080

3960 0.000 | 3588 0.000 | 19344 | 3568 | 3600 | 2532 | 2052

5436 0.000 | 1680 0.000 | 8100 | 3296 | 2760 | 3000 | 1896

1584 0.000 | 5532 0.000 | 21744 | 3360 | 5160 | 3420 | 2328

1044 0.000 | 1284 0.000 | 5880 | 3360 | 1896 | 3072 | 1908

8148 0.000 | 1260 0.000 | 7860 | 2608 | 2184 | 3000 | 2040

636 0.000 | 3120 0.000 | 9516 | 2848 | 2784 | 3444 | 1620

1692 0.000 | 1200 0.000 | 4116 | 1872 | 1380 | 2088 | 1848
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5304 | 1476.000 | 2292 | 1295.999 | 7596 | 2448 | 1740 | 2016 | 3180

10 | 6288 | 2867.993 | 2448 | 1500.000 | 6528 | 2064 | 2208 | 3840 | 4680

11 408 | 228.000 | 2448 | 2147.994 | 9852 | 2096 | 2700 | 5124 | 12168

12 624 | 384.000 | 948 | 1020.000 | 2916 | 1872 | 1068 | 2508 | 4032

13 | 6732 | 2964.005 | 1488 | 2064.003 | 8376 | 2224 | 2400 | 4080 | 8928

14 | 6180 | 3192.007 | 2472 | 2244.006 | 7920 | 1920 | 2256 | 1728 | 1836

15| 1044 | 672.000 | 1572 | 1932.002 | 2880 | 1744 | 1728 | 1692 | 1116

16 | 3900 | 1332.002 | 1560 | 2339.997 | 4464 | 2416 | 2028 | 2112 | 1260

17 | 5328 | 1847.999 | 3528 | 3972.008 | 13524 | 2336 | 3252 | 2628 | 1524

18 | 7056 | 2100.000 | 2436 | 2748.007 | 6828 | 2544 | 1980 | 3000 | 1596

19 | 5712 | 3167.988 | 1464 | 1872.000 | 2100 | 2080 | 1572 | 3384 | 1020

20 | 9960 | 3311.996 | 2376 | 2172.003 | 8028 | 2112 | 1788 | 2460 | 3708

21 | 7368 | 2496.000 | 1992 | 1872.000 | 3708 | 1840 | 1980 | 1692 | 2232

22 | 9168 | 4835.983 | 2064 | 1980.000 | 10476 | 1504 | 2880 | 2472 | 7020

23 | 7068 | 660.000 | 1728 | 1955.999 | 6972 | 1888 | 2172 | 2448 | 12120

24 | 11856 | 5604.017 | 972 | 1464.000 | 2136 | 1296 | 1536 | 3780 | 7584

25 | 7116 | 2831.994 | 2760 | 2207.996 | 12468 | 1776 | 2580 | 2880 | 11220

26 660 | 504.000 | 3552 | 3755.995 | 17808 | 1296 | 5580 | 4956 | 7428

27 | 4824 | 3276.011 | 1356 | 1452.000 | 2388 | 1824 | 1524 | 1548 | 10188

28 | 3684 | 971.998 | 4680 | 2832.003 | 11712 | 1712 | 4308 | 4284 | 1140

29 684 | 1152.000 | 1884 | 2015.996 | 9252 | 1680 | 3144 | 1020 | 1392

30 | 5112 | 3467.996 | 2256 | 2291.994 | 9060 | 1936 | 2172 | 1452 | 2532

31 672 | 840.000 | 4788 | 2951.990 | 9396 | 1856 | 4644 | 1764 | 1260

32 | 7344 | 5843.997 | 1320 | 1128.000 | 2664 | 1744 | 1560 | 1548 | 1416

33 480 | 504.000 | 6624 | 5639.996 | 13368 | 1824 | 6888 | 1800 | 1440

34 | 4104 | 3036.001 | 2124 | 3180.009 | 5088 | 1568 | 2820 | 1668 | 1884

35 | 2688 | 1583.997 | 2220 | 2760.008 | 5244 | 1344 | 2532 | 1920 | 4956

36 936 | 612.001 | 1824 | 2567.994 | 6684 | 1552 | 2772 | 4740 | 7644

37 | 4140 | 2268.001 | 1932 | 1559.997 | 4740 | 1520 | 2076 | 1752 | 6336

38 912 | 264.000 | 1860 | 2844.002 | 4260 | 1808 | 2064 | 1452 | 2952

39 | 1068 | 960.001 | 4356 | 2903.996 | 11052 | 1776 | 4356 | 2220 | 2772
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1 540 | 2088 | 1744.000 | 30972 | 3728 792 | 1512 | 1712 600 | 2460

2| 1308 | 4212 | 3824.000 | 11796 | 6480 | 2712 | 12720 | 3312 | 2376 | 1788

3| 1416 | 3900 | 4848.010 | 18708 | 10064 | 2652 | 4116 | 3184 | 1476 | 3756

4 | 1716 | 3156 | 5152.000 | 19656 | 10352 | 2472 | 15420 | 3120 | 3888 900

5| 1452 | 6168 | 3360.000 | 42624 | 7360 | 1590 | 9228 | 2800 | 5652 | 13560

6 | 1068 | 5088 | 3296.000 | 10380 | 7712 | 1884 | 12012 | 1808 | 3348 | 7824

7| 1116 | 6372 | 3712.000 | 11772 | 7920 | 1680 | 29592 | 3296 | 11712 708

8 | 1296 | 3684 | 3216.000 | 21024 | 5856 | 1206 | 11184 | 1744 | 4344 | 6036

9| 2220 | 4512 | 3024.000 | 24420 | 5856 | 1398 | 2040 | 1648 | 1176 | 7896
10 | 4152 | 4572 0.000 | 8328 | 6384 | 1740 | 9168 | 1296 | 2832 | 9120
11 | 9732 | 3432 | 3360.000 | 18372 | 5808 | 1638 | 2412 | 1568 972 | 7176
12 | 3024 | 6132 | 1792.000 | 48648 | 4672 | 1770 | 7512 | 2208 | 2052 | 3564
13 | 2160 | 6828 | 6271.998 | 15960 | 4736 | 1662 | 1740 | 2896 | 1176 | 3216
14 | 1356 | 5088 | 2991.997 | 9432 | 5872 | 1902 | 4968 | 1488 | 2064 | 6420
15 | 1188 | 4656 | 2976.000 | 33936 | 3872 | 1452 | 9060 | 1744 | 2712 | 3876
16 816 | 3108 | 4784.000 | 23772 | 6272 | 1578 | 8496 | 2832 | 1488 | 4128
17 696 | 3252 | 4879.997 | 10656 | 7648 | 1836 | 9000 | 2704 | 2292 648
18 720 | 2940 | 4848.021 | 26604 | 6448 | 4086 | 14592 | 1552 | 3108 732
19 624 | 4320 | 2480.000 | 27192 | 4944 | 1140 | 19056 | 1808 | 5088 | 5676
20 | 3288 | 2784 0.000 | 23796 | 5120 | 1284 | 2196 | 2896 | 1260 | 3876
21 | 1848 | 12324 0.000 | 25824 | 5248 | 1140 | 8640 | 1952 | 2940 588
22 | 4824 | 6468 0.000 | 18168 | 3872 930 | 15360 | 1520 | 4728 276
23 | 10092 | 3708 | 1744.000 | 14592 | 4336 870 | 14232 | 1504 | 2040 | 1128
24 | 6372 | 3264 | 2016.000 | 16548 | 4608 858 | 6696 | 1792 | 2496 792
25 | 7284 | 3480 | 2032.000 | 38880 | 4064 750 | 1836 | 1232 636 | 7608
26 | 6588 | 3768 | 2208.000 | 14724 | 3760 768 | 9096 | 1296 | 4248 480
27 | 2832 | 4692 | 2592.000 | 31512 | 5344 930 | 5796 | 2080 | 5244 | 1416
28 900 | 3180 | 2624.000 | 8172 | 5776 810 | 13896 | 1328 | 7536 | 6744
29 | 1128 | 3948 | 2608.000 | 19440 | 5792 954 | 12360 | 1552 | 5796 | 7296
30 | 1284 | 5232 | 2960.000 | 6552 | 6320 924 | 13932 | 2304 | 8064 | 14520
31 864 | 5928 | 3280.000 | 16896 | 5888 852 | 14340 | 2064 | 8412 | 3768
32 948 | 5784 | 2496.000 | 5880 | 5088 | 15132 | 14496 | 1600 | 10440 | 4044
33 708 | 5232 | 2704.000 | 15180 | 4800 618 | 4812 | 976 | 3204 | 1812
34 | 1152 | 4692 | 2736.000 | 25344 | 5648 600 | 6552 | 1360 | 3876 | 1344
35 | 4248 | 4668 | 2800.000 | 8580 | 5488 498 | 28104 | 1872 | 11292 | 4152
36 | 6492 | 4872 | 2256.000 | 30276 | 5504 510 | 4080 | 1328 | 3768 | 1860
37 | 5976 | 3396 | 1743.995 | 8208 | 2832 384 | 1092 | 528 | 1284 | 2028
38 | 1812 | 3660 | 2416.000 | 4392 | 4144 534 | 4752 | 1504 | 2436 | 4980
39 | 2844 | 3852 | 1888.000 | 16704 | 3488 708 | 6180 | 1600 | 4236 804
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It can be seen that there were no sales of Products 2 and 4 for months 1-8 and there were
no sales of Product 12 in month 10 and in months 20-22.

Charts of the above prices and quantities follow.
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Chart 1: Monthly Prices for Products 1-9
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Chart 2: Monthly Prices for Products 10-19
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It can be seen that there is a considerable amount of variability in these per ounce
monthly unit value prices for frozen juice products. There are also differences in the
average level of the prices of these 19 products. These differences can be interpreted as
quality differences.
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Chart 3: Quantities Sold for Products 1-9
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It can be seen that the sales volatility of the products is even bigger than the volatility in
prices.

A.2 Unweighted Price Indexes

In this section, we list the unweighted indexes**® that were defined in sections 2 and 3 in

the main text. We used the data that is listed in section A.1 above in order to construct the
indexes. We list the Jevons, Dutot, Carli, Chained Carli, CES withr = -1 and r = -9
which we denote by Py', Pp', Pc!, Pecn's Pees—1' and Pees o' respectively for month t.

Table A.3 Jevons, Dutot, Fixed Base and Chained Carli and CES Price Indexes

P, Pp' Pc' Pcon Pees—1 Poes-o
1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
0.96040 0.94016 0.96846 0.96846 0.98439 1.09067
0.93661 0.94070 0.94340 0.95336 0.92229 0.74456
0.90240 0.88954 0.91068 0.92488 0.91540 0.90219
0.90207 0.90438 0.91172 0.93347 0.89823 0.83603
0.96315 0.97490 0.97869 1.00142 0.94497 0.79833
1.05097 1.05468 1.06692 1.11301 1.04802 1.06093
1.13202 1.13825 1.13337 1.21622 1.12388 1.09382
1.10373 1.10769 1.10739 1.18820 1.09706 1.06198
10 1.08176 1.07574 1.09119 1.17299 1.08685 1.07704
11 1.07545 1.08438 1.08516 1.17758 1.06038 0.95660
12 1.14864 1.15654 1.15517 1.27479 1.13881 1.13589
13 1.02772 1.04754 1.03943 1.15786 0.99848 0.84113
14 1.06109 1.04636 1.07433 1.21248 1.07853 1.16587
15 1.07130 1.06066 1.08164 1.23459 1.08565 1.19072
16 102572 1.00635 1.03655 1.18788 1.04979 1.19448
17 0.93668 0.92185 0.95548 1.09129 0.95529 1.04194
18 0.88243 0.86882 0.89940 1.03405 0.90087 1.01058
19 0.93855 0.92175 0.96016 1.10908 0.96244 1.15748
20 0.88855 0.88248 0.90225 1.07164 0.89126 0.80633
21 0.91044 0.88862 0.92930 1.12593 0.93740 1.07775
22 087080 0.85512 0.88891 1.08595 0.89107 1.00076
23 0.87476 0.86577 0.89065 1.10508 0.88042 0.79864
24 087714 0.87111 0.89384 1.12219 0.87980 0.79810
25 0.82562 0.81640 0.84467 1.06793 0.83434 0.79708
26 0.84210 0.83168 0.86532 1.10572 0.85123 0.79827
27 0.87538 0.87012 0.88197 1.16687 0.87714 0.79760
28 0.78149 0.77534 0.80014 1.05919 0.78770 0.78068
29 0.85227 0.84699 0.86721 1.17131 0.85568 0.79718
30 0.81870 0.80899 0.83656 1.13006 0.82799 0.79688
31 0.85842 0.85377 0.87514 1.19113 0.86118 0.79741
32 0.89203 0.90407 0.91440 1.26420 0.87884 0.79524
33 0.90818 0.91368 0.93127 1.35047 0.89955 0.79775
34 092659 0.92742 0.93489 1.39685 0.91949 0.79804
35 0.93981 0.93944 0.94941 142023 0.93256 0.79825
36 0.93542 0.94295 0.94087 1.42210 0.92057 0.79654
37 1.00182 1.00595 1.01060 1.52914 0.99139 0.87270
38 1.02591 1.02295 1.04068 1.57788 1.02072 0.87939

O©COoO~NOOOUIEWNPRF ~+

1301t would be more accurate to call these indexes equally weighted indexes.



39 0.92689 0.92334 0.95090 1.44006 0.93017 0.87789

The above prices are plotted on Chart 5.

Chart 5: Unweighted Price Indexes
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The Chained Carli index, Pccr', is well above the other indexes as is expected. The fixed
base Carli index P¢' is above the corresponding Jevons index P,' which in turn is slightly
above the corresponding Dutot index Pp'. The CES index with r = —1 (this corresponds to
o = 2) is on average between the Jevons and fixed base Carli indexes while the CES
index with r = =9 (this corresponds to ¢ = 10) is well below all of the other indexes on
average (and is extremely volatile).™

We turn now to a listing of standard bilateral indexes using the 3 years of data and the
econometrically estimated reservation prices.

A.3 Weighted Price Indexes
We list the fixed base and chained Laspeyres, Paasche, Fisher and Térngvist indexes in
Table A.4 below. The Geometric Laspeyres and Geometric Paasche and Unit Value

indexes are also listed in this table.

Table A.4 Fixed Base and Chained Laspeyres, Paasche, Fisher and Torngvist,
Geometric Laspeyres, Geometric Paasche and Unit Value Indexes

31 The sample means of the Py, Pp', Pc', Pecn', Pees-1t and Pegs_o' are: 0.9496, 0.9458, 0.9628, 1.1732,
0.9520 and 0.9237 respectively.
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P!

Pp!

P

P

t
Pich

t
Pech

t
Pech

t
Prch

t
PGL

t
PGP

t
PUV

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.00000

1.08991

0.92151

1.00218

1.00036

1.08991

0.92151

1.00218

1.00036

0.98194

1.07214

1.10724

1.06187

0.98637

1.02342

1.02220

1.12136

0.91193

1.01124

1.00905

0.97979

1.05116

1.07205

1.00174

0.87061

0.93388

0.93445

1.06798

0.83203

0.94265

0.94077

0.91520

0.99062

1.03463

0.98198

0.89913

0.93964

0.94387

1.11998

0.78417

0.93715

0.93753

0.91048

0.97176

0.95620

1.13639

0.95159

1.03989

1.04311

1.27664

0.84845

1.04075

1.04165

0.99679

1.11657

1.10159

1.22555

0.91097

1.05662

1.06555

1.42086

0.85482

1.10208

1.09531

1.07355

1.20485

1.12167

o|~N|o|o|sw|N|F |-~

1.17447

1.14057

1.15740

1.15743

1.75897

0.91677

1.26987

1.26340

1.14865

1.17300

1.25911

©

1.17750

1.12636

1.15164

1.15169

1.73986

0.89414

1.24727

1.24135

1.12700

1.17162

1.19939

10

1.27247

1.05895

1.16081

1.15735

1.80210

0.86050

1.24528

1.23902

1.12514

1.25074

1.20900

11

1.20770

1.07376

1.13876

1.13875

1.86610

0.81117

1.23034

1.22114

1.12189

1.19276

1.06812

12

1.12229

1.09688

1.10951

1.10976

2.01810

0.73863

1.22091

1.20993

1.12209

1.11767

1.07795

13

1.18583

1.04861

1.11511

1.11677

2.17862

0.66995

1.20813

1.19943

1.09272

1.17231

1.08595

14

1.25239

1.05236

1.14803

1.14485

2.30844

0.66552

1.23948

1.22942

1.09463

1.22682

1.21698

15

1.06527

1.01701

1.04086

1.04292

2.32124

0.58025

1.16056

1.15215

1.03397

1.06020

1.07438

16

1.07893

1.01866

1.04836

1.05073

2.34342

0.56876

1.15449

1.14720

1.01310

1.07256

1.11895

17

1.10767

0.89217

0.99410

0.99352

2.28924

0.51559

1.08642

1.07832

0.95895

1.08127

1.06696

18

0.95021

0.83559

0.89105

0.89584

2.14196

0.45252

0.98452

0.97741

0.86911

0.94010

0.94589

19

0.93250

0.81744

0.87308

0.88137

2.21416

0.44435

0.99189

0.98454

0.88768

0.92447

0.93364

20

0.91010

0.85188

0.88051

0.88230

2.37598

0.41411

0.99193

0.98133

0.88109

0.90423

0.92812

21

0.90831

0.87050

0.88920

0.89209

2.48204

0.40411

1.00150

0.99069

0.87548

0.90221

0.92800

22

0.93448

0.79545

0.86217

0.86876

2.44050

0.37816

0.96068

0.95081

0.85191

0.92460

0.90448

23

0.93852

0.82477

0.87981

0.88494

2.54428

0.37672

0.97902

0.96923

0.85916

0.92722

0.86752

24

0.95955

0.83212

0.89357

0.90008

2.61768

0.35461

0.96347

0.95725

0.88900

0.95127

0.87176

25

0.82659

0.77523

0.80050

0.80120

2.54432

0.30555

0.88172

0.87662

0.80638

0.81529

0.78713

26

0.90933

0.75806

0.83026

0.83456

2.84192

0.29847

0.92100

0.91714

0.82419

0.89313

0.85607

27

0.90913

0.86638

0.88749

0.88866

3.22816

0.29960

0.98344

0.97818

0.87350

0.90653

0.87957

28

0.95748

0.71369

0.82665

0.82378

3.27769

0.25120

0.90739

0.90090

0.80609

0.92446

0.88558

29

0.91434

0.79178

0.85086

0.85489

3.58621

0.25612

0.95839

0.95091

0.83824

0.90372

0.92881

30

0.98306

0.74159

0.85383

0.85285

3.63285

0.24640

0.94612

0.93848

0.83636

0.95691

0.90674

31

0.96148

0.79467

0.87411

0.87827

3.82999

0.24849

0.97557

0.96637

0.85604

0.94519

0.95259

32

1.09219

0.77559

0.92038

0.92577

4.36079

0.23020

1.00192

1.00563

0.93404

1.06859

0.93739

33

1.03387

0.82587

0.92403

0.92835

5.45066

0.19325

1.02632

1.03039

0.92860

1.00783

0.98847

34

0.97819

0.92286

0.95012

0.95072

5.95659

0.18655

1.05412

1.05647

0.93004

0.97390

1.01750

35

1.09532

0.90246

0.99422

0.99086

6.44252

0.19130

1.11015

1.11105

0.97904

1.07872

1.09820

36

0.97574

0.93603

0.95568

0.95607

6.69005

0.17668

1.08720

1.08989

0.94745

0.97198

0.93645

37

1.10952

0.99004

1.04808

1.04846

7.50373

0.18937

1.19204

1.19665

1.03628

1.10176

1.02142

38

1.21684

0.99944

1.10280

1.09863

7.90093

0.18768

1.21774

1.22145

1.06914

1.19166

1.14490

39

1.04027

0.86886

0.95071

0.95482

7.16398

0.15715

1.06105

1.06219

0.93030

1.01682

0.99999

Note that the chained Laspeyres index ends up at 7.164 while the chained Paasche index
ends up at 0.157. The corresponding fixed base indexes end up at 1.040 and 0.869 so it is
clear that these chained indexes are subject to tremendous chain drift. The chain drift
carries over to the Fisher and Térngvist indexes; i.e., the fixed base Fisher index ends up
at 0.9548 while its chained counterpart ends up at 1.061. Chart 6 plots the above indexes
with the exceptions of the chained Laspeyres and Paasche indexes (these indexes exhibit
too much chain drift to be considered further).
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Chart 6: Weighted Price Indexes
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It can be seen that all 9 of the weighted indexes which appear on Chart 6 capture an
underlying general trend in prices. However, there is a considerable dispersion between
the indexes. Our preferred indexes for this group of indexes are the fixed base Fisher and
Tornqvist indexes, P& and P1'. These two indexes approximate each other very closely
and can barely be distinguished in the Chart. The Paasche and Geometric Paasche
indexes, Pp' and Pgp', lie below our preferred indexes while the remaining indexes
generally lie above our preferred indexes. The chained Fisher and Tornqgvist indexes,
Prch' and Prer', approximate each other very closely but both indexes lie well above their
fixed base counterparts; i.e., they exhibit a considerable amount of chain drift. Thus
chained superlative indexes are not recommended for use with scanner data where the
products are subject to large fluctuations in prices and quantities. The fixed base
Laspeyres and Geometric Laspeyres indexes, P," and Pg.', are fairly close to each other
and are well above P¢' and P The unit value price index, Py, is subject to large
fluctuations and generally lies above our preferred indexes.

We turn now to weighted indexes that use annual weights from a base year.
A.4 Indexes which Use Annual Weights

The Weighted Jevons or Geometric Young index, P, or Pgy', was defined by (58) in
section 6. This index uses the arithmetic average of the monthly shares in year 1 as
weights in a weighted geometric index for subsequent months in the sample. The Lowe
index, P.o', was defined by (124) in section 11. This index is a fixed basket index that
uses the average quantities in the base year as the vector of quantity weights. We
calculated both of these indexes for the months in years 2 and 3 for our sample using the
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weights from year 1 of our sample. For comparison purposes, we also list the fixed base
Laspeyres, Paasche, Fisher and Térnqvist indexes, P!, Pp', P¢' and P+' for the “months” in
years 2 and 3 of our sample. It is also of interest to list the Jevons, Dutot and Unit Value
indexes, Py, Pp' and Pyy' for years 2 and 3 in order to see how unweighted indexes
compare to the weighted indexes. The sample averages for these indexes are listed in the
last row of the table.

Table A.5 Geometric Young, Lowe, Laspeyres, Paasche, Fisher, Térngvist, Jevons,
Dutot and Unit Value Indexes for Years 2 and 3

t Pay' P P Pe' P! P! P, Pp' Puy'

14 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000

15 | 0.93263 | 0.93494 | 1.00555 | 0.87189 | 0.93634 | 0.93715 | 1.00962 | 1.01366 | 0.88282

16 | 0.92082 | 0.92031 | 0.95041 | 0.90755 | 0.92873 | 0.92986 | 0.96667 | 0.96175 | 0.91945

17 | 0.87997 | 0.88507 | 0.89085 | 0.85384 | 0.87215 | 0.87032 | 0.88275 | 0.88100 | 0.87673

18 | 0.79503 | 0.80022 | 0.82733 | 0.76386 | 0.79496 | 0.79283 | 0.83163 | 0.83032 | 0.77724

19 | 0.80573 | 0.81468 | 0.85664 | 0.76193 | 0.80790 | 0.80865 | 0.88451 | 0.88091 | 0.76718

20 | 0.79981 | 0.80700 | 0.82757 | 0.74904 | 0.78733 | 0.78635 | 0.83739 | 0.84337 | 0.76264

21 | 0.79437 | 0.80164 | 0.83126 | 0.77659 | 0.80346 | 0.80489 | 0.85802 | 0.84924 | 0.76254

22 | 0.77921 | 0.78355 | 0.80911 | 0.75762 | 0.78294 | 0.78149 | 0.82067 | 0.81723 | 0.74322

23 | 0.77876 | 0.78087 | 0.82688 | 0.76468 | 0.79517 | 0.79606 | 0.82440 | 0.82741 | 0.71285

24 | 0.81228 | 0.81680 | 0.83070 | 0.75908 | 0.79408 | 0.79472 | 0.82664 | 0.83251 | 0.71633

25 | 0.72801 | 0.74112 | 0.75452 | 0.66120 | 0.70632 | 0.70498 | 0.77809 | 0.78023 | 0.64679

26 | 0.75011 | 0.75684 | 0.80141 | 0.71350 | 0.75618 | 0.75377 | 0.79362 | 0.79483 | 0.70344

27 | 0.79254 | 0.79375 | 0.82527 | 0.74559 | 0.78442 | 0.78661 | 0.82498 | 0.83156 | 0.72275

28 | 0.73664 | 0.74226 | 0.74893 | 0.71223 | 0.73035 | 0.72970 | 0.73650 | 0.74098 | 0.72769

29 | 0.75964 | 0.76031 | 0.80135 | 0.74576 | 0.77306 | 0.77165 | 0.80321 | 0.80946 | 0.76321

30 | 0.76531 | 0.76828 | 0.77149 | 0.74410 | 0.75767 | 0.75781 | 0.77157 | 0.77315 | 0.74507

31 | 0.77786 | 0.77867 | 0.81448 | 0.76635 | 0.79005 | 0.78811 | 0.80900 | 0.81594 | 0.78275

32 | 0.85506 | 0.86201 | 0.87512 | 0.76018 | 0.81563 | 0.82138 | 0.84067 | 0.86401 | 0.77026

33 | 0.84365 | 0.85499 | 0.88099 | 0.77811 | 0.82795 | 0.82554 | 0.85589 | 0.87320 | 0.81223

34 | 0.84601 | 0.84804 | 0.88159 | 0.82588 | 0.85328 | 0.85422 | 0.87325 | 0.88632 | 0.83608

35 | 0.89199 | 0.89177 | 0.90170 | 0.92254 | 0.91206 | 0.91320 | 0.88570 | 0.89782 | 0.90240

36 | 0.85506 | 0.85983 | 0.90132 | 0.79811 | 0.84815 | 0.84966 | 0.88156 | 0.90117 | 0.76948

37 | 0.94264 | 0.94402 | 0.95898 | 0.90084 | 0.92946 | 0.93135 | 0.94414 | 0.96137 | 0.83931

38 | 0.97419 | 0.97462 | 0.99009 | 0.95811 | 0.97397 | 0.97413 | 0.96684 | 0.97762 | 0.94077

39 | 0.85043 | 0.85908 | 0.88213 | 0.80516 | 0.84277 | 0.84144 | 0.87353 | 0.88242 | 0.82170

Mean | 0.83338 | 0.83772 | 0.86329 | 0.80014 | 0.83094 | 0.83100 | 0.86080 | 0.86644 | 0.79634

As usual, P and P' approximate each other very closely. Indexes with substantial
upward biases relative to these two indexes are the Laspeyres, Jevons and Dutot indexes,
P, P;' and Pp'. The Geometric Young index and the Lowe index, Pgy' and P\,', were
about 0.25 and .67 percentage points above the superlative indexes on average. The
Paasche and Unit Value indexes, Pp' and Py\!, had substantial downward biases relative
to the superlative indexes. These inequalities agree with our a priori expectations about
biases. The nine indexes are plotted in Chart 7.
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Chart 7: Geometric Young, Lowe and Other Indexes
for Years 2 and 3
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It can be seen that all 9 indexes capture the trend in the product prices with P¢' and P1' in
the middle of the indexes (and barely distinguishable from each other in the chart). The
unit value index Puy' is the lowest index followed by the Paasche index Pp'. The
Geometric Young and Lowe indexes, Pey' and P, are quite close to each other and
close to the superlative indexes in the first part of the sample but then they drift above the
superlative indexes in the latter half of the sample. We expect the Lowe index to have
some upward substitution bias and with highly substitutable products, we expect the
Geometric Young index to also have an upward substitution bias. Finally, the Laspeyres,
Jevons and Dutot indexes are all substantially above the superlative indexes with P;' and
Po' approximating each other quite closely.

We turn our attention to multilateral indexes.
A.5 Multilateral Indexes

We considered 6 multilateral indexes in the main text: Pgexs' (see definition (70) in
section 8); Pceor' (see (77) in section 8); P! (see (137) in section 12); Pwrep' (see (149)
in section 13); the real time Similarity linked price indexes Ps' defined in the beginning of
section 14 and the Modified Similarity linked price indexes Psy' defined in the middle of
section 14. These indexes are listed in Table A6 along with the fixed base Fisher and
Tornqvist indexes P¢' and Pt The sample mean for each index is listed in the last row of
Table A.6.
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Table A.6 Six Multilateral Indexes and the Fixed Base Fisher and Tornqvist Indexes

t t t t t t t t
PGEKS PCCDI PGK PWTF’D PS PSM PF PT

1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000

1.00233 | 1.00395 | 1.03138 | 1.02468 | 1.00218 | 0.99064 | 1.00218 | 1.00036

1.00575 | 1.00681 | 1.03801 | 1.03322 | 1.01124 | 0.99960 | 1.02342 | 1.02220

0.93922 | 0.94020 | 0.97021 | 0.96241 | 0.94262 | 0.93180 | 0.93388 | 0.93445

0.92448 | 0.92712 | 0.94754 | 0.94505 | 0.92812 | 0.90417 | 0.93964 | 0.94387

1.02249 | 1.02595 | 1.06097 | 1.05893 | 1.03073 | 1.00413 | 1.03989 | 1.04311

1.06833 | 1.06995 | 1.06459 | 1.06390 | 1.07314 | 1.08267 | 1.05662 | 1.06555

O N[OOI [(W|IN ||~

1.19023 | 1.19269 | 1.24385 | 1.24192 | 1.15740 | 1.15740 | 1.15740 | 1.15743

©

1.15115 | 1.15206 | 1.18818 | 1.18231 | 1.13680 | 1.13680 | 1.15164 | 1.15169

10 | 1.14730 | 1.15007 | 1.19184 | 1.18333 | 1.15156 | 1.13578 | 1.16081 | 1.15735

11 [ 1.13270 | 1.13301 | 1.14662 | 1.14308 | 1.12574 | 1.12574 | 1.13876 | 1.13875

12 | 1.11903 | 1.12079 | 1.11332 | 1.12082 | 1.10951 | 1.10951 | 1.10951 | 1.10976

13 [ 1.10247 | 1.10487 | 1.11561 | 1.11838 | 1.09229 | 1.09229 | 1.11511 | 1.11677

14 | 1.12136 | 1.12345 | 1.16579 | 1.15912 | 1.12489 | 1.10947 | 1.14803 | 1.14485

15 | 1.04827 | 1.04883 | 1.06958 | 1.06608 | 1.04237 | 1.04237 | 1.04086 | 1.04292

16 | 1.04385 | 1.04539 | 1.08842 | 1.08044 | 1.03692 | 1.03692 | 1.04836 | 1.05073

17 | 0.97470 | 0.97550 | 0.99512 | 0.99145 | 0.97013 | 0.95897 | 0.99410 | 0.99352

18 | 0.88586 | 0.88695 | 0.91319 | 0.90765 | 0.88455 | 0.88455 | 0.89105 | 0.89584

19 | 0.89497 | 0.89597 | 0.90990 | 0.90923 | 0.89118 | 0.89118 | 0.87308 | 0.88137

20 | 0.88973 | 0.89126 | 0.90822 | 0.90578 | 0.88051 | 0.88051 | 0.88051 | 0.88230

21 | 0.89904 | 0.89990 | 0.92641 | 0.92503 | 0.88482 | 0.88482 | 0.88920 | 0.89209

22 | 0.87061 | 0.87363 | 0.90145 | 0.89880 | 0.87151 | 0.87151 | 0.86217 | 0.86876

23 | 0.88592 | 0.88868 | 0.92421 | 0.92158 | 0.88280 | 0.87265 | 0.87981 | 0.88494

24 | 0.89282 | 0.89799 | 0.91127 | 0.91198 | 0.88502 | 0.88502 | 0.89357 | 0.90008

25| 0.81132 | 0.81115 | 0.81875 | 0.81913 | 0.79966 | 0.79966 | 0.80050 | 0.80120

26 | 0.83799 | 0.83914 | 0.85168 | 0.85089 | 0.83378 | 0.82421 | 0.83026 | 0.83456

27 | 0.89063 | 0.89246 | 0.91906 | 0.91398 | 0.88481 | 0.88481 | 0.88749 | 0.88866

28 | 0.81304 | 0.81411 | 0.82600 | 0.82419 | 0.81336 | 0.80399 | 0.82665 | 0.82378

29 | 0.85763 | 0.85934 | 0.88821 | 0.88248 | 0.86271 | 0.85280 | 0.85086 | 0.85489

30 | 0.84103 | 0.84305 | 0.86121 | 0.85556 | 0.85166 | 0.84188 | 0.85383 | 0.85285

31 | 0.87495 | 0.87639 | 0.90123 | 0.89600 | 0.87568 | 0.86562 | 0.87411 | 0.87827

32 | 0.89936 | 0.90831 | 0.88553 | 0.89332 | 0.91368 | 0.89010 | 0.92038 | 0.92577

33 | 0.92670 | 0.92878 | 0.91672 | 0.92625 | 0.91517 | 0.91517 | 0.92403 | 0.92835

34 | 0.95721 | 0.95846 | 0.99507 | 0.98974 | 0.94435 | 0.94435 | 0.95012 | 0.95072

35| 1.01848 | 1.02026 | 1.07728 | 1.06779 | 1.00422 | 0.99266 | 0.99422 | 0.99086

36 | 0.96507 | 0.96601 | 0.98339 | 0.98282 | 0.96122 | 0.96122 | 0.95568 | 0.95607

37 | 1.05250 | 1.05448 | 1.08019 | 1.07514 | 1.07953 | 1.06710 | 1.04808 | 1.04846

38 | 1.08819 | 1.08961 | 1.11648 | 1.10963 | 1.07546 | 1.06308 | 1.10280 | 1.09863

39 | 0.94591 | 0.94834 | 0.96156 | 0.96453 | 0.92575 | 0.92575 | 0.95071 | 0.95482

Mean | 0.97417 | 0.97602 | 0.99764 | 0.99504 | 0.97069 | 0.96464 | 0.97434 | 0.97607

If the 8 indexes are evaluated according to their sample means, the Modified Similarity
Linked index Psy' generates the lowest indexes followed by the real time Similarity index
Ps'. The Paexs', Poexs’, Pr and Pt indexes are tightly clustered in the middle and the Pgk'
and Pwrpp' are about 2 percentage points above the middle indexes on average. Chart 8
plots the 8 indexes.
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Chart 8: Multilateral and Superlative Indexes

1.30
1.25

1.20

2\
1.15 —/\ A
110 SN

ol S A 2
*aa N \

0.90 \S
0.85
L0 R 10 o e e L s s B s e e B Bt B I B L

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39

t t t t t t t t
‘ PGEKS I:)CCDI PGK I:)W'I'PD PS PSM PF I:)T

All 8 indexes capture the trend in product prices quite well. It is clear that the Geary-
Khamis and Weighted Time Product Dummy indexes have a substantial upward bias
relative to the remaining 6 indexes. Although Ps' and Psy' both end up at the same index
level, the Modified Similarity linked indexes are on average 0.6 percentage points below
the corresponding Similarity linked indexes. Ps' and Psy' end up about 2 percentage
points below Pgexs™ and Pecpr™® and almost 4 percentage points below Pk and Pwrep®°.
Thus there are significant differences between the various multilateral indexes.

Conceptually, the Modified Similarity linked indexes seem to be the most attractive
solution for solving the chain drift problem.**?

A.6 Multilateral Indexes Using Inflation Adjusted Carry Forward and Backward
Prices

In section 15, we used inflation adjusted carry forward and carry backward prices to
replace the reservation prices for the missing products. In this section, we recalculate the
8 indexes listed on Table A.6 above where the econometrically estimated reservation
prices are replaced by these carry forward and backward prices.*®* Our hope is that the

132 They can deal with seasonal products more adequately than the other indexes that are considered in this
paper.

3 The 8 inflation adjusted carry backward prices for products 2 and 4 are: 0.14717 0.15011 0.14755
0.14154 0.13754 0.15373 0.17102 0.16925 and 0.14115 0.14397 0.14151 0.13575 0.13191 0.14744
0.16401 0.16232 respectively. The inflation adjusted carry forward prices for product 12 are: 0.07399
0.08811 0.08854 0.08460.
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new indexes will be close to the previously calculated indexes in which case it will not be
necessary for statistical agencies to expend resources in order to calculate reservation
prices. The new indexes are differentiated from the old indexes by adding asterisks; e.qg.,
the new Fisher index for period t is denoted as P¢", etc. The sample means for the new
indexes are listed in the last row of Table A.7.

Table A.7 Multilateral Indexes and the Fisher and Tornqvist Indexes Using
Inflation Adjusted Carry Forward and Backward Prices

*

t t t* t t* t* t* t*
PGEKS PCCDI PGK PWTPD PS PSM PF PT

* *

1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000 | 1.00000

1.00596 | 1.00730 | 1.03138 | 1.02468 | 1.00218 | 0.99792 | 1.00218 | 1.00036

1.00666 | 1.00759 | 1.03801 | 1.03322 | 1.01124 | 1.00691 | 1.02342 | 1.02220

0.94647 | 0.94621 | 0.97021 | 0.96241 | 0.94262 | 0.93862 | 0.93388 | 0.93445

0.92870 | 0.93022 | 0.94754 | 0.94505 | 0.92812 | 0.92415 | 0.93964 | 0.94387

1.02388 | 1.02738 | 1.06097 | 1.05893 | 1.03073 | 1.02632 | 1.03989 | 1.04311

1.06561 | 1.06763 | 1.06459 | 1.06390 | 1.07314 | 1.06858 | 1.05662 | 1.06555

1.18091 | 1.18406 | 1.24385 | 1.24192 | 1.15740 | 1.15740 | 1.15740 | 1.15743

1.14713 | 1.14861 | 1.18818 | 1.18231 | 1.14132 | 1.14132 | 1.14877 | 1.14899

l_\
OO |INO|OAWIN|F |~

1.13877 | 1.14192 | 1.19184 | 1.18333 | 1.13504 | 1.11475 | 1.15261 | 1.14931

[N
[EEN

1.12911 | 1.13001 | 1.14662 | 1.14308 | 1.13022 | 1.13022 | 1.13709 | 1.13731

[EEN
N

1.11560 | 1.11787 | 1.11332 | 1.12082 | 1.10844 | 1.10844 | 1.10844 | 1.10868

[EnN
w

1.09803 | 1.10122 | 1.11561 | 1.11838 | 1.09664 | 1.09664 | 1.11002 | 1.11282

[N
SN

1.11652 | 1.11948 | 1.16579 | 1.15912 | 1.11362 | 1.09370 | 1.14194 | 1.13993

[EnN
(6]

1.04479 | 1.04585 | 1.06958 | 1.06608 | 1.04137 | 1.04137 | 1.03879 | 1.04091

[EnN
(2]

1.04010 | 1.04230 | 1.08842 | 1.08044 | 1.03592 | 1.03592 | 1.04526 | 1.04821

[N
~

0.97090 | 0.97242 | 0.99512 | 0.99145 | 0.97124 | 0.95387 | 0.99011 | 0.99035

[EnN
(o]

0.88258 | 0.88427 | 0.91319 | 0.90765 | 0.88370 | 0.88370 | 0.88815 | 0.89350

=
[(e]

0.89145 | 0.89306 | 0.90990 | 0.90923 | 0.89032 | 0.89032 | 0.86971 | 0.87847

N
o

0.88485 | 0.88728 | 0.90822 | 0.90578 | 0.87840 | 0.87500 | 0.87500 | 0.87811

N
[

0.89905 | 0.90051 | 0.92641 | 0.92503 | 0.89051 | 0.89051 | 0.88918 | 0.89266

N
N

0.86702 | 0.87076 | 0.90145 | 0.89880 | 0.87100 | 0.87100 | 0.85782 | 0.86544

N
w

0.88301 | 0.88622 | 0.92421 | 0.92158 | 0.87581 | 0.87209 | 0.87827 | 0.88348

N
i

0.88841 | 0.89459 | 0.91127 | 0.91198 | 0.88388 | 0.88046 | 0.88688 | 0.89553

N
o1

0.80827 | 0.80863 | 0.81875 | 0.81913 | 0.79839 | 0.79530 | 0.79772 | 0.79902

N
[op]

0.83511 | 0.83675 | 0.85168 | 0.85089 | 0.82719 | 0.82367 | 0.82832 | 0.83286

N
By

0.88704 | 0.88948 | 0.91906 | 0.91398 | 0.88380 | 0.88038 | 0.88358 | 0.88553

N
o

0.81023 | 0.81176 | 0.82600 | 0.82419 | 0.81428 | 0.79972 | 0.82477 | 0.82203

N
©

0.85467 | 0.85682 | 0.88821 | 0.88248 | 0.85588 | 0.85224 | 0.84893 | 0.85297

w
o

0.83762 | 0.84022 | 0.86121 | 0.85556 | 0.84492 | 0.84133 | 0.85028 | 0.84975

w
-

0.87196 | 0.87386 | 0.90123 | 0.89600 | 0.86875 | 0.86505 | 0.87220 | 0.87638

w
N

0.89520 | 0.90478 | 0.88553 | 0.89332 | 0.90195 | 0.89810 | 0.91492 | 0.92083

w
w

0.92324 | 0.92594 | 0.91672 | 0.92625 | 0.91881 | 0.91881 | 0.92070 | 0.92557

w
B

0.95312 | 0.95505 | 0.99507 | 0.98974 | 0.94327 | 0.93963 | 0.94499 | 0.94645

w
(3]

1.01483 | 1.01725 | 1.07728 | 1.06779 | 1.00095 | 0.99667 | 0.99168 | 0.98858

w
»

0.96184 | 0.96328 | 0.98339 | 0.98282 | 0.96013 | 0.95642 | 0.95363 | 0.95423

w
hay|

1.04792 | 1.05071 | 1.08019 | 1.07514 | 1.07601 | 1.07141 | 1.04224 | 1.04379

w
(o]

1.08429 | 1.08637 | 1.11648 | 1.10963 | 1.07195 | 1.06737 | 1.09941 | 1.09567

w
©

0.94251 | 0.94552 | 0.96156 | 0.96453 | 0.92943 | 0.92943 | 0.94795 | 0.95253

Mean | 0.97137 | 0.97367 | 0.99764 | 0.99504 | 0.96894 | 0.96499 | 0.97160 | 0.97377
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The new indexes using carried prices are plotted on Chart 9. A comparison of Charts 8
and 9 shows that there is little change in the 8 indexes when inflation adjusted carry
forward or backward prices replace the econometrically estimated reservation prices for
the missing products.

Chart 9: Indexes Using Inflation Adjusted Carry
Forward and Backward Prices
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It can be seen that there is very little difference between Charts 8 and 9: The Pgk" and
Pwreo' price indexes using carried prices are still well above the rest of the indexes and
the Modified Similarity linked indexes, Psym', are still below the other indexes for most
observations.

If the means listed in Tables A.6 and A.7 are compared, then it can be seen that since the
Pek' and Pwrep' do not depend on reservation prices, the means for these indexes remain
unchanged. The means for Pgexs', Pccor', Pe and P+t all decrease by about 0.3 percentage
points when carried prices are substituted for reservation prices. The mean for Ps'
decreased by 0.18 percentage points when the reservation prices were replaced by carried
prices. However, the mean for the Modified Similarity linked prices increased by only
0.035 percentage points when the reservation prices were replaced by carried prices. Thus
the substitution of inflation adjusted carry forward and backward prices hardly affected
the Modified Similarity linked indexes. This is very encouraging result. If this result were
to hold more widely, then the calculation of similarity linked price indexes is an attractive
practical alternative that can deal adequately with both seasonal commodities and the
chain drift problem .
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Chart 10 plots Pgexs', Ps' and Psw' with the counterpart indexes that used inflation
adjusted carry forward and backward prices for the missing products, Pgeks' , Ps' and
t*

Chart 10: Selected Multilateral Indexes Using
Alternative Reservation Prices
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It can be seen that Pgexs' closely approximates Pcexs. and both of these indexes
generally lie above the similarity linked indexes. The similarity linked indexes are tightly
bunched with Psy' dipping below the other indexes occasionally.
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